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Abstract: This paper presents a mathematical model used to solve an in-
stance of the problem of redistributing data over a parallel processor grid during
run-time. This particular instance is moving from a cyclic(r) redistribution on
a P-processor grid to cyclic(s) on a P-processor grid, where s is a multiple of
r. In this paper, we introduce mathematical definitions and propositions con-
cerning important factors of the data redistribution problem between parallel
processors. These are the total communication cost, the communications pat-
tern and the communication scheduling, that is, the messages to be exchanged
between processors. The total cost factor is critical when redistributing data,
since the redistribution is performed during run-time. The communication pat-
tern is directly induced by the redistribution parameters. When scheduling the
communication processor pairs, it is important to know which processors can
communicate. The communication scheduling organizes the redistribution in
communicating steps, such that each processor sends and receives one message
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at each time. Scheduling is based on a number of matrix transformations, which
correspond to local memory operations of the processors involved.
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ing, cost analysis, communication pattern

1. Introduction

Many complicated parallel computing applications are composed of several
stages. As the program proceeds from one stage to another, it may require
different distribution of data between several processor sets. Examples of such
applications include the alternate direction implicit method [5] and the multidi-
mensional Fast Fourier Transform [11, 14, 15]. Data redistribution is, therefore,
required each time the distribution of data to a processor is improper to com-
plete a certain execution phase [20]. Since the redistribution must be completed
during runtime, an efficient redistribution algorithm in terms of both time and
startup costs must be adopted.

The interest in runtime redistribution was initially motivated by High Per-
formance Fortran (HPF), parallel programming language [1, 10]. Programs
developed in HPF use the ALIGN, DISTRIBUTE and REDISTRIBUTE di-
rectives to specify data redistributions [9]. The array redistribution in High
Performance Fortran has three types, Block, Cyclic, and Block Cyclic [6, 17].
Thakur et al [17] have developed algorithms for these redistribution types, that
can be implemented in the library of HPF compiler. The block-cyclic array
redistribution is the most regular among the three types of redistribution [2].
The block cyclic array redistribution with block size x is referred to as cyclic(x).
Each block contains x successive elements.

An instance of the block cyclic redistribution problem is to redistribute data
form cyclic(r) on a P-processor grid to cyclic(s) on the same processor grid.
Figure 1 shows an example of moving 12 elements from cyclic(2) to cyclic(3)
on a grid of three processors.

In this paper, we present a simple mathematical model of this instance of re-
distribution. The model facilitates the implementation of an efficient algorithm
that has the following features:

• It maximizes the utility of each processor since it minimizes the time the
processors remain idle.

• It eliminates contention on communication ports.
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• It minimizes the total cost of redistribution.

• It minimizes the number of communication steps required to perform
redistribution, therefore reduces software overheads (procedure call overheads,
indexing calculations, error checking) [16].

• It can be applied to all communication patterns, that is, all-to-all com-
munication or non-all-to-all communication

Element

Block-Cyclic (2)

Block-Cyclic (2)

1 2 3 4 5 6 7 8 9 10 11 12

P0 P0

P0P0P0

P0 P0

P0

P0 P0

P1

P1 P1

P1P1

P1

P1P2

P2 P2

P2P2

P2

P2

Figure 1: Moving from cyclic(2) to cyclic(3) on a 3-procesor grid

The rest of the paper is organized as follows: In Section 2, a brief description
of related work appears. In Section 3, we present the preliminaries about block
cyclic redistribution. In Section 4, based on the preliminaries of Section 3, we
analyze the mathematical model we used to describe the redistribution problem.
The model is divided into three parts:

a. the cost analysis,

b. the communication pattern and

c. the communication scheduling.

Finally, the conclusions and further work are presented in Section 5.

2. Related Work

A lot of effort has been focused on the problem of runtime redistribution be-
tween several processors. The techniques for implementing the redistribution
can be divided into two categories: In the first category, the attention is mainly
focused on the problem of building the messages to be exchanged between
processor sets with little or no attention paid to the problem of reducing com-
munication overheads [2, 4, 18]. In the second category, attention has also been
focused on the problem of communication scheduling, that is, to organize the
messages in such a way that the number of communication steps is reduced, in
order to reduce start-up costs [3, 8, 11, 19].

In [4], Kalns et al provided a processor mapping technique for dynamic
data redistribution. This technique minimized the amount of data to be moved
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among processor memories, by mapping logical processor IDs to data elements
that are redistributed, without violating the redistribution patterns.

Chung et al [2] provided a basic-cycle calculation technique for dynamic data
redistribution. Their method was based on the idea of computing the source
and destination processors of the elements in the basic cycle. The number of
those elements equals lcm(r,s)/gcd(r,s). Array elements that are in the same
local position but belong to different redistribution cycles have the same source
and destination processor.

Thakur et al [18] provided algorithms for runtime redistribution. Their
work is divided into two cases: the general case of Cyclic(x) to Cyclic(y) redis-
tribution, where there is no relation between x and y and a special case where x
is a multiple of y or y is a multiple of x. For the special case, they developed the
KY-TO-Y algorithm. Each processor p calculates the destination processor pd

of it’s first element as pd= mod(kp, P). Then, the first y elements are sent to pd,
the next y to pd + 1 and so on, until the end of the first block. Then, the other
blocks are moved in the same pattern. For the general case, they implemented
the GCD (greatest common divisor) and the LCM (least common multiplier)
algorithms. The main idea is to redistribute from cyclic(x) to cyclic(m), where
m is the LCM or GCD of x, y using the KY-TO-Y algorithm which solves
the special case. Kennedy et al [7] provided algorithms for calculating the lo-
cal memory access sequence involving references to arrays redistributed in a
cyclic(k) pattern.

The problem of message scheduling was successfully dealt with, in a very
interesting paper by Desprez et al [3]. Their effort was focused on solving
the general redistribution problem, moving from cyclic(r) on a P-processor
grid, to cyclic(s) on a Q-processor grid. The main idea behind their algorithm
was to create homogeneous communication patterns which they called classes.
Processor pairs in a certain class, exchanged messages of the same size. Having
created the classes, they arranged the message scheduling by mixing elements
that belonged to different classes in such a manner that the elements of the most
costly classes are distributed in the fewer steps possible. They also introduced
the stepwise and greedy strategy for the redistribution of array elements. The
greedy strategy aimed at using intermediate processors between a processor pair
that is to communicate, to reduce the total communication cost. Therefore, it
required more steps than the stepwise strategy that aimed at minimizing the
communication steps.

Park et al [11] also provided algorithms for minimizing the communication
steps and eliminate node contentions in a special redistribution case, moving
from cyclic(x) on P processors to cyclic(Kx) on Q processors. Their methods
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applied to non-all-to-all and all-to-all communication patterns. Walker and
Otto [19] dealt with the same redistribution problem as in [11], but the num-
ber of processors-senders and processors-receivers was equal. They provided
synchronized and unsynchronized schemes that were free of conflicts. In the
synchronized scheme however, performance was reduced by the fact that some
processes had to wait for others before receiving data, while the main problem
of the unsynchronized algorithm was the necessity for buffering space equal
to the data redistributed. Furthermore, the number of steps required for the
implementation of those schemes was not minimal.

Lim et al [8] provided conflict-free direct, indirect and hybrid algorithms,
for moving from cyclic(r) to cyclic(Kr) on a P-processor grid. The direct algo-
rithms sent the message directly from the source to the destination processor.
In the indirect algorithm, messages having the same destination were gathered
in an intermediate relay processor that started an exclusive session with the
destination processor. The hybrid algorithm was a combination of the direct
and indirect approach, where the first d steps performed indirectly and the
remaining directly.

3. Block Cyclic Redistribution Preliminaries

Data redistribution in a parallel processor system is the mapping of data in
the processes of that system. Each processor executes several processes, thus
we can consider a system of parallel processors as a set of executing processes
rather than a set of processors. If we consider a network of P × Q processes,
then Γ can be defined as the set of coordinates for each couple of processes
(p, q) [12, 13].

Γ = (p, q) ǫ (0..P − 1) × (0..Q − 1) (1)

Thus, the process grid can be represented by a two-dimensional table with
rows being the senders p, and columns being the receivers q. Data may be rep-
resented as a two-dimensional table M ×N . Since the data redistribution must
be accomplished in a round robin fashion, to maintain load balance between
processors, the total amount of information must be divided into pieces that
will be distributed. These pieces are called blocks. Figure 2 shows an array of
15 × 20 elements partitioned into blocks of size 4 × 3. If each block contains r
rows and s columns, then data will be divided into an Mb ×Nb array of blocks
where:
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Figure 2: A 15×20 elements divided into blocks of size 4×3 (M = 15, N = 20,
r = 4, s = 3)

Mb =
M

r
, Nb =

N

s
, Mb =

M

r
+ 1, Nb =

N

s
+ 1 . (2)

The second set of relationships for Mb, Nb holds if M does not divide r or N

does not divide s. In the example of Figure 2, Mb = 15
4 +1 = 4, Nb = 20

3 +1 = 7.
We may use a set Λ, to relate data blocks to a process, or coordinates of

blocks to coordinates of processes. If l relates block lines to rows of the process
grid (p) and m relates block columns to the columns of the process grid (q),
then l, m may be found in the interval [0..Mb−1

P
], [0..Nb−1

Q
], respectively. Thus,

set Λ can be defined as:

Λ = (l,m) ǫ [0..
Mb − 1

P
) × [0..

Nb − 1

Q
) or

Λ = (l,m) ǫ [0..
Mb

P
) × [0..

Nb

Q
) (3)

The second relationship for l and m stands if Mb divides P or Nb divides
Q. Figure 3 shows how the blocks of Figure 2 can be distributed over a 2x3
process grid in a round robin fashion. The corresponding values of l and m

appear in parentheses. Indeed, l ranges from [0..42 )=[0..2), while m ranges from
[0..7−1

2 ) = [0..3) Suppose that we consider the movement of a block i during
the redistribution. It will be the lth block in the local memory of process p.
Thus, l = i

P
, p = i mod P . From these 2 relationships we derive that:

i = lP + p . (4)
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Fig 3: Distributing a block partitioned array over a 2x3 processor grid
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In the same way, we derive that a block indexed j will be the mth in the
local memory of a processor q. Thus:

j = mQ + q . (5)

Each block contains r rows and s columns. Set Θ is used to define the po-
sition of the elements locally, inside the block

Θ = (x, y) ǫ [0..r − 1) × [0..s − 1) . (6)

Thus, the local position pi, qi of each element redistributed to p and q will
respectively be:

pi = (lP + p)r + x, x ǫ [0..r − 1] , (7)

qi = (mQ + q)s + y, yǫ [0..s − 1] . (8)

Since it can be proven [12] that the redistribution in the way defined is a
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periodical procedure, with it’s periodicity being equal to the least common
multiplier of the quantities Pr and Qs, that is, L=LCM(Pr,Qs) elements, Λ can
be redefined as:

Λ = (l,m) ǫ [0..
L

Pr
) × [0..

L

Qs
) . (9)

Relationship (9) is obtained after replacing Mb and Nb in equation (3) with
their equals M

r
N
s
, respectively.

4. The Mathematical Model

In this section, we will deal separately with the three most important factors
of redistribution : a. Cost Analysis, b. Communication Patterns , c. Commu-
nication Scheduling.

4.1. The Cost Analysis

The modelling of redistribution cost is very important for easily checking the
performance and efficiency of our algorithm. The cost model is derived directly
from the redistribution preliminaries of the previous paragraph. If we consider
the movement of a block indexed i during a redistribution stage, from a known
number of processors P to a known number of processors Q, then according to
equation (7) and equation (8) this movement can be described by the following
equation:

(lP + p)r + x = (mQ + q)s + y . (10)

This equation is subject to the following restrictions:

pǫ[0..P ), qǫ[0..Q) , (11)

xǫ[0..r), yǫ[0..s) , (12)

lǫ[0..
L

Pr
), mǫ[0..

L

Qs
) . (13)

The redistribution problem turns out to be a problem of defining, not only
the block in which each element will move to, but also it’s precise position in
the block or in the local memory of the processor. If we consider the total
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Figure 3: Communication costs for P = 16, r = 7 and s = 11

redistribution cost as the information about the block each element will move
to, and the set of all possible local memory positions it may be located, then
that cost may be defined as the number of solutions [3] for equation (10), given
the number of the process coordinates (p,q) and the total number of senders P
and receivers Q, and with unknowns l, m, y, x which define the coordinates of
the block number and the local memory position. The redistribution equation,
can be solved using Euclid’s theorem for solving linear Diophantine equations.
It must be mentioned, that if for a given pair of sender-receiver p,q, there is no
quadruple (l, m, y, x) to satisfy equation (10), then there is no communication
between p and q. Figure 4 shows the redistribution cost of communication be-
tween senders from P0 to P6 and all possible receivers, in a redistribution from
cyclic(7) to cyclic(11) on a 16-processor grid.

The algorithm derived by the mathematical model, treats redistribution as
a series of communication steps. At each step, a processor can only send/receive
one message of a particular length. This length is determined by the number
of solutions of the redistribution equation, as described above. The total cost
of a certain step, is the maximum time it takes for a pair of communicating
processors to complete the message distribution. If we name Cs the total cost
per step, then Cs will be [3]:

Cs = max[length(pi, qi)] + a, (14)
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where a is the startup cost which includes procedure call overheads, indexing
calculations and error controls. If the number of steps required to complete the
redistribution is N then the total redistribution cost is:

TC = NCs (15)

However, in cases where s is a multiple of r, the total redistribution cost
depends only on the number of the communication steps, since the exchanged
messages are fixed in terms of cost and more specifically, their length is one
time unit as Proposition 1 states.

Proposition 1. Message lengths in a redistribution R, from P senders to P
receivers, with a block size r×s such that s mod r =0 are always equal between
each other and their cost is one time unit.

Proof. Consider a redistribution R with the parameters given in Proposition
2. Redistribution is a periodical procedure, and it’s periodicity equals to L,
L = LCM(Pr, Ps). If s mod r = 0, then s = kr, where k is an integer value.
Therefore L = LCM(Pr, Pkr). Since the least common multiplier of Pr and
Pkr equals Pkr, we derive that L = Ps. Suppose that r = 1. Then, a new
redistribution R′ with periodicity L′ can be defined:

R′(P,Ps), L′ = LCM(P,Ps) = Ps . (16)

Thus, R′ is similar to R and can replace it. However, for redistribution R′, we
have r = 1. If we replace this in the redistribution equation (10), we will get:
(lP + p) + x = (mQ + q)s + y. Due to the restrictions (equation (12)), the
redistribution equation is subject to, x = 0. Therefore, the equation will turn
to:

lP − msQ = qs − p + y . (17)

Name g the greatest common divisor of Pr and Qs. Suppose that we calculate a
solution (l∗,m∗) for the equation mQs−lP = g. According to Euclid’s theorem,
if the redistribution equation (10) has a solution, then the quantity g−(pr−qs)
must be in the interval [1-s..r-1] or [1-s..0] since r = 0. If this holds, the solution
(l∗,m∗, x, y) is unique since x is always zero. Therefore, the number of solutions
for the redistribution equation is either one or zero. In case it is zero, there is
no communication between p and q. Otherwise there is, and it’s cost is always
equal to one time unit.

According to Proposition 1 and equation (15), the total redistribution cost
when s is a multiple of r is:

TC = N (18)
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Figure 4: Communication grid for P = 6, r = 1 and s = 3

4.2. Communication Pattern

As Figure 4 indicates, there can be redistributions where all senders can com-
municate with all receivers (and this is also true for senders P7 to P15 which
are not depicted in Figure 4). However, there may be redistribution problems,
where there are processor pairs that do not communicate. Proposition 2 offers a
criterion for the existence or not of all-to-all communication between processor
pairs.

Proposition 2. Consider a redistribution problem from cyclic(r) to cyclic(s)
over a P-processor grid. The communication pattern is an all-to-all communi-
cation if and only if the value of the greater common divisor of Pr and Qs, name
it g, is such that: g ≤ (r + s − 1).

Proof. Equation (10) can be rewritten as:

lP r − mQs = qs − pr + (y − x) . (19)

We can rewrite lP r−mQs as λg, since lP r−mQs is a multiple of g. If we also
rewrite z = y − x, then equation (19) is rewritten as:

λg + z = qs − pr . (20)

According to the restriction described in equation (12), z lies in the interval
[1-r..s-1] the integer length of which, is s+r-1. equation (20) has a solution for
unknowns x, y, l, m if there is an integer multiple of g in the interval [1-r..s-
1] and this holds only if g ≤ (r + s − 1). If we assume that g > (r + s − 1)
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then we must find a processor pair that will not exchange messages during
redistribution. Indeed, if we set p=P-1 and q=0 then equation (20) is rewritten
as: Pr − r = z + λg. If this equation has a solution, there must be a multiple
of g added to Pr-r and produce a value in the interval [1-r..s-1]. However,
(Pr − r) mod g = g − r since g divides Pr. Therefore, if Pr−r

g
= a, then

(Pr−r)−ga = g−r which is out of the interval [1-r..s-1] because g > r + s − 1,
therefore the minimum integer value of g − r is r + s − r = s. If we add the
next multiple of g to Pr-r, the minimum value we will get will be g-r+r+s=s+g
(since g > r + s − 1). Obviously s is out of the interval [1-r..s-1]. Therefore,
there is no quadruple (x, y, l, m) to satisfy the redistribution equation (10)
for p=P-1, q=0. This means that the processor pair (p,q)=(P-1,0) will not
exchange any message during redistribution and the communication pattern is
non-all-to-all communication (for other proof see also [3], [11]).

Consider a redistribution from r=2 to s=6 over a 6-processor grid. Accord-
ing to Proposition 1, we can go to a redistribution from r=1 to s=3, instead.
Figure 5 shows the communication grid derived by the solution of equation (10).
It is obvious that the communication pattern induced by the redistribution pa-
rameters is a non-all-to-all communication. The 1’s indicate the existence of
communication between the corresponding processors (p, q), the cost of which
is one time unit.

4.3. Communication Scheduling

Communication scheduling is the act of arranging the communication steps of
redistribution. Steps are arranged in such a way, that at each step, a processor
cannot send/receive more than one message to/from another processor. To
achieve this, we first have to define two tables for our communication grid. The
block indices table Tbit that contains the indices of the blocks that reside in
the memory of the local processor pi and the destination processor table Tdpt

that contains the indices of the processors, where the blocks will move to, after
redistribution. Figure 6 shows the two tables, for a redistribution for P = 6,
r = 1, s = 4. Our purpose is to make a series of column transformations in Tdpt

to end up in a matrix, where all elements of each row are different. This means,
that each processor sends/receives only one message at a time, which is our
initial goal. The column transformations correspond to operations in the local
memory of each processor and they are not considered as part of the cost, for
simplicity. We will prove that there is indeed a series of matrix transformations
which guarantee that we will end in a free of conflicts communication scheme.

As Figure 6a indicates, the entries of Tbit and Tdpt are satisfying the equa-
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0 1 2 3 4 5

6 7 8 9 10 11

12 13 14 15 16 17

18 19 20 21 22 23

(a)

P0 P1 P2 P3 P4 P5

0 0 0 0 1 1

1 1 2 2 2 2

3 3 3 3 4 4

4 4 5 5 5 5

(b)
Fig. 6. (a) Block indices for P=6, r=1, s=4.  (b) Destination Processor indices for 
P=6, r=1, s=4.

tion:

Tbit(i, j) = iP + j, Tdpt =
Tbit(i, j)

s
. (21)

If we set G as the greatest common divisor of s, P that is G = gcd(s, P ) then
there must be integers s′ and P ′ such that: s = s′G and P = P ′G. For the
example of Figure 6. we have G = 2, s′ = 2 and P ′ = 3. If we consider
the rows that their indices differ by a multiple of s′ then those line indices
will produce the same modulo when divided by s′. Indeed, if we consider
two rows of Tbit with indices i and i′ then there is an integer µ such that
i′ = i + µs. We already have (see equation (21)) : Tbit(i, j) = iP + j, thus:
Tbit(i

′, j) = i′P + j = (i + µs′)P + j. Therefore, if we subtract the two lines
we will have: Tbit(i

′, j) − Tbit(i, j)= (i + µs′)P + j − (iP + j)=µs′P = µs′P ′G.
Since the quantity µs′P ′G divided by s′ will produce a modulo 0, the elements
of Tbit whose row indices differ by s′ have the same modulo when divided by
s′. In each column, there are G elements that their row indices produce the
same modulo when divided by s′. These elements can appear in contiguous row
positions, if row i is moved to row i′ in such a way that:

i′ = (i mod s′)G +
i

s′
. (22)

These transformations result in table T ′
bit as shown in Figure 7 The transformed
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P0 P1 P2 P3 P4 P5

0 1 2 3 4 5

12 13 14 15 16 17

6 7 8 9 10 11

18 19 20 21 22 23

Fig. 7. Block indices for P=6, r=1, s=4 after transformation (T'bit)

table T ′
bit consists of s′xP ′ sub-tables with dimension GxG. We declare those

sub-tables as Dw,z, where 0 ≤ w < s′ and 0 ≤ z < P ′. Figure 8 shows these
sub-tables. An element of T ′

bit will be in the sub-table defined by w, z in the
position defined by w1, z1, where 0 ≤ w1, z1 < G. Obviously, an element that
belongs to row i of T ′

bit will be in the w row of sub-tables, where w = i
G

.

The specific row position of an element inside a sub-table will be given by
w1, where w1 = imod G. Suppose that we want to find the value of an element
of T ′

bit. From equation (22) we derive that T ′
bit((i mod s′)G + i

s′
, j) = Tbit(i, j).

If we invert this relationship, we will have:

T ′
bit(i, j) = Tbit((i mod G)s′ + i

G
, j)

=Tbit(w1s
′ + w, j)

=(w1s
′ + w)P + j (from equation (21))

=w1s
′P + wP + j

=w1s
′P + wP + Gz + z1 (because j = Gz + z1)

=w1s
′P + wP ′G + Gz + z1 (because P = P ′G)
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0 1

12 13

Fig. 8. s' x P' subtables created after transformation  for P=6, r=1, s=4
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=(wP ′ + z)G + (w1s
′P + z1)

The value which we found for T ′
bit(i, j) is a sum of two parts, of which the

leftmost is constant for all elements because it is independent of the local indices
w1, z1 of the sub-tables. We can express T ′

bit as a set of s′ × P ′ sub-tables of
size G × G.

T ′
bit =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

D0,0 D0,1 .... D0,P ′−1

D1,0 D1,1 .... D1,P ′−1

.... .... .... ....

.... .... .... ....

Ds′−1,0 Ds′−1,1 .... Ds′−1,P ′−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

, (23)

where each of the sub-tables will be:

Dw,z = (wP ′ + z)G

+

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 1 .... G − 1
s′P s′P + 1 .... s′P + G − 1
.... .... .... ....

.... .... .... ....

(G − 1)s′P (G − 1)s′P + 1 .... (G − 1)(s′P + 1)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (24)
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0 13
12 1

Fig. 9: (a) D' sub-tables after transformations, (b) D' subtables after division of 
            each element by s=4   

8 21

20 9
4 17

16 5

2 15
14 3

6 19
18 7

10 23
22 11

0

1

0 1 2

0 3
3 0

2 5

5 2
1 4

4 1

0 3
3 0

1 4
4 1

2 5
5 2

0 1 2

0

1

(a)

(b)

For example, consider D1,1. According to equation (24), we have (see also
Figure 8):

D1,1 =

∣

∣

∣

∣

8 8
8 8

∣

∣

∣

∣

+

∣

∣

∣

∣

0 1
12 13

∣

∣

∣

∣

=

∣

∣

∣

∣

8 9
20 21

∣

∣

∣

∣

.

To obtain the final destination processor table containing a free of contention
communication scheme, we have to move each element of T ′

bit from the previous
row of sub-tables w′ to the new row of sub-tables w and from the previous row
position inside the sub-table w′

1 to the new row position inside the sub-table,
w1. The column references z and z1 will remain unchanged. Then each element
of T ′

bit has to be divided by s since Tdpt = Tbit(i,j)
s

(see equation (21)).
The movement of each element to it’s new position will be completed in

such a way that:

w = (w′P ′ + z) mod s′, w1 = (z1 + w′
1) mod G . (25)

Figure 9a shows the sub-tables created after the transformations while figure
9b shows the sub-tables after the division of each element by s.

After the transformations and the division of each element by s, and due
to the relationships: s = s′G =⇒ G

S
= 1

s′
and P = P ′G, we will obtain a new
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set of sub-tables D′, which will be (see equation (24)):

D′
w,z =

(w′P ′ + z)G

s′
+

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 (G − 1)P ′ .... P ′

P ′ 0 .... 2P ′

.... .... .... ....

.... .... .... ....

(G − 1)P ′ (G − 2)P ′ .... 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (26)

The final destination processor table T ′
dpt will be composed of those D′

w,z sub-
tables. Therefore:

T ′
dpt =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

D′
0,0 D′

0,1 .... D′
0,P ′−1

D′
1,0 D′

1,1 .... D′
1,P ′−1

.... .... .... ....

.... .... .... ....

D′
s′−1,0 D′

s′−1,1 .... D′
s′−1,P ′−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (27)

From equation 26 we derive that each sub-table consists of two parts. The
leftmost part, depends only on the values of w′ and z and it is independent of
local row and column indices w1 and z1. Furthermore, the P ′ sub-tables that
constitute each sub-table row, contain different elements between them due to
the first transformation of equation (25). Indeed, if we divide each element of
the constant part (leftmost part) of equation (24) by s, there will be successive
sub-tables in each row that their elements have the same integer result when
divided by s′. These sub-tables are driven to different rows by the transforma-
tion w = (w′P ′ + z) mod s′. This is achieved by the presence of the column
reference z in the transformation relationship. (Recall that z is different for
successive sub-tables that belong to the same row.)

The rightmost part of each sub-table D′ depends only on the values of
w1 and z1 which means that all the sub-tables of D′ are equal between them.
From the above we conclude that the row elements of T ′

dpt are different between
them and they lead to a free of contention scheme (see Figure 10), Figure 10
indicates that the message exchange between processors is going to be imple-
mented in a series of communication steps. In each step, each processor will
send/receive only one message to/from any other processors. For example, in
step 0, processors (0, 1, 2, 3, 4, 5) will send to (0, 3, 2, 5, 1, 4), respectively.
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P0 P1 P2 P3 P4 P5

0 3 2 5 1 4

3 0 5 2 4 1

1 4 0 3 2 5

4 1 3 0 5 2

             Fig. 10. T'dpt   for P=6, r=1, s=4. Each row contains different elements 

step 0

step 2

step 1

step 3

5. Conclusions

In this paper, we have presented a mathematical way of modelling the problem
of redistributed data between processor sets during run-time. The mathemat-
ical model was applied in an instance of the redistribution problem, that is,
going from a Cyclic(r) to Cyclic(s) on a P-processor grid, under the condition
that s is a multiple of r.

The purpose of the model is to facilitate the implementation of an algorithm
for run-time data redistribution. Three aspects of the redistribution problem
were covered in the model:

1. The total communication cost which is an important factor for the eval-
uation of the algorithm. The model offers an easy way of computing the total
cost,

2. The communication patterns, which is a crucial parameter when schedul-
ing the redistribution. The knowledge of the existence of all-to-all or non-all-
to-all communication between processors is obtained easily with a single com-
parison as Proposition 2 suggested,

3. The communication scheduling which is implemented by a series of array
transformations proven to lead to a free of contention communication scheme.

Our further work includes the development of a model for solving the gen-
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eral redistribution problem independently of the redistribution parameters, or
for transforming the general problem to one similar to the one described by
the present model. Another important instance of the problem would be to
model a redistribution case where the algorithm changes from static to dy-
namic and from dynamic to static. The problem in this case, however, is that
in static parallel algorithms, the distribution parameters like communication
cost between processor pairs, size of transferred messages and communication
patterns are arranged a-priori, unlike the dynamic algorithms that calculate
these parameters before each redistribution phase. This causes difficulties in
effectively modelling such a situation.
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