
International Journal of Pure and Applied Mathematics
————————————————————————–
Volume 6 No. 1 2003, 49-59

DETERMINING THE CONTRIBUTION OF NEW

COMPONENTS ADDED IN PARALLELL

TO A PARALLEL SYSTEM

Bobbie Leon Foote1, Andrew G. Glen2 §

1Department of Systems Engineering
United States Military Academy

646 Swift Road, West Point, New York 10996, USA
e-mail: fb9690@usma.edu

2Department of Mathematical Sciences
United States Military Academy

646 Swift Road, West Point, New York 10996, USA
e-mail: aa1275@usma.edu

Abstract: The exact distribution of the gain in reliability achieved by adding
k components in parallel to n components in parallel under the exponential
assumption is derived. The expected value of this gain is also derived. For
k = 1 the variance and the independence of the coefficient of variation from
the exponential parameter λ are also shown. The limit values of variances of
marginal gain are found and the coefficient of variation of marginal gain is
shown to be divergent for k = 1. The implications of these results for system
designers are highlighted. Much of the work demonstrates the application of A
Probability Programming Language (APPL) software in complex convolution
calculations. The non-exponential case is shown to have a possibility of analysis
due to the ability of APPL to obtain exact algebraic PDFs for some non-
exponential cases.

AMS Subject Classification: 62N02
Key Words: computational algebra systems, exact distributions, marginal
reliability gain, order statistics, parallel systems, reliability block diagrams,
series–parallel systems

Received: March 6, 2003 c© 2003, Academic Publications Ltd.

§Correspondence author



50 B.L. Foote, A.G. Glen

1. Introduction

The distribution of the time to failure of a series or parallel system is often
intractable for certain parametric failure time distributions of the underlying
components. In the design phase of systems, it would be helpful to model the
effect of varying the number of components in parallel to determine the cost
tradeoffs of adding new components in parallel. Thus, having the distribu-
tion of the gain G achieved by going from n components in parallel to n + k
components in parallel would be very helpful. Specifically, we will analyze the
distribution of Gn,k = I − B, the lifetime gain obtained by adding the extra
k components in parallel, where B = max{X1,X2, . . . ,Xn} is the base system
of n components and I = max{Y1, Y2, . . . , Yn+k} is the improved system with
n + k components in parallel. Note that all Xi and Yi are iid exponentially
distributed random variables with the the same parameter λ. The random
variables X and Y represent the individual components of the system that are
added in parallel. Note also the B and I represent the set of all n component
parallel systems and the set of all n+k component parallel systems respectively.
While finding the lifetime distribution of B and I are relatively straightforward
by hand, the calculation of the exact distribution of G involves convolutions
of random variables, which until now has not been easily calculable. With the
advent of A Probability Programming Language (APPL) [1] to compute exact
distributions of random variables, we are able to explore certain cases, where
G has a tractable distribution function. Obtaining the cumulative distribution
function of G allows for computing percentiles, probabilities, moments, random
variate generation, expected values, variances and so forth, an improvement
over results based solely on µ and σ2. We also present theorems on the exact
form of the expected value, the variance and the coefficient of variation of G.
The expected value of G in terms of n and k has a tractable form that can lend
itself to mathematical modeling. Further, assuming components with exponen-
tial lifetime distributions, we show that the coefficient of variation (CV ) of G
is independent of λ, the failure rate of each component, a measure of risk. The
increase in CV (G) with respect to n is “flat” for small k and shows that “risk”
associated with increased parallelism is low. The results show explicitly why
increasing the variance of components in parallel improves reliability just as
increasing mean lifetimes of components increases reliability. The availability
of APPL shows that some reliability calculations can now be solved precisely
that were formerly solved by approximation or simulation.
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2. Literature Review and Motivation

The use of reliability block diagrams (RBDs) to model systems that have par-
allel and series components is standard. Many texts (e.g., [4]) explain how
the diagrams can be used to determine the distribution of the system lifetime.
When used to model systems, it is rare that exact system lifetime distribu-
tion is calculated analytically due to the intractability of the component life-
time distributions. Kuo and Prasad [3] state that for redundancy allocation
problems, “little work is directed toward exact solutions for such problems”.
The difficulty in finding exact distributions associated with RBDs lies in de-
termining the distribution of the minimum and maximum of a group of ran-
dom variables. Engineers often settle for finding characteristics of the parallel
systems, such as the system mean, without knowing the entire distribution,
e.g., in The Reliability Engineering Handbook [2] where the mean is derived of
B = max{X1,X2, . . . ,Xn}, where Xi ∼ Exponential(λ). The study of spac-
ings, e.g., B(5) − B(4) has been studied (e.g., [5]), however we are studying the
difference between maximum order statistics from different sample sizes, unlike
spacings between order statistics from the same sample size. With the advent of
APPL [1] it is possible, among other things, to find exact distribution functions
for RBDs and then find other interesting characteristics of the distributions,
e.g. the mean, variance, and coefficient of variation for such systems. Since the
ability to find exact lifetime distributions efficiently now exists, we can also con-
sider the exact distribution of the increase in reliability by adding k additional,
identical components to the system. Using these results, or knowledge that an
exact formula exists, we can then work to derive results without resorting to
numerical methods.

The utility of an exact formula for the distribution of the gain by adding
the new components is apparent, especially when considering cost and space
constraints. Space vehicles, probes and shuttles have limited capacity. Addi-
tional astronauts can be viewed as redundant components to a space shuttle
system, but they are subject to supply constraints, space constraints, and fa-
tigue failure. Back-up computers have limited space for placement in airplanes
and even additional servers must compete for space in office buildings. If there
is an explicit law of diminishing returns for redundancy, then it is possible
to construct design tradeoffs between increased reliability and constraints on
space. A literature review revealed a gap in finding general exact formulas for
the distribution, mean, variance and coefficient of variation for parallel systems,
as well as for the distribution of the difference between two such systems.
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Figure 1: The Reliability block diagrams of the family of all
three components systems and the family of all four component
systems. Note, if the mean lifetime of the first system is µ, then
the mean lifetime of the second system is µ + E(G3,1).

3. Problem Formulation

Systems with parallel components can be modeled with RBDs effectively.

Figure 1 shows a proposed three component parallel system and a proposed
4 component parallel system, as well as example PDFs of two such systems. Let
B represent the lifetime of the system with three components and I represent
lifetime of the proposed system with four components. The distribution of the
marginal gain of the new system can be modeled by G3,1 = I−B. Using APPL
we can determine the exact distribution of B, I, and G. Consider the simple
case, where each component has lifetime distributed as Xi ∼ Exponential(λ).
Then B = max{X1,X2,X3} and I = max{Y1, Y2, Y3, Y4} represent the lifetime
distributions of parallel systems of three components and four components,
respectively, and G3,1 = I − B represents the distribution of the gain obtained
by adding the extra component. The MAPLE-based software program APPL
computes, among other things, distributions that result from random variable
algebra. These distributions are found with the APPL commands:

> X:= ExponentialRV(lambda);

> Y:= ExponentialRV(lambda);

> I:= OrderStat(Y, 4, 4);

> B:= OrderStat(X, 3, 3);

> G:= Difference(I, B);
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Figure 2: The PDF of G3,1, the increase of the system from
three to four components. Note, the mode is approximately 4
units to the right of zero and E(G3,1) is clearly positive, not
zero.

In this case, G is determined to have PDF as follows:

f(g) =

{

(

3 e(3 λ−1)g − 14 e(2 λ−1)g + 21 e(λ−1)g
)

λeg/35 g < 0 ,
(

35 e3 λ g − 42 e2 λ g + 21 eλ g − 4
)

λe−4 λ g/35 g ≥ 0 .

A plot of this PDF, arbitrarily setting λ = 1
10 , is in Figure 2.

Note the piecewise nature of the PDF that breaks at zero. Its negative
domain represents the probability that the improved system may still have a
lower lifetime, even with the added component. Its expected value E(G3,1) >
0 is evident and we will show that the expected value approaches zero as n
increases, an intuitive result.

For the general case where B = max{X1,X2, . . . ,Xn} and I =
max{Y1, Y2, . . . , Yn+k}, and Gn,k = I −B, the similar lines of APPL code yield
the following general solution for the PDF of Gn,k:

f(g)

=
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/x2λ+1dx
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where hypergeom is a MAPLE defined function. Plots of E(G), V (G), CV (G)
as n increased hinted at the results that were eventually derived in the theorems
of Section 4. We will investigate the properties of G, to include E(G), V (G), and
CV (G). We cover in detail the case of k = 1, the gain of adding one additional
component and then generalized to other cases. We also give interpretations
of our results for any n that may help designers of parallel systems decide the
optimal number of components to put in a parallel system.

4. Theorems and Corollaries

This section contains five theorems concerning parallel systems and their proofs.
These theorems are extensions to the result given by Kececioglu [2].

Theorem 1. If an exponential(λ) component is added in parallel to a
parallel system of n components (each exponentially distributed with parameter
λ > 0), the expected system lifetime increases by 1

λ(n+1) .

Proof. Let ∆t1,∆t2, . . . ,∆tn be the time-gaps between the failure times
for an n-component parallel systems (∆t1 is the time that the first component
fails). The time to system failure B = ∆t1 +∆t2 + · · ·+∆tn has expected value

E(B) = E(∆t1 + ∆t2 + · · · + ∆tn)

= E(∆t1) + E(∆t2) + · · · + E(∆tn)

=
1

nλ
+

1

(n − 1)λ
+ · · · +

1

λ
,

since by the memoryless property, the first of n exponential components has
expected failure time 1/λn, as reported by [2]. Likewise, for a separate, inde-
pendent, (n + 1)-component system

E(I) = E(∆t1 + ∆t2 + · · · + ∆tn+1)

= E(∆t1) + E(∆t2) + · · · + E(∆tn+1)

=
1

(n + 1)λ
+

1

(n)λ
+

1

(n − 1)λ
+ · · · +

1

λ
.

The difference between these expected values is 1
λ(n+1) .

Corollary 1.1.

lim
n→∞

E(Gn,1) = 0

Proof. Clearly, lim
n→∞

1

λ(n + 1)
= 0 and the result follows.
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Corollary 1.2. E(I) approaches E(B) from above.

Proof. Since

lim
n→∞

E(Gn,1) = 0 ⇒ E(I) → E(B) as n → ∞ ,

also

E(I) > E(B) since E(I) − E(B) =
1

λ(n + 1)
.

Thus, E(I) approaches E(B) from above.

Theorem 2.

E(Gn,k) =
1

λ

( 1

n + 1
+

1

n + 2
+ · · · +

1

n + k

)

Proof. A generalization of the proof of Theorem 1.

Theorem 3

V (Gn,1) =
1

λ2

[

2

n
∑

i=1

1

i2
+

1

(n + 1)2

]

Proof.

V (B) = V (∆t1 + ∆t2 + · · · + ∆tn)

=
1

(nλ)2
+ · · · +

1

λ2

V (I) = V (∆t1 + ∆t2 + · · · + ∆tn+1)

=
1

[(n + 1)λ]2
+ · · · +

1

λ2

G = I − B

V (G) = V (I) + V (B)

= 2
[ 1

(nλ)2
+ · · · +

1

λ2

]

+
1

[(n + 1)λ]2

=
2

λ2

[

n
∑

i=1

1

i2

]

+
1

[(n + 1)λ]2

and the result follows.

Corollary 3.1. The coefficient of variation of Gn,1 is

√

√

√

√1 + 2(n + 1)2
n

∑

k=1

1

k2
,
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which is independent of λ.

Proof. Easily derived by noting CV (G) = σG

µG
.

Theorem 4. V (I) converges to π2

6λ2 as n → ∞.

Proof. The sum
n

∑

i=1

1

i2
converges to π2

6 as n → ∞. Thus, V (I) = π2

6λ2 as

n → ∞.

Corollary 4.1.

V (Gn,1) → 2V (I) as n → ∞.

Proof. V (I) − V (B) = ((n + 1)λ)−2 → 0 as n → ∞, hence V (I) → V (B)
and the result follows.

Corollary 4.2.

V (Gn,1) =
π2

3λ2
as n → ∞.

Proof. Derived by substituting the result of Theorem 4 into Corollary 4.1.

Theorem 5. Increases in lifetime of G depend on increases in 1
λ
.

Proof. The marginal gain of adding each new component is E(Gn,1) =
1

λ(n+1) . As 1
λ

increases, marginal gain increases.

Corollary 5.1. CV (Gn,1) diverges as n → ∞.

Proof.

CV (Gn,1) = lim
n→∞

√

V (G)

E(G)
= lim

n→∞

√

π2/(3λ2)

((n + 1)λ)−1

= lim
n→∞

√

(n + 1)π2

3λ
= ∞. �

This result is significant for practice as it demonstrates that risk is inherent
and increasing in adding components indefinitely. This increasing risk happens
in addition to the diminishing return in added expected value as n increases.
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Figure 3: The PDF of G3,1 with the failure time of each com-
ponent having a Weibull(1/2, 2) distribution. Again, note, the
mode is to the right of zero and E(G3,1) is clearly positive, not
zero.

5. Conclusions

These general results allow the following conclusions concerning system design:

• The ability to compute exact distributions of I, B, and G is of great benefit
over customary analysis of complex systems, i.e., concentrating on character-
istics such as µ, σ, and so forth. Now that APPL allows for calculating exact
distributions, the following characteristics can be found:

- Exact percentiles of the G, I and B can be calculated in an automated
environment, assisting statistical procedures in determining optimal warranty
periods.

- The CDF of G can be computed, allowing exact probabilities and
p-values to be calculated for statistical tests.

- The inverse-CDF can be found or solved for numerically, useful in
variate generation for Monte Carlo simulation of systems.

- The marginal distribution of the order statistics of I and G can be
computed, which could be useful in model verification and outlier detection.

- All these functions are currently possible in the APPL environment.

• If ∆ is the smallest marginal gain in expected system lifetime worth-



58 B.L. Foote, A.G. Glen

while due to component cost and other constraints, then n is determined by
1

λ(n + 1)
= ∆, useful in optimization scenarios.

• Corollary 3.1 shows that reducing λ will not reduce or increase CV (G).
CV is a measure of variability. In this special (though frequently occuring)
case, we do not increase this measure of variability by increasing the expected
lifetime of components.

• Trade-off models of reliability gain versus cost, volume, and weight con-
straints can now be made explicit.

• Increasing 1
λ

increases the variance of G for fixed values of n and k = 1
and by Theorem 2 increases expected reliability and variance of components.

• Because of APPL, G can be analyzed when PDFs are not limited to the
exponential distribution for components, nor are we limited to strictly parallel
systems:

- A G3,1 distribution when all component lifetimes are Weibull dis-
tributed with a scale parameter of 1/2 and a shape parameter of 2 has been
computed, a much more complex distribution because the convolution I −B is
less tractable than the exponential case. The PDF is a two page-long formula
(omitted for brevity, but available from the second author). The plot of the
PDF as computed by APPL is shown in Figure 3.

- A system with one exponential(λ) component in series with two par-
allel Weibull(α, β) components has the following PDF, where x is time until
failure:

f(x) = 2 e−λ x−αβxβ

λ + 2 e−λ x−αβxβ

αβxβ−1β − e−λ x−2 αβxβ

λ

− 2 e−λ x−2 αβxβ

αβxβ−1β

for x > 0 and λ, α, β > 0.
- Our current work considers these more complex cases.

• Our thanks go to Professor Larry Leemis for shortening our proofs signif-
icantly and clarifying some of our results.
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