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1. Introduction

In the last three decades, theory of sufficient optimality conditions and duality
for optimization problems has been the subject of much development. To meet
the demand of new theory of extremum problems, various types of. generalized
invex functions have been proposed since 1981 (see, e.g., [3] and [7]). Under in-
vexity hypotheses, optimality conditions were established by Craven [3], Craven
and Luu [4], Craven and Luu [5], Reiland [19] and some other authors.

Jeyakumar and Mond [10] defined generalized V–invexity concepts for dif-
ferentiable multiobjective programming problems, which preserve the sufficient
optimality conditions and duality results as in the scalar case and avoid the ma-
jor difficulty of verifying that the inequality holds for the same kernel function.
Mishra and Mukherjee [15] extended the concepts of generalized V–invexity of
Jeyakumar and Mond [10] to the case of nonsmooth by using Clarke subdiffer-
entials. On the other hand, in multiobjective programming there has been a
very popular growth and application of invexity theory, which was originated
by Hanson [7] but so named by Craven [3]. Later, Hanson and Mond [8] in-
troduced type–I and type–II functions, which have been further generalized by
many researchers and applied to nonlinear programming problems in different
settings give some references (see, e.g., [11], [14], [16]-[18]).

Hanson, Pini and Singh [9] introduced vector type invexity along the lines
of Jeyakumar and Mond [10] extending the pseudo type–I, quasi type–I, quasi–
pseudo type–I and pseudo–quasi type–I functions introduced in [11] and [17].
Jeyakumar and Mond [10] defined generalized V–invexity concepts for differ-
entiable multiobjective programming problems that preserve the sufficient op-
timality conditions and duality results. Bector, Chandra and Kumar [1] es-
tablished necessary and sufficient optimality conditions and duality results for
a class of differentiable minimax programming problems under V–invexity as-
sumptions on the objective and constraint functions. Kuk, Lee and Kim [12]
extended the concept of V-ρ-invextiy for vector valued functions, which is a gen-
eralization of the V-invex functions defined by Mishra and Mukherjee [15] and
in differentiable case by Jeyakumar and Mond [10], and they proved generalized
Karush–Kuhn-Tucker sufficient optimality conditions, weak and strong duality
theorems for nonsmooth multiobjective programs under the V–ρ–invexity as-
sumptions.

Recently, Kuk and Tanino [13] established necessary and sufficient optimal-
ity conditions and duality theorem for a class of nonsmooth minimax program-
ming problems under V–ρ–invex functions.

In this paper, we extend the concepts of V–type–I functions and their gener-
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alizations given in Hanson, Pini and Singh [9] to nonsmooth case in the setting
of Kuk , Lee and Kim [12] . Furthermore, we establish sufficient optimality
conditions and duality results for a class of nonsmooth minimax programming
problems under V–ρ–σ–type–I functions.

2. Definitions and Preliminaries

In this section we provide some definitions and results that we shall use in
the sequel. Throughout this paper, let Rn denote the n–dimensional Eu-
clidean space and Rn

+ be its nonnegative orthant. In other words, Rn
+ =

{x ∈ Rn : xj ≥ 0, i = 1, ..., n}.

Definition 2.1. Function f : Rn → R is said to be locally Lipschitz if for
any z ∈ Rn there exist a positive constant K and a neighborhood N of z such
that, for each x, y ∈ N

|f(x) − f(y)| < K||x − y||,

where || . || denotes the usual norm in Rn.

In this paper, we consider following minimax programming problem

(P ) min
x

max
1≤i≤p

[fi(x)] ,

subject to

x ∈ X = {x : gj(x) ≤ 0, j = 1, . . . ,m},

where fi : Rn → R, i = 1, . . . , p and gj : Rn → R, j = 1, . . . ,m are locally
Lipschitz functions.

For each d in Rn, f0(x; d) is the generalized directional derivative of Clarke
[9] defined by

f0(x; d) = lim sup
y→x
t↓0

t−1(f(y + td) − f(y)).

It then follows that f0(x; d) = max{ξT d : ξ ∈ ∂f(x)} for all x and d, where
∂f(.) denotes the Clarke generalized gradient.

In the following definition, we define V–ρ–σ–type–I invexity for locally Lip-
schitz functions. Let, fi : Rn → R, i = 1, . . . , p and gj : Rn → R, j = 1, . . . ,m
be locally Lipschitz functions and λ ∈Rm.
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Definition 2.2. (a) (f, g) is said to be V–ρ–σ–type–I invex with respect
to η and θ : Rn × Rn → Rn if there exist αI and βj : Rn × Rn → R+\{0} such
that

αi(x, u){fi(x) − fj(u)} ≥ ξiη(x, u) + ρi||θ(x, u)||2, ∀ξi ∈ ∂fi(u)

and
βj(x, u)[−gj(u)] ≥ ζjη(x, u) + σj ||θ(x, u)||2, ∀ζj ∈ ∂gj(u);

(b) (f, g), is said to be quasi V–ρ–σ–type–I invex with respect to η :
Rn ×Rn → Rn if there exist αi and βj : Rn ×Rn → R+\{0} such that for any
x, u ∈ Rn

∑

i

τiαi(x, u)[fi(x) − fj(u)] ≤ 0 ⇒
∑

i

τiη(x, u)ξi ≤ 0, ∀ξi ∈ ∂fi(u) ,

and
∑

j

λjβj(x, u)[gj(u)] ≥ 0 ⇒
∑

j

λjη(x, u)ζj ≤ 0, ∀ζj ∈ ∂gj(u);

(c) (f, g) is said to be pseudo V–ρ–σ-type–I invex with respect to η :
Rn ×Rn → Rn if there exist αI and βj : Rn ×Rn → R+\{0} such that for any
x, u ∈ Rn

∑

i

τiη(x, u)ξi ≥ 0 ⇒
∑

i

τiαi(x, u)[fi(x) − fj(u)] ≥ 0, ∀ξi ∈ ∂fi(u) ,

and
∑

j

λjη(x, u)ζj ≥ 0 ⇒
∑

j

λjβj(x, u)[gj(u)] ≤ 0, ∀ζj ∈ ∂gj(u).

The following equivalent problem is from [13]:

(EP ) min q

subject to fi(x) ≤ q, i = 1, . . . , p , (1)

gj(x) ≤ 0, j = 1, . . . ,m. (2)

Lemma 2.1. (see [13]) If (x, q) is (EP)-feasible, then x is (P)-feasible. If x

is (P)-feasible, then there exists q ∈ R such that (x, q) is (EP)-feasible.

Lemma 2.2. (see [13]) A feasible point x̄ is (P)-optimal with the corre-
sponding optimal value of the (P)-objective function equal to q̄ if and only if
(x̄,q̄) is (EP)-optimal with the corresponding optimal value of (EP)-objective
function equal to q̄.
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3. Necessary and Sufficient Optimality Conditions

In this section, using Lemma 2.1 and Lemma 2.2, we establish necessary and
sufficient optimality conditions for the nonsmooth minimax problem (P).

Theorem 3.1. (Necessary Optimality Condition) Let x̄ be (P)-optimal
with the corresponding (P)–optimal value of q̄. Let the constraint qualification
in [20, p.114] holds for (EP). Then there exist τ̄ ∈ R

p
+ and λ̄ ∈ Rm

+ such that
(x̄,q̄, τ̄ ,λ̄) satisfies

0 ∈

p∑

i=1

τ̄i∂fi(x̄)+
m∑

j=1

λ̄j∂gj(x̄) (3)

τ̄i(fi(x̄) − q̄) = 0, i = 1, . . . , p (4)

λ̄jgj(x̄) = 0, j = 1, . . . ,m (5)

fi(x̄) ≤ q̄, i = 1, . . . p (6)

gj(x̄) ≤ 0, j = 1, . . . ,m (7)

p∑

i=1

τ̄i = 1. (8)

Proof. Since x̄ is (P)-optimal with the corresponding (P)-optimal value of
q̄, by Lemma 2.2, (x̄,q̄) is (EP)-optimal with the corresponding optimal value of
(EP)-objective function equal to q̄. The theorem follows by applying Theorem
4.3.1 in [20].

Theorem 3.2. (Sufficient Optimality Condition) Let (x̄,q̄, τ̄ , λ̄) with q̄ ∈ R,
τ̄ ∈ R

p
+ and λ̄ ∈ Rm

+ satisfy (3) – (8) at x̄. If (f, g) is V-ρ−σ-type–I invex with
respect to the same η and θ and

p∑

i=1

τ̄iρi+

m∑

j=1

λ̄jσj ≥ 0, (9)

then x̄ is (P)-optimal with corresponding optimal objective value equal to q̄.

Proof. Let x ∈ S be arbitrary. From (5), we have,

λ̄jgj(x̄) = 0. (10)

From the V-ρ − σ-type–I invexity of g and λ̄ ∈ Rm
+ , we obtain, for all j

λ̄jζjη(x, x̄) + λ̄jσj ||θ(x, x||2 ≤ 0, for each ζj ∈ ∂gj(x̄). (11)
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Then from the condition (3) and (9), we obtain

p∑

i=1

τ̄iξi(x, x̄)+

p∑

i=1

τ̄iρi||θ(x, x̄)||2 ≥ 0, for some ξi ∈ ∂fi(x̄). (12)

By the V-ρ − σ-type–I invexity of f , we obtain

p∑

i=1

τ̄iαi(x, x̄){fi(x) − fj(x̄)} ≥ 0. (13)

Since τ̄iαi(fi(x̄) − q̄) = 0 for all i, we have

q

p∑

i=1

τ̄iα(x, x̄) >q̄

p∑

i=1

τ̄iαi(x, x̄), for (x, q) ∈ T. (14)

Since
p∑

i=1

τ̄iαi(x, x̄) > 0, we have

q ≥ q̄, for (x, q) ∈ T.

This along with Lemma 2.2 yields that is (P)–optimal with optimal objec-
tive value equal to q̄. This completes the proof.

Theorem 3.3. (Sufficient Optimality Condition) Let (x̄,q̄, τ̄ ,λ̄) with q̄ ∈
R, τ̄ ∈ R

p
+ and λ̄ ∈ Rm

+ satisfy (3) – (8) at x̄. Assume that (f, g) is pseudo
quasi V–ρ–σ–type–I invex with respect to the same η and θ and

p∑

i=1

τ̄iρi+

m∑

j=1

λ̄jσj ≥ 0.

Then, x̄ is (P)-optimal with corresponding optimal objective value equal to q̄.

Proof. Let x ∈ S be arbitrary. From (5), we have

λ̄jgj(x̄) = 0, j = 1, . . . ,m. (15)

Using the quasi V–ρ–σ–type–I invexity of g and λ̄ ∈ Rm
+ , we obtain

λ̄jζj(x, x̄) ≤ 0, for any ζj ∈ ∂gj(x̄) for all j. (16)

From (3) and (16), we get

p∑

i=1

τ̄ ξiη(x, x̄) ≥ 0, for some ξi ∈ ∂fi(x̄). (17)
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By the pseudo V–ρ–σ–type–I invexity of the function f and (17), we obtain

p∑

i=1

τiαi(x, x̄)[fi(x) − fi(x̄)] ≥ 0. (18)

Since τ̄i(fi(x̄) − q̄) = 0, from (18), we have

q
∑

i

τ̄iαi(x, x̄) ≥ q̄
∑

i

τ̄iαi(x, x̄), for (x, q) ∈ T and all i. (19)

Since
∑
i

τ̄iαi(x, x̄) > 0, from (19), we have

q ≥ q̄, for (x, q) ∈ T. (20)

This along with Lemma 2.2 yields that x̄ is (P)-optimal with optimal ob-
jective value equal to q̄. This completes the proof.

4. Duality Results

In this section, we establish duality theorems for problem (P) and the following
dual problem (D) under V-ρ − σ-type–I invexity assumptions.

(D) max υ (21)

subject to 0 ∈

p∑

i=1

τ̄i∂fi(u)+

m∑

j=1

λ̄j∂gj(u) (22)

τi(fi(u) − ν) ≥ 0, i = 1, . . . , p , (23)

λjgj(u) ≥ 0, j = 1, . . . ,m , (24)
p∑

i=1

τ̄i = 1, (25)

u ∈ Rn, v ∈ Rn, v ∈ R, τ ∈ R
p
+, λ ∈ Rm

+ . (26)

Let W denote the set of all feasible solutions of (D). We now establish the
following duality theorems for (EP) and (D).

Theorem 4.1. (Weak Duality Theorem) Let (x, q) ∈ T and (u, ν, τ , λ) ∈
W . If (f, g) is V–ρ–σ–type–I invex with respect to the same η for all feasible
solutions of (EP) and (D) and

p∑

i=1

τ̄iρi+
m∑

j=1

λ̄jσj ≥ 0, (27)
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then q ≥ ν.

Proof. Since (x, q) ∈ T and (u, ν, τ, λ) ∈ W , we have

−λigj(u) ≤ 0, for j = 1, . . . ,m. (28)

Then from the V–ρ–σ–type–I invexity of g and the condition λ ∈ Rm
+ , we obtain

λjζjη(x, u) + λjσj||θ(x, u)||2 ≤ 0, for each ζj ∈ ∂gj(u) and all j. (29)

From the conditions (22) and (27), we obtain

p∑

i=1

τiξiη(x, u)∂+

p∑

i=1

τiρi||θ(x, u)||2 ≥ 0, for each ξi ∈ ∂fi(u). (30)

From the V-ρ − σ-type–I invexity of the function f , we obtain

p∑

i=1

τiαi(x, u){fi(x) − fi(u)} ≥ 0. (31)

From (1), (23) and (31) we have

q

p∑

i=1

τiαi(x, u) ≥ ν

p∑

i=1

τiαi(x, u). (32)

For all (EP)-feasible and D-feasible solutions, since
∑
i=1

τiαi(x, u) > 0, we

have q ≥ ν. This completes the proof.

Corollary 4.1. Let (x∗, q∗) ∈ T and (u∗, ν∗, τ∗, λ∗) ∈ W such that q∗ = ν∗.
Let the hypothese of Theorem 4.1 hold. Then, (x∗, q∗) is (EP)-optimal and
(u∗, ν∗, τ∗, λ∗) is (D)-optimal.

The proof of the following theorem is not hard, so we state the theorem
without any proof.

Theorem 4.2. (Strong Duality Theorem) Let (x∗, q∗) ∈ T be (EP)-optimal
at which the constraint qualification in [20, p.114] holds. Then there exist τ∗

and λ∗ such that (x∗, q∗, τ∗, λ∗) is (D)-feasible and the corresponding objective
values of (EP) and (D) are equal. Moreover, if the hypotheses of Theorem 4.1
holds, then (x∗, q∗, τ∗, λ∗) is (D)-optimal.

Theorem 4.3. (Strict Converse Duality Theorem) Let (x̄, q̄) be (EP)-
optimal at which the constraint qualification in [20, p.114] holds and let (ū,ν̄, τ̄ ,λ̄)
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be (D)-optimal solution. If f is V-ρ − σ-type–I invex, λ̄g is strictly V-ρ − σ-
type–I invex for all (EP)-feasible and D-feasible solutions and if

p∑

i=1

τ̄iρi+

m∑

j=1

λ̄jσj ≥ 0. (33)

Then (ū, ν̄) = (x̄, q̄).

Proof. Assume that (ū, ν̄) 6= (x̄, q̄). Since (x̄,q̄) is (EP)-optimal, there exists
(τ0, λ0) such that (x̄, q̄, τ0, λ0) is (D)-optimal. It is easily to verify

λ̄j[gj((ū)] ≥ 0, for j = 1, . . . ,m. (34)

From the strict V–ρ–σ– type–I invexity of (λ̄1g1,. . . , λ̄mgm), we obtain

m∑

j=1

λ̄jζjη(x̄, ū)+
m∑

j=1

σj||θ(x, u)||2 < 0, for each ζj ∈ ∂gj(ū) (35)

From (22) and (33), we have

p∑

i=1

τ̄iξiη(x̄, ū)+

p∑

i=1

τ̄iρi||θ(x, u)||2 > 0, for some ξi ∈ ∂fi(x̄) (36)

By the V-ρ − σ- type–I invexity of function f , we get

p∑

i=1

τ̄iαiη(x̄, ū)fi(x̄) >

p∑

i=1

τ̄iαi(x̄, ū)fi(ū). (37)

Since (x̄,q̄) is (EP)-feasible and (ū,ν̄, τ̄ ,λ̄) is (D)-feasible, therefore, by (1), (23)
and (37), we have

q̄

p∑

i=1

τ̄iαiη(x̄, ū) >ν̄

p∑

i=1

τ̄iαiη(x̄, ū). (38)

Since
p∑

i=1

τ̄iαiη(x̄, ū) >0, therefore from (38), we have

q̄ > ν̄,

which is a contradiction to the assumption that (ū,ν̄, τ̄ ,λ̄) is (D)-optimal. Hence,(ū, ν̄) =
(x̄, q̄). This completes the proof.
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Remark 4.1. The above theorem remains true even if (f, g) is pseudo
quasi V-ρ − σ-type–I invex with respect to the same η.

Theorem 4.4. (Strict Converse Duality Theorem) Let (x̄,q̄) be (EP)-
optimal at which the constraint qualification in [20, p.114] holds and let (ū,ν̄, τ̄ ,λ̄)
be (D)-optimal solution. If (f, λ̄g) is strictly pseudo-quasi V-ρ−σ-type–I invex
for all (EP)-feasible and (D)-feasible solutions, then (ū,ν̄) = (x̄,q̄).

Proof. We assume that (ū,ν̄) 6= (x̄,q̄) and exhibit a contradiction. Since
(x̄,q̄) is (EP)-Optimal there exists (τ0,λ0) such that (x̄,q̄,τ0,λ0) is (D)-optimal.

Since λ̄jgj(ū) ≥ 0, for j = 1 . . .m, from the strict pseudo V–ρ–σ–type–I
invexity of (λ̄1g1, . . . , λ̄mgm), we obtain

m∑

j

λ̄jζjη(x̄, ū) +
m∑

j=1

λ̄jσj‖θ(x, u)‖2 < 0, for each ζj ∈ ∂gj(u).

From (16) and (27), we have

p∑

i=1

τ̄iξiη(x̄, ū) +

p∑

i=1

τ̄iρi‖θ(x, u)‖2 > 0, for each ξi ∈ ∂fi(x̄).

By the quasi V–ρ–σ– type–I invexity of function f , we get

∑

i

τ̄iαi(x̄, ū)fi(x̄) >
∑

i

τ̄iαi(x̄, ū)fi(ū).

Since (x̄,q̄) is (EP)-feasible and (ū,ν̄, τ̄ ,λ̄) is (D)-feasible, by (1), (23) and the
above inequality, we have

q̄
∑

i

τ̄iαi(x̄, ū) > ν̄
∑

i

τ̄iαi(x̄, ū).

From
∑
i

τ̄iαi(x̄, ū) > 0 and the above inequality, we have q̄ > ν̄, which is a

contradiction to the assumption that (ū,ν̄, τ̄ ,λ̄) is (D)-optimal. Hence, (ū,ν̄)=
(x̄,q̄). This completes the proof.
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