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Abstract: The aim of this research is the experimental identification of
chaotic regions in the parameter space of the recurrent neuron models. These
models are used to describe the temporal behavior of a simple neural processing
element with a self-interaction component that possesses chaotic characteristics
in the discrete time domain. In the first step, the state equation of the system
is described briefly, and the five coordinates of the state space points are iden-
tified. Then, the fixed points of the system are studied and sample bifurcation
diagrams that reveal the chaotic features of the system are given. Finally, a
complete experimental chaos detection procedure is presented and the identi-
fied chaotic regions in the parameter space associated with typical values of the
system parameters are plotted.
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1. Introduction

According to the basic theory associated with the space-time neural models
[1], the resistance capacitance model (RC model) describes the post synaptic
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neuron potential as an RC circuit characterized by an electric current flow. In
this model, the synaptic weights, w, are modelled as conductivities, while the
resistance R, simulates the nonlinearity that produces the neuron output. By
applying the Kirchoff law to this simple electric circuit, the time evolution of
the neuron potential is given by the differential equation

Cj

dυj(t)

dt
+

υj(t)

Rj

=

N
∑

i=1

wjixi(t) + ϑj , (1)

where uj(t) is the potential of the j-th neuron of the network, Rj is the resis-
tance of the RC neuron model, Cj the leakage capacitance and ϑj the neuron
bias unit. The solution of this equation is the function υj(t), that gives the
variation of the neuron potential, υt, as a function of time, t. In equation (1) it
is implied that the j-th neuron of the network is connected to N input neurons.

Even though this approach can be applied to describe any neuron type
from the neurodynamics perspective, a more restricted model will be used in
this research. In this model, previously studied by Pasemann [2] [3], the neural
network has only one neuron with a self interaction component (i.e an output
synapse that sends the neuron output back to its input). If we denote the
synaptic weight as w and the bias unit as ϑ, the equation (1) can be written in
a simpler form:

dυ(t)

dt
= −υ(t)

R
+ wx(t) + ϑ , (2)

where the leakage capacitance has been set (for the sake of simplicity) to unity,
while the index j is not used any more, since this simple model is characterized
by the presence of only one neuron. Furthermore, the neuron output x(t) is
modelled by the sigmoidal function

x(t) =
1

1 + exp(−υ(t)/c)
, (3)

where the quantity (1/c) is the function sigmoidal slope. By substituting equa-
tion (3) to equation (2) we get:

dυ(t)

dt
= f(υ(t)) = −υ(t)

R
+

w

1 + exp(−υ(t)/c)
+ ϑ , (4)

which is the state equation of the simple recurrent neuron dynamical system.
The solution of this equation gives, as in the previous case, the function υ(t)
that describes the variation of the recurrent neuron potential, υ, as a function
of time, t. The simple recurrent neuron model is shown in Figure 1.
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Figure 1: The simple recurrent neuron model

2. The Continuous Recurrent Neuron Model

From the analytic form of the state equation (4), it is clear that the presence
of the exponential term associated with the output x(t) makes its analytical
solution a very complicated task. Due to this fact, the solution of the above
equation was based on the numerical method of Runge-Kutta [4]. The equations
of this method for the case of the recurrent neuron model have the form:

k1 = −S
υt

R
+

w

1 + exp(−υt/c)
+ ϑ ,

k2 = −S
υt + (k1/2)

R
+

w

1 + exp(−(υt + (k1/2))/c)
+ ϑ ,

k3 = −S
υt + (k2/2)

R
+

w

1 + exp(−(υt + (k2/2))/c)
+ ϑ ,

k4 = −S
υt + k3

R
+

w

1 + exp(−(υt + k3)/c)
+ ϑ .

Having calculated the values of the constants k1, k2, k3 and k4, the next value
υt+1 can be estimated from the previous value, υt, according to the equation:

υt+1 = υt +
k1 + 2k2 + 2k3 + k4

6
. (5)

In the above equations, the parameter S is the variation step of the algorithm,
i.e the distance between the consecutive values υt+1 and υt. Furthermore, the
application of this method requires the determination of the initial value υ0.
In this case, the parameters S and υ0 have the values S = 0.001 and u0 = 0.1
respectively. Figure 2 shows the variation of the neuron activation potential υ,
as a function of time t, as it has been calculated by the Runge-Kutta method.
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Figure 2: Variation of the neuron activation potential υ(t) as a
function of time t, as it has been calculated by the application
of the Runge-Kutta method

The parameter values used during the application of this method were w = −5,
ϑ = 0.5, R = 1 and c = 1 while the number of samples for the potential υt was
equal to 5000.

From Figure 2 it is clear that the sequence of consecutive values of the po-
tential υi converges to a fixed value, whose sign depends on the signs of the
parameter values associated with the recurrent neuron model. In this example,
the limit of this sequence is a positive value, but in general, this is not always
true, especially in cases, where the synaptic weight has a negative value. Re-
gardless of the sign of this sequence limit, the main conclusion of this research
is that for the case of the continuous model, the phenomenon of chaos does not
appear and the time evolution of the system is characterized by a converging
behavior. In other words, after the lapse of some time, the system enters a time
invariant state and remains there for ever. As will be shown in the next sections
through experimentation, the chaotic features of the system are associated by
the discrete recurrent neuron model.

3. The Discrete Recurrent Neuron Model

The appearance of periodic and chaotic effects in the time evolution of the
neuron activation potential υ(t) requires the transformation of the continuous
model described above, to a discrete form. To perform such a transformation,
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one has to convert the differential equation (4) to a difference equation, by
writing it in the form

∆υ

∆t
=

υn+1 − υn

∆t
= −υn

R
+

w

1 + exp(−υn/c)
+ ϑ , (6)

or equivalently

υn+1 = (1 − ∆t

R
)υn +

w∆t

1 + exp(−υn/c)
+ ϑ∆t . (7)

The resulting equation (7) has the general form υn+1 = ϕ(υn) and allows the
generation of the time series υi (i = 1, 2, . . . , N) from an initial condition υ0.
From this point of view, the variables w,ϑ,R and c can be treated as state
parameters of the system, and thus, they can be assigned any value. The sam-
pling period ∆t of this discrete dynamical system is of the order of magnitude
of 10−3. It can be shown through experimentation, that the system time se-
ries can be converging, periodic or chaotic, for different combinations of the
values of the four system parameters defined above (the fifth operand, i.e. the
sampling period ∆t, is not treated as a parameter, but in all experiments it is
assigned a fixed value since it is a measure of the discrete or the continuous
nature of the system). Figure 3 shows typical trajectories for the convergence,
the periodic and the chaotic regions of the recurrent neuron dynamical system.

4. Neuron Bifurcation Diagrams

The chaotic features of the recurrent neuron dynamical systems can be pre-
sented by means of bifurcation diagrams [5] that show the stable fixed points
of the system for a range of values of the control parameters. In this case there
are four such parameters – i.e. the weight w, the bias ϑ, the internal resistance
R and the sigmoidal slope 1/c - and therefore there are four types of such dia-
grams, that can be used to show the chaotic regions of the system. The features
of these types of diagrams are the following:

• Weight Bifurcation Diagram: this diagram shows the stable fixed points
of the neuron activation potential, υ, as a function of the synaptic weight
w. In other words, the points of this diagram are pairs in the form (w, υ),
where the w parameter is varied in the interval [wmin, wmax] while the
parameters ϑ,R and c are kept fixed. A typical weight bifurcation diagram
is shown in Figure 4.
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Figure 3: Converging, periodic, and chaotic trajectories for cer-
tain combinations of the system parameters w,ϑ,R and c
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Figure 4: A typical weight bifurcation diagram

• Bias Bifurcation Diagram: this diagram shows the stable fixed points of
the neuron activation potential, υ, as a function of the bias unit, ϑ. Each
point of this diagram is a pair in the form (ϑ, υ), where the parameter ϑ
is varied in the interval [ϑmin, ϑmax], while the parameters w,R and c are
kept fixed. A typical bias bifurcation diagram is shown in Figure 5.

• Internal Resistance Bifurcation Diagram: this diagram shows the stable
fixed points of the neuron activation potential, υ, as a function of the
internal resistance, R. Each point of this diagram is a pair in the form
(R, υ), where the R parameter is varied in the interval [Rmin, Rmax], while
the other parameters are kept fixed. A typical internal resistance bifur-
cation diagram, is shown in Figure 6.

• Sigmoidal Slope Inverse Bifurcation Diagram: this diagram shows the
stable fixed points of the neuron activation potential, υ, as a function of
the sigmoidal slope (1/c). Each point of this diagram is a pair in the form
(c, υ), where the c parameters is varied in the interval [cmin, cmax], while
the other parameters are kept fixed. A typical sigmoidal slope bifurcation
diagram is shown in Figure 7.

In the four types of bifurcation diagrams described above, one of the system
parameters (namely the control parameter) is varied between a minimum and
a maximum value, while the other three parameters have been assigned fixed,
predefined values. The other system parameter, ∆t, is not treated like the
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Figure 5: A typical bias bifurcation diagram

others, since its order of magnitude measures the continuous or the discrete
nature of the system. A typical value of this quantity, is ∆t = 10−3. As it has
been shown through experimentation, if the sampling period gets very small
values – of the order of 10−6 – the chaos effect disappears and the system is
characterized by a converging behavior – a fact that is actually expected. For
greater values of ∆t, there are chaotic regions in the system parameter space,
but these regions are associated with extremely large values of the four system
parameters (for example a synaptic weight value equal to 20000), and they
are not considered as cases of special interest. Finally, if the sampling period
reaches the values of 10−3 to 10−1, the chaotic effects are very strong, and the
dynamical system is characterized as discrete.

5. Fixed Points with Period p = 1

A preliminary study of the dynamical system under consideration, is associated
with the identification of fixed points with period p = 1. These points are
characterized by the property υ = F (υ) [6], where the function F in this special
case is given by the equation

F (υ) = (1 − ∆t

R
)υ +

w∆t

1 + e−
υ

c

+ ϑ∆t . (8)

Due to the existence of the exponential term in the above equation, it can not
be solved analytically. However, we can identify approximate solutions, if the
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Figure 6: A typical internal resistance bifurcation diagram

Figure 7: A typical sigmoidal slope inverse bifurcation diagram
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exponential factor is substituted by the low order terms of its Taylor expansion
series. In this case, this factor can be written as:

exp(−υ

c
) = 1 − υ

c
+

1

4

υ2

c2
− 1

6

υ3

c3
(9)

and by substitution in equation (8) it can finally be written in the form

υ3 − 12c2(1 − 4c∆t

wR
)υ − 24c3 w + 2ϑ

w
= 0 . (10)

This is a third order polynomial equation, whose roots are the fixed points of
the system with period p = 1. These roots depend on the values of the four
control system parameters, and they can be written as υi = fi(w,R, c, ϑ,∆t),
where i = 1, 2, 3. It is clear that a complete characterization procedure of these
points with respect to their stability is a very complicated task, and for this
reason, only a simplified analysis will be presented here.

A typical simplification procedure that can be applied at this point, is the
elimination of the parameters R, c and ∆t, by using the values R = c = ∆t = 1.
In this way, the fixed points with period p = 1 are only functions of the synaptic
weight w, and the bias unit ϑ, or equivalently υi = υi(w,ϑ), where i = 1, 2, 3.
Furthermore, the polynomial equation (10) can be written in a more simplified
form:

υ3 − 12
w − 4

w
υ − 24

w + 2ϑ

w
= 0 . (11)

The analytical calculation of the three roots of this equation can be easily
performed by using scientific tools, such as Mathematica [7]. However, the
analytical expressions of the three points with period p = 1 is still very compli-
cated. Furthermore, two of these points are not real but complex numbers and
they have to be rejected since the neuron activation potential is a real quan-
tity. This fact means that, in general, these fixed points are not defined for the
whole parameter space (ϑ,w), but only for a small part of it. For this reason,
the study of the system will be restricted to certain regions of this parameter
space. One of the most interesting regions, is the line w + 2ϑ = 0 that divides
the plane (w,ϑ) in two semi-planes. For this line, the equation (11) will be
reduced to the simple form:

υ3 − 12
w − 4

w
υ = 0 , (12)

with roots

υ1 = 0, υ2 = −2
√

3

√

w − 4

w
, υ3 = +2

√
3

√

w − 4

w
. (13)
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Figure 8: The regions of the parameter space (w,ϑ) associated
with real values for the roots υ1, υ2 and υ3 of the equation (12).
In the segments A and B of the line w + 2ϑ = 0 the system has
a zero root and two additional roots that are equal and opposite
to each other. In the special case of the point (w,ϑ) = (4,−2)
the system has only one triple root, with a zero value.

These roots are independent of the bias ϑ, and they are only a function of
the synaptic weight w. Furthermore, they are real numbers, if and only if
((w − 4)/w) ≥ 0. Therefore, the regions of the line w + 2ϑ = 0 associated with
real roots υi (i = 1, 2, 3) are the intervals w ≥ 4 and w < 0. It is not difficult to
note that for the special case w = 4, the three roots degenerate to a triple root
with value υ1 = υ2 = υ3 = 0. Since this point belongs to the line w +2ϑ = 0, it
corresponds to a bias value of ϑ = −2. Therefore, in the point (w,ϑ) = (4,−2)
of the parameter space, the system is characterized by the presence of only one
triple root with value u = 0. The results of this analysis are presented in Figure
8.

Figure 9 shows the variation of the roots υ1, υ2 and υ3 as a function of the
synaptic weight w, for the special case of the line w + 2ϑ = 0. Since in this
case these roots are independent of the bias parameter ϑ, this variation can be
presented in a diagram with only two axes, one axis (the horizontal) for the
synaptic weight w, and another axis (the vertical) for the neuron activation
potential υ. From this figure, it is clear that in the critical value w = 4, the
system has only one triple solution with value υ = 0, while for greater values,
the three solutions are separated and a bifurcation effect occurs, giving one zero
solution and two additional equal and opposite solutions. To identify the type
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Figure 9: Variation of the roots υ1, υ2 and υ3 of the equation
(12) as a function of the synaptic weight, w

of this bifurcation, one has to characterize the three fixed points of the system
with respect to their stability, a procedure that is based on the calculation of
the measure of the first derivative of the mapping function F in the positions
of these points.

To calculate the first derivative of the mapping function F (υ) the values
R = c = ∆t = 1 are used and the sigmoidal neuron activation function is
substituted by the low order terms of its Taylor expansion series:

1

1 + exp(−υ)
=

1

2
+

1

4
υ − 1

48
υ3 . (14)

In this special case, the mapping function F (υ) is expressed by the simplified
form

F (υ) =
w

48
(24 + 12υ − υ3) + ϑ , (15)

with first derivative equal to

dF (υ)

du
=

w

48
(−3υ2 + 12) . (16)

The calculation of the function F ′(υ) in the positions of the three roots υ1, υ2

and υ3 leads to the results

dF (υ)

du
|υ1

=
w

4
and

dF (υ)

du
|υ2

=
dF (υ)

du
|υ3

=
6 − w

2
, (17)

and if the stability criterion |F ′(υ)| < 1 is used to characterize the stability
type of any fixed point, the following conclusions can be drawn: The point υ1
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is stable in the interval −4 < w < 4 and unstable in the interval w > 4. On
the other hand, the points υ2 and υ3 are stable in the interval 4 < w < 8 and
unstable in the interval w < 4. Therefore the characterization of the stability
type of the three fixed points with period p = 1 for the case of the line w + 2ϑ
can be summarized as follows:

• If the synaptic weight w belongs to the interval w < 4, the points υ2 and
υ3 are unstable, while the point υ1 is stable. As the synaptic weight w
reaches the critical value w = 4, the unstable points come closer to each
other and in the position of the critical value they trap the intermediate
stable point, and then, the three points are merged to give a new unstable
point. Thus, a subcritical pitchfork bifurcation occurs. However, this
case will never happen, since the fixed points associated with the line
w + 2ϑ = 0 appear only if w ≥ 4.

• On the other hand, if the synaptic weight belongs to the interval w > 4,
the points υ2 and υ3 are stable, while the point υ1 is unstable. When the
synaptic weight reaches the critical value w = 4, the two stable points trap
the intermediate unstable point, and then, the three points are merged to
give a new stable point. In this case, the type of the bifurcation associated
with the system dynamics is the supercritical pitchfork bifurcation [8].

6. Chaos Detection Diagrams

From the analysis presented in the previous section, it is clear that the char-
acterization of the system by means of analytical methods is a very difficult
task, due to the presence of the exponential factor in the state equation of the
system. For this reason, further study of the system under consideration will
be based to experimental methods only.

One of the most interesting cases in the study of the recurrent neuron is the
identification of chaotic regions in the system parameter space. Since the state
equation of the system is characterized by the presence of five parameters, it
is clear that a full system description requires a state space of five dimensions,
a fact that makes the whole procedure very complicated. For this reason, the
detection of chaotic regions is performed in low dimensional state spaces. For
example, in the two dimensional parameter space (w,ϑ), the parameters w and
ϑ are varied in the intervals [wmin, wmax] and [ϑmin, ϑmax] respectively, while
the parameters R, c and ∆t are set to fixed predefined values. By doing this,
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many state spaces are defined, with different parameter combinations as the
state variables of the system.

It is clear that the state of the system in the 5 − D state space is a
5 − D point with coordinates (w,ϑ,R, c,∆t). In the complete chaos detec-
tion procedure in this state space, the five system parameters are varied to
properly selected intervals [wmin, wmax], [ϑmin, ϑmax], [Rmin, Rmax], [cmin, cmax]
and [∆tmin,∆tmax]. If the variation step of these parameters is ws, ϑs, Rs, cs

and ∆ts, it is clear that the number of different values assigned to the sys-
tem parameters is equal to wn = (wmax − wmin)/ws,ϑn = (ϑmax − ϑmin)/ϑs,
Rn = (Rmax−Rmin)/Rs,cn = (cmax−cmin)/cs and ∆tn = (∆tmax−∆tmin)/∆ts
respectively, while the total number of states to be examined has a value of
Ntotal = wn ∗ ϑn ∗ Rn ∗ cn ∗ ∆tn. According to the values of the system pa-
rameters used in each case, some of these states are characterized as chaotic
(associated with a positive Lyapunov exponent), while the remaining states are
marked as non chaotic (i.e. they are converging or periodic). If we denote with
Nchaotic the number of chaotic states, then the percentage of these states is
equal to Pchaotic = (Nchaotic/Ntotal) ∗ 100%, while the number of states that are
non chaotic is equal to NnonChaotic = Ntotal − Nchaotic.

In the case of discrete model, the chaotic effect is the dominant characteristic
of the system under consideration. Furthermore, the chaotic states are extended
and occupy much more area in the state space. Before proceeding to the chaos
detection procedure, it is important to repeat for one more time, that since
the sampling period is considered as a measure of the continuous or discrete
nature of the system, it is not treated as the other system parameters, and
therefore, it is not used in the chaos detection procedure. This fact means that
the state space cases (w,∆t), (ϑ,∆t), and (R,∆t) are not examined at all, and
the detection of chaos is restricted in the cases (w,ϑ), (w,R), (w, c), (ϑ,R),
(ϑ, c) and (R, c). In these cases, the sampling period is assigned to a value of
∆t = 0.7. The same is true for the case of the 3 − D parameter spaces. In
the next subsections typical chaos detection diagrams are presented for typical
values of the parameters of the recurrent neuron dynamical system.
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Ctype
param Cmin

param Cmax
param Cstep

param P1 P2 P3 P4

w -5.000 0.000 0.00100 ϑ = 0.5 ∆t = 0.7 R=10 c=0.1
ϑ 0.000 5.000 0.00100 w=-5.0 ∆t=0.7 R=10 c=0.1
R 0.5000 5.000 0.00100 w = −5 ϑ=0.5 ∆t=0.7 c=0.1
c 0.001 0.200 0.00001 w=-5 ϑ=0.5 ∆t=0.7 R=10

Ctype
param L(min) L(max) Stotal Schaotic Pchaotic(%)

w -9.556 0.729 05000 01900 37.992
ϑ -9.550 0.886 05000 02326 46.511
R -4.756 0.801 04500 03711 82.448
c -5.932 0.989 19901 08162 41.013

Table 1: Chaos detection results for 1-D parameter spaces

6.1. Detecting Chaos in 1-D Parameter Spaces

The simplest case of the chaos detection procedure is characterized by the vari-
ation of only one system parameter, while the other parameters are kept fixed.
In this case for each value of the control parameter the Lyapunov exponent of
the system is calculated, and the sign of its value allows the characterization of
the system as chaotic or not. Figure 10 and Figure 11 show the variation of the
Lyapunov exponent with the value of each one of the four control parameters
that can be used to define the corresponding 1−D state spaces. The results of
this chaos detection procedure are summarized in Table 1.

In Table (1) the column Ctype
param determines the control parameter used in

each case i.e. the synaptic weight w, the bias unit ϑ, the internal resistance
R, and the sigmoidal slope inverse c. The minimum and maximum values of
this parameter are shown in columns Cmin

param and Cmax
param respectively, while the

variation step used in the chaos detection procedure is shown in column Cstep
param.

The columns L(min) and L(max) represent the minimum and the maximum
values of the estimated Lyapunov exponent. Finally, the columns P1, P2, P3

and P4 are associated with the remaining system parameters, while the total
number of examined states, the detected chaotic states and the percentage of the
chaotic states are shown in columns Stotal, Schaotic, and Pchaotic(%) respectively.

6.2. Detecting Chaos in 2-D Parameter Spaces

The second type of the chaos detection diagrams is associated with two dimen-
sional parameter spaces. In these spaces the system is characterized by two
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Figure 10: Variation of the Lyapunov exponent as a function of
the synaptic weight w and the bias unit ϑ

Figure 11: Variation of the Lyapunov exponent as a function of
the internal resistance R, and the inverse of the sigmoidal slope
c
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Figure 12: Identification of chaotic states in the parameter
space (w,ϑ) for the discrete recurrent neuron model

Figure 13: Identification of chaotic states in the parameter
space (w,R) for the discrete recurrent neuron model
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Figure 14: Identification of chaotic states in the parameter
space (w, c) for the discrete recurrent neuron model

control parameters that vary to properly chosen intervals, while the remaining
three parameters are kept fixed. In the sample diagrams shown in the follow-
ing figures, the dark regions are associated with chaotic states – characterized
by a positive Lyapunov exponent – while the remaining part of the parameter
space is covered by non chaotic states corresponding to converging or periotic
time series for the activation potential of the recurrent neuron. The results of
the chaos detection procedure for the 2-D parameter spaces are summarized in
Table 2.

In Table (2) the columns Xp and Yp identify the pair of the control pa-
rameters used in each case, while the columns Xmin, Xmax, Ymin, Ymax and
Xstep, Ystep show the minimum value, the maximum value and the variation
step respectively, for each one of the control parameters. The values of the
remaining system parameters are shown in columns P1, P2, and P3, while the
total number of the examined states, the number of the detected chaotic states,
and the percentage of the detected chaotic states are shown in columns Stotal,
Schaotic, and Pchaotic(%), respectively.
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Pspace Xp Yp Xmin Xmax Ymin Ymax Xstep Ystep

(w, ϑ) w ϑ -5.0 -2.0 0.5 1.0 0.010 0.0100
(w, R) w R -5.0 -2.0 1.0 10.0 0.005 0.0100
(w, c) w c -5.0 -2.0 0.10 0.12 0.010 0.0001
(ϑ, R) ϑ R 0.0 5.0 1.0 2.0 0.010 0.0050
(ϑ, c) ϑ c 0.0 5.0 0.01 0.10 0.010 0.0005
(R, c) R c 1.0 10.0 0.001 0.1 0.010 0.0005

Pspace P1 P2 P3 Stotal Schaotic Pchaotic(%)

(w, ϑ) ∆t=0.7 R = 10 c=0.1 015351 010254 66.797
(w, R) ϑ=0.5 ∆t=0.7 c=0.1 451501 365830 67.559
(w, c) ϑ=0.5 ∆t=0.7 R=10 060200 036620 60.831
(ϑ, R) w=-5 ∆t=0.7 c=0.1 100701 020257 20.116
(ϑ, c) w=-5 ∆t=0.7 R=10 090681 046319 51.079
(R, c) w=-5 ϑ=0.5 ∆t=0.7 179299 119222 66.493

Table 2: Chaos Detection Results for 2-D Parameter Spaces

Figure 15: Identification of chaotic states in the parameter
space (ϑ,R) for the discrete recurrent neuron model
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Figure 16: Identification of chaotic states in the parameter
space (ϑ, c) for the discrete recurrent neuron model

Figure 17: Identification of chaotic states in the parameter
space (R, c) for the discrete recurrent neuron model
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Figure 18: Identification of chaotic states in the parameter
space (w,ϑ,R) for the discrete recurrent neuron model

6.3. Detecting Chaos in 3-D Parameter Spaces

In the case of 3-D parameter space, the detection of chaotic states is based
on the variation of three system parameters, while the other two parameters
are kept fixed. Again, the sampling period ∆t is not used in this procedure,
and therefore, the examined cases are associated with the parameter spaces
(w,ϑ,R), (w,ϑ, c) and (ϑ,R, c). Figures 18, 19, and 20, show typical chaos
detection diagrams for the case of 3-D parameter spaces. In these figures, the
black regions represent chaotic states, while the non chaotic states are drawn
with a gray color.

In the case of Figure 18 the chaos detection procedure is performed in the
parameter space (w,ϑ,R). In this case, the control parameters w,ϑ and R
are varied in the intervals [−5,−4.5], [0.5, 0.6] and [9, 10] respectively, with a
variation step of ws = ϑs = Rs = 0.1. The other two parameters are set to
the fixed values c = 0.1 and ∆t = 0.7. The total number of examined states is
equal to 51510 with 47107 of them (a percentage of 91.452%) characterized as
chaotic.

In the case of Figure 19 the control parameters are the parameters w,ϑ and
c, varied in the intervals [−5, 4.5], [0.5, 0.6] and [0.001, 0.120], with a variation
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Figure 19: Identification of chaotic states in the parameter
space (w,ϑ, c) for the discrete recurrent neuron model

step ws = ϑs = 0.01 and cs = 0.001, respectively. The other two parameters
are set to the fixed values R = 1 and ∆t = 0.7. In this case, the numbers of
the detected chaotic states and the total examined states are 10483 and 60960
respectively, and therefore the percentage of the detected chaotic states is equal
to 17.273%.

Finally, in the case of Figure 20, the control parameters are the parameters
ϑ,R and c that are varied in the intervals [0.5, 0.6], [1, 2] and [0.001, 0.120] with
a variation step of ϑs = 0.02, Rs = 0.01 and cs = 0.001, respectively. The other
two parameters are set to the fixed values w = −5 and ∆t = 0.7. In this case,
the percentage of chaotic states has a value of 33.871%, since the number of
the total examined states is equal to 60095 while the number of the detected
chaotic states has a value of 20355.

7. Conclusion

The aim of this research was to experimentally chaotic regions in the various
parameter spaces associated with the single recurrent neuron model. The sys-
tem was studied in both the discrete and the continuous limit and the chaos
effect appeared only in the discrete case (for parameter values that do make
sense). The plotting of the detected chaotic regions (especially in the two dimen-
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Figure 20: Identification of chaotic states in the parameter
space (ϑ,R, c) for the discrete recurrent neuron model

sional case) revealed a geometrical symmetry with respect to certain directions
in the parameter space that has to be studied in more detail. An additional
system characterization may include the categorization of the chaotic regions
with respect to the measure of the Lyapunov exponent and the study of the
chaos transition mechanism for the discrete dynamical system of the recurrent
neuron. This is a subject for future research.
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