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Introduction

Boundary value problems on (pseudo-) manifolds with singularities (in partic-
ular, with edges and corners) can be studied in an iterative way, parallel to
a successive procedure of geometrically generating cones and wedges, starting
from a cone with a particularly simple base manifold X. In our case X is
a compact C∞ manifold with boundary. Some aspects of this program are
still a great challenge, even for the analogous but simpler case of closed com-
pact X. Given a class of typical differential operators (or differential boundary
value problems) with a principal symbolic structure which determines ellipticity
a basic question is to organise an algebra of pseudo-differential operators that
contains the given operators together with the parametrices of elliptic elements.
As is well known, e.g., for the case of a closed compact manifold X, the answer
very much depends on the specific context, in particular, on the nature of our
manifold with singularities (e.g., whether we consider conical, edge, or ‘higher’
singularities) and on assumptions about ‘regular’ or ‘cuspidal’ geometries.

In the present paper we study regular cases, where the strata of the con-
figuration have transversal intersections; more precise conditions will be given
below.

To illustrate some elements of the iterative approach we first recall a few
notions for the case when X is closed and compact. Let Lµcl(X; Rl) denote the
space of classical parameter-dependent pseudo-differential operators of order µ
on X, where the parameters λ ∈ R

l play the role of additional covariables in
symbols a(x, ξ, λ) of local representations, and L−∞(X; Rl) := S(Rl, L−∞(X))
(with an identification L−∞(X) ∼= C∞(X × X)). More generally, we may
consider spaces Lµcl(X;U × R

l) := C∞(U,Lµcl(X; Rl)). A slight modification of
such a definition allows us also to talk about the case U = (R+)k×U ′ for k ∈ N,
U ′ ⊆ R

l′ open. Occasionally, when l = 1, it will be convenient to identify
λ with ℑ z for a complex variable z varying on Γβ := {z ∈ C : ℜ z = β}
for some β ∈ R. We then write Lµcl(X;U × Γβ) in such a case, or, more
generally, Lµcl(X;U×Γβ×R

l) when z ∈ Γβ is the first component of parameters
(z, λ), λ ∈ R

l. In finitely many iteration steps we start from Lµcl(X;U × R
l),

with U = U1 × . . . × Um for open sets Uj ⊆ R
pj , and R

l = R
l1 × . . . × R

lm,
with variables y = (y1, . . . , ym), and parameters λ = (λ1, . . . , λm). Freezing of
variables yj = y0

j , λj = λ0
j for j = 2. . . . ,m gives rise to a map

Lµcl(X;U × R
l) −→ Lµcl(X;U1 × R

l1) ,

for every choice of (y0, λ0) := (y0
2, . . . , y

0
m, λ

0
2, . . . , λ

0
m). Then we can regard

(y1, λ1) ∈ U1×R
l1 as variables and covariables in operator-valued (i.e., Lµcl(X)-
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valued) amplitude functions in the first iteration step, while (y0, λ0) are treated
as ‘sleeping’ variables and covariables, activated in forthcoming iteration steps.
As the first step we have the ‘conification’ of the algebra of classical pseudo-
differential operators on X, i.e., a construction of an operator algebra on an as-
sociated cone X∆ := (R+×X)/({0}×X) with base X. Close to the tip v (which
corresponds to {0}×X, collapsed to a point) we employ a splitting of variables
(r, x) ∈ X∧ := R+ × X. There is then a ‘cone algebra’ of pseudo-differential
operators on X∧, consisting of a suitable sub-algebra of ∪

µ
Lµcl(X

∧), defined in

terms of pseudo-differential operators on R+ ∋ r, based on the Mellin transform
Mr→z on R+, with amplitude functions a(r, z) ∈ Lµcl(X; R+×Γn+1

2
−γ) of a spe-

cific behaviour in r near zero (and with a suitable weight γ ∈ R; n = dimX).
There is no canonical choice for the cone algebra; different variants are moti-
vated, e.g., by the index theory or by applications to asymptotic phenomena,
cf. [15], [27], [6], [7]. ‘Higher’ operator algebras as they follow by our iteration
depend very much on the specific choice on the lowest singular level. Thus, in
contrast to cone algebras in the ‘simplest’ form, where different authors essen-
tially deal with ‘the same class’ of Fuchs type operators (except for a certain
ideal of smoothing operators) the operator algebras on manifols with higher
geometric singularities, starting from edges, become completely different when
we (even slightly) change choice of smoothing operators in the cone algebra in
the beginning of the iteration, see, for instance, [21], [20], [23], [18].

Manifolds W with edges are locally described by wedges X∆×Ω for a model
coneX∆ and an open set Ω ⊆ R

q. The open stretched wedgeX∧×Ω gives rise to
a splitting of variables (r, x, y). Then an ‘edgification’ of the cone algebra (which
lead to a pseudo-differential algebra on W ) starts from pseudo-differential op-
erators on R+×Ω with amplitude functions a(r, y, z, η) := ã(r, y, z, η̃)|η̃=rη (i.e.,
with ‘edge degeneracy’ in η), with operator families ã(r, y, z, η̃) ∈ Lµcl(X; R+ ×
Ω×Γn+1

2
−γ×R

q
η̃) of some specific structure, cf. [26], [28], [25], [13]. Also here we

may (and, in fact, will) have in mind sleeping parameters to be activated in the
next conification step. The procedure produces operators on a manifold with
corners, locally modelled on W∆, where the corner base W itself is a manifold
with edges.

Also the case of boundary value problems can be studied from the aspect of
an iterative approach. Conifications and edgifications then start from boundary
value problems on a compact C∞ manifoldX with boundary, based on the space
Bµ,d(X) of classical pseudo-differential boundary value problems of order µ ∈ Z

and type d ∈ N, cf. [2], [22], or, more generally, on a parameter-dependent
variant Bµ,d(X;U ×R

l) with parameters (y, λ) ∈ U ×R
l playing similar role as
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before. Basics of the symbolic structure for the edge algebra are given in [24],
[25]; the edge algebra itself may be found in [13], see also [5] or [4].

Corner and higher edge cases are interesting as well. For instance, it is a
natural problem to study parabolicity of boundary value problems on configu-
rations with edges. Then, even for differential operators, we need a parameter-
dependent elliptic edge theory, see [1] for an analogous situation when the
boundary is smooth. It has been observed in [16] that the space-time cylinder
for t → ∞ (with t being the time variable) behaves like a conical singularity
(e.g., when the coefficients in a parabolic operator are constant for t > T for
some T , or when they are ‘smooth’ up to ∞). It is then adequate to study a
corresponding (anisotropic analogue of the) cone operator algebra for the tip at
∞. This yields invertibility of operators ‘up to ∞’ and long-time asymptotics
of solutions. Long-time (iterated) asymptotics for the case of spatial configura-
tions with conical singularities (and without boundary) have been characterised
in [17]. In the present paper we establish an isotropic calculus of that kind; the
anisotropic version would be of a similar structure.

We obtain a new algebra of parameter-dependent boundary value problems
with a complex parameter that plays the role of a Mellin covariable dual to
the corner axial variable locally on a manifold with corners and boundary. The
base of the corner is a manifold with edges and boundary. The configuration
as a whole then has cornes of third order, i.e., with three independent axial
directions, the normal to the boundary, the axial variable r ∈ R+ from the
model cone of the base and the corner axis variable t ∈ R+. The latter will
not occur here explicitly since we are interested in conormal symbols (frozen
objects at t = 0). Moreover, the normal to the boundary will be hidden in the
pseudo-differential calculus of boundary value problems. Our calculus belongs
to a specific floor of the hierarchy of singular boundary value problems, see also
[19] or [29] for an analogous situation in the boundaryless case, or [12] for the
aspect of relative index formulas in certain cases with corners.

The program of this paper is as follows: In Section 1 we outline the nec-
essary elements on parameter-dependent boundary value problems (with the
transmission property) on a C∞ manifold with boundary. As explained be-
fore the parameters play the role of covariables of the singular strata below.
The principal symbolic hierarchy here consists of two components (σψ, σ∂) with
interior symbol σψ and boundary symbol σ∂ .

In Section 2 we study boundary value problems on a manifold with edges
and boundary, again with parameters. The principal symbolic hierarchy on this
level consists of triples (σψ, σ∂ , σ∧) with σψ and σ∂ being as in boundary value
problems, while σ∧ is the principal edge symbol (everything with parameters).
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We are mainly interested here in the flat part of a corresponding algebra, i.e.,
with holomorphic Mellin symbols in the complex variable z (dual to the cone
axis variable r ∈ R+). The explicit shape of the local edge symbols of Proposi-
tion 2.11 is of crucial importance for the following constructions. Here Theorem
2.13 (which gives an equivalent characterisation in the sense of results of [8] or
[14]) considerably simplifies the structure of these symbols.

In Section 3 we establish a new calculus of boundary value problems on a
manifold with edges and boundary that holomorphically depend on a complex
variable w. Such operator functions have the meaning of principal conormal
symbols of corresponding corner pseudo-differential boundary value problems
when they are written as Mellin operators with amplitude functions in the
Mellin covariable w (dual to the corner axis variable t). Such conormal sym-
bols encode the corner degenerate behavior of (pseudo-differential) boundary
value problems (with the transmission property at the smooth interfaces). They
also include boundary as well as edge conditions of trace and potential type.
An essential aspect is that operator functions of that kind can explicitly be
constructed by applying a kernel cut-off machinery to parameter-dependent
corner-degenerate families of edge boundary value problems. Such operator
functions have a simple meaning for corner-degenerate differential operators.
However, for parametrices (to be constructed in an analogous manner as in
Maniccia and Schulze [19] for the edge case without boundary) it is not auto-
matically clear that such a process preserves the hierarchy of principal symbols,
including the subordinate conormal symbols with respect to the model cones
of local wedges. This is a tricky point of our calculus (cf. Theorem 3.13).
Moreover, we obtain that our holomorphic conormal symbols form an algebra
(of corresponding 3×3 operator block matrices) where the algebraic operations
are compatible with the ones on the level of symbols (belonging to the symbolic
hierarchy including subordinate symbols from the model cones along edges, cf.
Theorem 3.14). We then investigate ellipticity of conormal symbols and show
(as one may expect from the simpler case of conical singularities) the pointwise
invertibility for all w ∈ C with the exception of a discrete set (that intersects
every strip of finite width, parallel to the imaginary axis, in a finite set).

In the present paper we focus on the holomorphic part of the principal
conormal symbolic structure of a future algebra of boundary value problems
on a manifold with edges and corner singularities. There is also a very inter-
esting asymptotic part of the corresponding larger calculus, which is, as noted
before, automatically generated in parametrix constructions. This subalgebra
of conormal symbols with asymptotics is complementary to ours and studied
in detail in the paper [3].
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1. Boundary Value Problems

1.1. Manifolds with Edges and Interior Symbols

If X is a topological space we set X∆ := (R+ ×X)/({0} ×X), the cone with
base X; the tip v in the quotient space is represented by {0} ×X. Moreover,
let X∧ := R+ ×X be the corresponding open stretched cone. In our case X is
a compact C∞ manifold with boundary; let 2X := X̃ denote the double of X
(that is, a closed C∞ manifold obtained by gluing together two copies X± of X
along their boundaries in a canonical way; we then identify X with X+). The
stretched cone X∧ := X∆ \ {v} is a C∞ manifold with boundary, embedded in
the C∞ manifold X̃∧ := X̃∆ \{v}. For the analysis on cones we fix splittings of
variables (r, x), say, on R+× X̃ and explain what we call a cone structure. Two
splittings of variables (r, x) and (r̃, x̃) are said to define the same cone structure
on R+×X̃, if (r, x)→ (r̃, x̃) is induced by a diffeomorphism R+×X̃ → R+×X̃.
Up to this point, X̃ may be an arbitrary closed C∞ manifold. For the case
X̃ = 2X with a compact C∞ manifold X with boundary we also consider
(r, x), (r̃, x̃) on R+ ×X, and say that two such splittings define the same cone
structure there, if (r, x) → (r̃, x̃) defines a homeomorphism χ : X∧ → X∧

induced by a diffeomorphism χ̃ : R+ × 2X → R+ × 2X, i.e., χ = χ̃ |X∧ .
Given an open set Ω ⊆ R

q and a closed C∞ manifold X̃ we now pass to
(stretched) wedges X̃∆×Ω. Two splittings of variables (r, x, y) and (r̃, x̃, ỹ) on
X̃∧ × Ω are said to define the same wedge structure on X̃∧ × Ω if (r, x, y) −→
(r̃, x̃, ỹ) is induced by a diffeomorphism R+ × X̃ × Ω → R+ × X̃ × Ω, and, in
addition, if we write

(r̃, x̃, ỹ) = (r̃(r, x, y), x̃(r, x, y), ỹ(r, x, y)), (1.1)

we have r̃(0, x, y) = 0; furthermore, x → x̃(0, x, y) for fixed y defines a diffeo-
morphism X̃ → X̃, and ỹ(0, x, y) is independent of x, where y → ỹ at r = 0
induces a diffeomorphism Ω → Ω. Moreover, for the case X̃ = 2X with a
compact C∞ manifold X with boundary we also consider (r, x, y), (r̃, x̃, ỹ) on
R+×X ×Ω, and say that two such splittings define the same wedge structures
if (r, x, y)→ (r̃, x̃, ỹ) defines a homeomorphism χ : X∧×Ω→ X∧×Ω, induced
by a diffeomorphism χ̃ : R+ × X̃ × Ω → R+ × X̃ × Ω of the above kind, i.e.,
χ = χ̃ |X∧×Ω.

A topological space W̃ (locally compact and paracompact) is said to be a

manifold with edge Y ⊂ W̃ (and without boundary) if W̃ \ Y and Y are C∞

manifolds of dimension 1 + n + q and q, respectively, and every y ∈ Y has
a neighbourhood Ṽ in W̃ that is homeomorphic to a wedge X̃∆ × Ω with a
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fixed wedge structure on X̃∧ × Ω, where X̃ is a certain closed C∞ manifold,
n = dim X̃ .

For the case with boundary we apply the definition of W̃ to the case of
X̃ = 2X, where X is a compact C∞ manifold with boundary.

A topological space W is said to be a manifold with edge Y ⊂ W and
boundary if there is a manifold W̃ := 2W with edge Y and without boundary
(W̃ will be the double of W ), such that the former neighbourhoods Ṽ can be
regarded as doubles 2V of neighbourhoods V of points y ∈ Y in W , where the
wedge structures of Ṽ \ Y in the sense of representations as (2X)∧ × Ω induce
wedge structures on X∧ × Ω in the abovementioned sense.

Notice that the definition of W̃allows us to form a C∞ manifold W̃ with
boundary ∂W̃ where a neighbourhood of ∂W̃ is modelled on the sets R+×X̃×Ω,
where ∂W̃ locally corresponds to {0} × X̃ × Ω. By virtue of the nature of
transition maps (i.e., of other admitted splittings of variables in the wedge

structures on X̃∧×Ω) the definition of W̃ is invariant, and ∂W̃ is an X̃-bundle

on Y . We call W̃ the stretched manifold with edges associated with W̃ . For
purposes below we also set W̃sing := ∂W̃, W̃reg := W̃ \ ∂W̃. Moreover, if

W̃ = 2W for a manifold W with edge and boundary, we can also form the
associated stretched manifold W, locally being of the form R+×X ×Ω, where
W̃ = 2W is the double of W. Similarly to the definition of doubles of smooth
manifolds with boundary we represent 2W as the union of two copies W± of
W glued together in a natural way. If we identify W with W+, we then set
Wsing := W̃sing ∩W+ and Wreg := W̃reg ∩W+. Note that Wreg is a (in general,
non-compact) C∞ manifold with boundary.

Example 1.1. Let X be a compact C∞ manifold with boundary ∂X and
let X∆ be the cone with base X, where X∧ is endowed with a cone strucure.
Then W := X∆ × Ω for an open set Ω ⊆ R

q is a manifold with edge Ω and
boundary. We then have W = R+ ×X ×Ω, and

Wsing = {0} ×X × Ω, Wreg = R+ ×X × Ω.

Moreover, W̃ := 2W := (2X)∆ × Ω is a closed manifold with edge Ω, where

W̃ = R+ × (2X)× Ω.

For notational convenience we impose some assumptions on the nature of
our manifolds W̃ and W with edge Y . We assume that Y has a neighbourhood
Ṽ in W̃ such that Ṽ \ Y is homeomorphic to X̃∧ × Y with a global wedge
structure where the transition diffeomorphisms X̃∧ × Ω→ X̃∧ × Ω in a neigh-
bourhood of r = 0 only depend on y (not on r or x). For W with boundary we
impose a similar condition. These assumptions are not really essential for our
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results, but we intend to concentrate on analytic effects which become more
transparent under such precautions. On W̃, Y and X̃ we fix Riemannian met-
rics such that the metric on W̃ corresponds to the product metric on R+×X̃×Y
in a neighbourhood of r = 0, and on W and X we take the metrics induced by
the ones on W̃ and X̃ , respectively. Finally, for our manifold X with boundary
we assume that the Riemannian metric is the product metric in a collar neig-
bourhood ∼= ∂X × [0, 1) of the boundary. Transition diffeomorphisms to charts
near the boundary will be assumed to be independent of the normal variable
xn for small xn.

By Vect (·) we denote the set of all smooth complex vector bundles on the

manifold in the brackets, i.e., we have the sets Vect (W̃), Vect (X̃), etc., and

we set Vect (W) := {Ẽ|W : Ẽ ∈ Vect (W̃)}, Vect (X) := {G̃|X : G̃ ∈ Vect (X̃)}.
In the bundles in consideration we fix Hermitian metrics. Moreover, for Ẽ ∈
Vect (W̃) the restriction of Ẽ to ∂W̃ = X̃ × Y can be lifted to a bundle on
R+× X̃×Y that we call Ẽ∧, where the Hermitian metric is also assumed to be
the lifting of the metric on Ẽ|∂W. Similar notation is used in connection with
bundles E ∈ Vect (W) and E∧ ∈ Vect (R+ ×X × Y ).

To motivate the choice of interior (pseudo-differential) symbols in local co-
ordinates (r, x, y) ∈ R+ × Σ × Ω, where Σ ⊆ R

n is an open set (belonging to
a chart on X) we first describe the form of typical differential operators on an
open stretched wedge X∧ × Ω. Operators are assumed to be edge-degenerate,
i.e., they have the form

A = r−µ
∑

j+|α|≤µ

ajα(r, y)
(
−r

∂

∂r

)j
(rDy)

α , (1.2)

where ajα(r, y) ∈ C∞(R+ × Ω,Diff µ−(j+|α|)(X)). Here Diff ν(X) denotes the
space of all differential operators onX with smooth coefficients up to the bound-
ary, endowed with a natural Fréchet topology. Operators like (1.2) appear (for
µ = 2) as Laplace-Beltrami operators for wedge metrics on X∧ × Ω; other ex-
amples are obtained by substituing polar coordinates x̃ → (r, x) in operators
with smooth coefficients in R

n+1
x̃ × Ωy. Observe that operators (1.2) behave

invariant under the abovementioned transition maps.

In our theory we will be interested in parameter-dependent operators with
extra covariables λ ∈ R

l that formally play the same role as η ∈ R
q, the

covariable to y ∈ Ω. Pseudo-differential symbols of order µ ∈ R with parameters
λ are then assumed to be of the form

r−µp(r, x, y, ρ, ξ, η, λ) ,
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where

p(r, x, y, ρ, ξ, η, λ) = p̃(r, x, y, ρ̃, ξ, η̃, λ̃)|
ρ̃=rρ, η̃=rη, λ̃=rλ , (1.3)

for a symbol p̃(r, x, y, ρ̃, ξ, η̃, λ̃) in the standard Hörmander symbol class Sµ(cl)(R+×

Σ×Ω×R
1+n+q+l

ρ̃, ξ, η̃, λ̃
). Here, subscript ‘(cl)’ means that we are talking about clas-

sical or non-classical symbols in (ρ̃, ξ, η̃, λ̃). Below we mainly look at classical
symbols, indicated by ‘cl’. Since we are interested in boundary value problems
we do not only consider open sets Σ ⊆ R

n but sets of the form Σ := Σ′ × R+

where Σ′ ⊆ R
n−1 corresponds to a chart on the boundary ∂X while R+ cor-

responds to the inner normal to ∂X (with respect to the chosen Riemannian
metric on X is the product metric of ∂X × [0, 1) near the boundary). We then
write x = (x′, xn) with covariables ξ = (ξ′, ξn).

Definition 1.2. A symbol p(r, x, y, ρ, ξ, η, λ) written in the form (1.3)
for p̃(r, x, y, ρ̃, ξ, η̃, λ̃) ∈ Sµcl(R+ × (Σ′ × R+) × Ω × R

1+n+q+l), µ ∈ Z, is said
to have the transmission property with respect to xn = 0 if the homogeneous
components p̃(µ−j) of p̃ of order µ − j in (ρ̃, ξ, η̃, λ̃) 6= 0, j ∈ N, satisfy the
condition

Dk
xn
Dα
ρ̃,ξ′,η̃,λ̃

{p̃(µ−j)(r, x
′, xn, y, ρ̃, ξ

′, ξn, η̃, λ̃)

− (−1)µ−j p̃(µ−j)(r, x
′, xn, y,−ρ̃,−ξ

′,−ξn,−η̃,−λ̃)} = 0 ,

on the set {(r, x′, xn, y, ρ̃, ξ
′, ξn, η̃, λ̃) : (r, x′, y) ∈ R+×Σ′×Ω, xn = 0, (ρ̃, ξ′, η̃, λ̃) =

0, ξn ∈ R \ {0}} for all k ∈ N, α ∈ N
n+q+l.

Symbols depending on variables in a set like R+×Σ′×R+×Ω are interpreted
as restrictions of symbols in R×Σ′×R×Ω ∋ (r, x′, xn, y) to R+×Σ′×R+×Ω.
In particular, we can also define the transmission property for symbols defined
in R × Σ′ × R × Ω (or also R+ × Σ′ × R × Ω) by requiring an analogue of the
conditions of Definition 1.2 for (r, x′, xn, y) in the respective larger sets. Let
Sµcl(R+ × (Σ′ ×R+)×Ω×R

1+n+q+l)tr denote the subspace of all symbols with
the transmission property. Similarly, we write the subscript ‘tr’ for spaces of
symbols with the transmission property when the spatial variables run over R

instead of R+ with respect to r or xn.

1.2. Boundary Symbols Associated with Interior Symbols

Given a symbol p(r, x, y, ρ, ξ, η, λ) with the transmission property at xn = 0
in the sense of Definition 1.2 we now pass to an associated boundary symbol
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which is operator-valued, acting on the xn-half-axis. The formalities will not
depend on the specific dimensions of variables and covariables. Therefore, we
shall ignore the covariable λ for a while (it is, in fact, a ‘sleeping’ covariable, to
make it active in a higher floor of our calculus). In other words, for convenience
we now speak about symbols r−µp(r, x, y, ρ, ξ, η), where

p(r, x, y, ρ, ξ, η) = p̃(r, x, y, rρ, ξ, rη) ,

with a symbol p̃ that is smooth up to r = 0 and has the transmission property
(in the notation with covariables (ρ̃, ξ, η̃), ξ = (ξ′, ξn)). Also the dimension of
y- and η-variables may now be independent; we simply assume both dimension
to be q. Let S(R+) := {u|

R+
: u ∈ S(R)}, set

(e+u)(xn) =

{
u(xn) for xn > 0 ,
0 for xn ≤ 0 ,

and let r+ : D′(R) → D′(R+) denote the operator of restriction of distribu-
tions from R to R+. In particular, if Hs(R) is the standard Sobolev space of
smoothness s ∈ R on R, we set Hs(R+) = {r+u : u ∈ Hs(R)} and use e+ in
the sense e+ : Hs(R+) → S ′(R) for s > −1

2 . Given a symbol p(r, x, y, ρ, ξ, η)
(of order µ ∈ Z) with the transmission property we set σψ(p)(r, x, y, ρ, ξ, η) =
p(µ)(r, x, y, ρ, ξ, η) and define its boundary symbol as

σ∂(p)(r, x
′, y, ρ, ξ′, η) := r+op(p(µ)|xn=0)e

+(r, x′, y, ρ, ξ′, η)

for (ρ, ξ′, η) 6= 0, regarded as a family of continuous operators Hs(R+)
−→ Hs−µ(R+) for s > −1

2 , or, alternatively, S(R+) → S(R+). Here

op(a)u(xn) :=
∫∫

ei(xn−x′n)ξna(xn, x
′
n, ξn)u(x

′
n) dx

′
n d
−ξn for a symbol

a(xn, x
′
n, ξn) in variables (xn, x

′
n) and covariable ξn.

Notice that when we set κδ(u)(xn) := δ
1
2u(δx), δ ∈ R+ we have a strongly

(in δ ∈ R+) continuous group of isomorphisms κδ : Hs(R+)→ Hs(R+) for all
s, and

σ∂(p)(r, x
′, y, δρ, δξ′, δη) = δµκδσ∂(p)(r, x

′, y, ρ, ξ′, η)κ−1
δ ,

for all r, x′, y, (ρ, ξ′, η) 6= 0, δ ∈ R+.

For purposes below we also note the fact that, provided that
p(r, x, y, ρ, ξ, η) is independent of xn for |xn| ≥ c for a constant c > 0, the
operator functions

op(p)(r, x′, y, ρ, ξ′, η) : Hs(R) −→ Hs−µ(R) (1.4)
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and
op+(p)(r, x′, y, ρ, ξ′, η) : Hs(R+) −→ Hs−µ(R+) , (1.5)

for op+(·) := r+op(·)e+ and s > −1
2 are operator-valued symbols in the follow-

ing sense.
To reduce technicalities we now employ for the moment variables and co-

variables (y, η) ∈ U × R
q independently of the specific meaning before, where

U ⊆ R
p is an open set and p, q ∈ N are arbitrary. Let E be a Hilbert space en-

dowed with a strongly continuous group {κδ}δ∈R+
of isomorphisms κδ : E → E,

where κδκδ′ = κδδ′ for all δ, δ′ ∈ R+ (in such a case we simply talk about a
group action on E). Moreover, let Ẽ be another Hilbert space with such a
group action {κ̃δ}δ∈R+

. Then Sµ(U × R
q;E, Ẽ) is defined to be the subspace

of all a(y, η) ∈ C∞(U × R
q,L(E, Ẽ)) such that

‖κ̃−1
〈η〉{D

α
yD

β
η a(y, η)}κ〈η〉‖L(E, eE) ≤ c〈η〉

µ−|β| , (1.6)

for all multi-indices α ∈ N
p, β ∈ N

q, and all y ∈ K, η ∈ R
q, for arbitrary

K ⊂⊂ U , with constants c = c(α, β,K) > 0. Here as usual, 〈η〉 = (1 + |η|2)
1
2 .

Equivalently, we may replace the function 〈η〉 by another strictly positive C∞

function [η] in R
q such that [η] = |η| for |η| ≥ c for some c > 0. The best

constants in the symbol estimates (1.6) turn Sµ(U × R
q;E, Ẽ) to a Fréchet

space. It is also necessary to generalise this definition to the case of Fréchet
spaces, e.g., if Ẽ = lim←−k∈N

Ẽk is a Fréchet space, written as a projective limit

of Hilbert spaces Ẽk with continuous embeddings Ẽk+1 →֒ Ẽk for all k, where
Ẽ is endowed with a group action {κ̃δ}δ∈R+

that restricts to group actions on

Ẽk for every k. Then, we have the spaces Sµ(U ×R
q;E, Ẽk) for all k which are

continuously embedded into corresponding spaces referring to Ẽl, for all l ≤ k,
and we then set

Sµ(U × R
q;E, Ẽ) := lim

←−
k∈N

Sµ(U × R
q;E, Ẽk)

in the Fréchet topology of the projective limit. We also may admit E to be a
Fréchet space under similar assumptions. We then get Sµ(U × R

q;E, Ẽ) also
in such cases; explicit definitions may be found in [28], Section 1.3.1. We also
employ corresponding subspaces of classical symbols, indicated by subscript
‘cl’, based on components with ‘twisted’ homogeneity in the sense of identities
of the kind

f(y, δη) = δµ−j κ̃δf(y, η)κ−1
δ , δ ∈ R+,

for f(y, η) ∈ C∞(U×(Rq \{0}),L(E, Ẽ)), j ∈ N. Then, e.g., when E is Hilbert,
Ẽ a Fréchet space, Sµcl(U × R

q;E, Ẽ) is Fréchet in a natural way (where the
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topology is stronger than that induced by Sµ(U ×R
q;E, Ẽ)), while for the case

that both E and Ẽ are Fréchet we have corresponding inductive limit topologies
both in Sµ(U ×R

q;E, Ẽ) as well as in Sµcl(U ×R
q;E, Ẽ), cf. [28], Section 1.3.1.

Incidentally, U is to be replaced by (R+)k × U ′ for k ∈ N, U ′ ⊆ R
p′ open; then

there is a straightforward extension of symbol spaces to (R+)k ×U ′ in place of
U (e.g., by restrictions of symbol spaces from larger open sets to (R+)k × U ′).
The choice of the actions {κδ}δ∈R+

and {κ̃δ}δ∈R+
on E and Ẽ, respectively, is

assumed to be known and fixed. In the case E = Hs(R+) or Hs(R) we always

take κδ : u(xn) → δ
1
2u(δxn), δ ∈ R+. For E = C

N we usually set κδ = idE,
δ ∈ R+.

Clearly our symbol spaces depend on the choice of the group actions κ :=
{κδ}δ∈R+

and κ̃ := {κ̃δ}δ∈R+
on the spaces E and Ẽ, respectively. If necessary

we indicate that explicitly and write Sµ(cl)(U ×R
q;E, Ẽ)κ,κ̃ in place of Sµ(cl)(U ×

R
q;E, Ẽ).

Observe that S−∞(U × R
q;E, Ẽ) (the intersection of all Sµ(U × R

q;E, Ẽ)
over µ ∈ R) does not depend on the choice of κ, κ̃ (i.e., we may take for κ and
κ̃ the identities), and we have S−∞(U × R

q;E, Ẽ) = C∞(U,S(Rq,L(E, Ẽ))).

Remark 1.3. The operator family (1.4) belongs to the space Sµ(U ×
R
n+q;Hs(R),Hs−µ(R)) for all s ∈ R while (1.5) is an element of Sµ(U ×

R
n+q;Hs(R+),Hs−µ(R+)) for all s > −1

2 ; here, U = R+ × Σ′ × Ω. For the
case that p is independent of xn we obtain classical symbols. In addition (1.4)
and (1.5) belong to Sµ(U×R

n+q;S(R),S(R)) and Sµ(U×R
n+q;S(R+),S(R+)),

respectively, and they are again classical for xn-independent p.
In the latter description we employ the representation

S(R+) = lim←−
k∈N

〈xn〉
−kHk(R+).

For purposes below we want to add some more information on operator-
valued symbols and associated operators. Let Ω ⊆ R

q be an open set and
consider the space Sµ(cl)(Ω × Ω × R

q+l;E, Ẽ) ∋ a(y, y′, η, λ) of operator-valued
symbols and associated parameter-dependent pseudo-differential operators

Lµ(cl)(Ω;E, Ẽ; Rl)

:= {Op (a)(λ) : a(y, y′, η, λ) ∈ Sµ(cl)(Ω× Ω× R
q+l;E, Ẽ)}. (1.7)

Then, similarly as in the case of scalar pseudo-differential operators, we have a
decomposition

Lµ(cl)(Ω;E, Ẽ; Rl) = Lµ(cl)(Ω;E, Ẽ; Rl)K + L−∞(Ω;E, Ẽ; Rl), (1.8)



PARAMETER-DEPENDENT BOUNDARY VALUE... 49

where L−∞(Ω;E, Ẽ; Rl) = ∩µ∈R L
µ(Ω;E, Ẽ; Rl) is the space of all smoothing

operator families (which equals S(Rl, L−∞(Ω;E, Ẽ))), and K ⊂ Ω × Ω is any
proper compact set containing diag (Ω×Ω) in its interior, and Lµ(cl)(Ω;E, Ẽ; Rl)K
denotes the space of all elements in (1.7) the (operator-valued) distributional
kernel of which is supported by K. Then σ(A)(y, η, λ)f := e−iyηA(λ)eiyηf , f ∈
E, for A(λ) ∈ Lµ(cl)(Ω;E,

Ẽ; Rl)K yields an element σ(A)(y, η, λ) ∈ Sµ(cl)(Ω × R
q+l;E, Ẽ), where A(λ) =

Op (σ(A))(λ). The space of such σ(A)(y, η, λ) is a closed subspace Sµ(cl)(Ω ×

R
q+l;E, Ẽ)K of Sµ(cl)(Ω × R

q+l;E, Ẽ) and has as such a Fréchet topology (the

induced one from the larger space). The bijection

Op : Sµ(cl)(Ω× R
q+l;E, Ẽ)K −→ Lµ(cl)(Ω;E, Ẽ; Rl)K

then gives us a Fréchet topology also in Lµ(cl)(Ω;E, Ẽ; Rl)K , and (1.8) yields

a Fréchet topology in the space (1.7) itself, via the corresponding non-direct
sum (concerning non-direct sums, cf. notation in Section 2.2 below). A similar
construction holds for the case of a Fréchet space Ẽ with group action.

Given a Hilbert space E with group action {κδ}δ∈R+
we denote byWs(Rq, E)

for s ∈ R the completion of S(Rq, E) with respect to the norm

{ ∫
〈η〉2s‖κ−1

〈η〉û(η)‖
2
Edη

} 1
2
. (1.9)

We do not repeat here all details on this category of spaces; more information
may be found in [27] or [28], in particular, on the case of Fréchet spaces E with
group action. Let us only mention that for an open set Ω ⊆ R

q there are ‘comp’
and ‘loc’ versions of these spaces, namely

Ws
comp(Ω, E) and Ws

loc(Ω, E) , (1.10)

respectively. Then, every A ∈ Lµ(Ω;E, Ẽ) induces continuous operators

A :Ws
comp(Ω, E)→Ws−µ

loc (Ω, Ẽ) , (1.11)

for every s ∈ R.

1.3. Green, Trace and Potential Symbols

Boundary symbols of boundary value problems with the transmission property
also contain Green, trace and potential entries. They may be obtained by
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specifying the above abstract operator-valued symbols for the case

L2(R+) S(R+)

E := ⊕ , Ẽ := ⊕
C
j− C

j+

, (1.12)

for certain j−, j+ ∈ N. We then have symbols of the kind

g(x′, ξ′) ∈ Sµcl(U × R
q;E, Ẽ),

U ⊆ R
p open, with diag ({κδ}δ∈R+

, id) acting on E and Ẽ (where ‘id’ means
the identity in the respective finite-dimensional spaces that will be always clear
by the context).

Set r(ξ′) := diag (1, 〈ξ′〉
1
2 id).

Definition 1.4. An operator family g(x′, ξ′) belonging to the space C∞(U×
R
q,L(E, Ẽ)) is said to be a Green symbol of order µ and type 0 if b(x′, ξ′) :=

r−1(ξ′)g(x′, ξ′)r(ξ′) satisfies the following relations:

b(x′, ξ′) ∈ Sµcl(U × R
q;L2(R+)⊕C

j− ,S(R+)⊕ C
j+),

b∗(x′, ξ′) ∈ Sµcl(U × R
q;L2(R+)⊕ C

j+,S(R+)⊕ C
j−),

where b∗(·, ·) is the pointwise adjoint in the sense (bu, v)L2(R+)⊕C
j+ = (u, b∗v)L2(R+)⊕C

j−

for all u ∈ C∞0 (R+)⊕ C
j−, v ∈ C∞0 (R+)⊕ C

j+.

An operator family g(x′, ξ′) : Hs(R+)⊕C
j− → S(R+)⊕C

j+, s ≥ d− 1
2 for

some d ∈ N is called a Green symbol of order µ and type d if it has the form

g(x′, ξ′) = g0(x
′, ξ′) +

d∑

j=1

gj(x
′, ξ′) diag(∂jxn

, 0) ,

for Green symbols gj(x
′, ξ′) of order µ − j and type 0 (here xn denotes the

variable on the half-axis). Let Rµ,dG (U × R
q; j−, j+) denote the space of all

Green symbols of order µ and type d.

Let us now introduce the homogeneous principal symbol of g(x′, ξ′) of
Douglis-Nirenberg homogeneity µ. First, the symbol b(x′, ξ′) is classical of
order µ and has a homogeneous principal symbol in the operator-valued sense,
based on the group action {κδ , id}δ∈R+

. For g(x′, ξ′) itself that means

g(x′, ξ′) ∈ Sµcl(U × R
q;Hs(R+)⊕ C

j−,S(R+)⊕ C
j+)κ,κ ,
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for {κδ}δ∈R+
:= diag {κδ , δ

1
2 }δ∈R+

, s > d − 1
2 . Then, the homogeneous princi-

pal symbol in that sense will also be called the principal boundary symbol of
g(x′, ξ′), written σ∂(g)(x

′, ξ′). Homogeneity then means

σ∂(g)(x
′, δξ′) = δµdiag {κδ , δ

1
2}σ∂(g)(x

′, ξ′)diag {κδ , δ
1
2 }−1 , (1.13)

for all (x′, ξ′) ∈ U × (Rq \ {0}), δ ∈ R+.

1.4. Local Amplitude Functions for

Boundary Value Problems

We now return to the space Sµcl(U × R+ × R
q+1)tr of classical symbols with

the transmission property, where U ⊆ R
p is an arbitrary open set of variables

x′ ∈ R
p, xn ∈ R+, and covariables (ξ′, ξn) ∈ R

q+1 of arbitrary dimension,
where ξ′ ∈ R

q (as noted in the beginning U may also be replaced by a set of
the form R+ × U ′ or R+ ∋ xn replaced by R, etc.; such generalisations will
be tacitly used). In particular, we have the space Sµcl(U × R × R

q+1)tr, where
elements p(x′, xn, ξ

′, ξn) ∈ S
µ
cl(U × R+ × R

q+1)tr are defined by restrictions of
corresponding symbols over U × R× R

q+1.
As observed in Section 1.2 for every p(x′, xn, ξ

′, ξn) ∈ S
µ
cl(U ×R+×R

q+1)tr
which is independent of xn for large xn we have an operator-valued symbol

op+(p)(x′, ξ′) ∈ Sµ(U × R
q;Hs(R+),Hs−µ(R+)) , (1.14)

for s > −1
2 (here in op+(p) = r+op(p)e+ we tacitly use any extension of p as

a symbol on U × R × R
q+1, although op+(p) does not depend on the specific

extension).

Definition 1.5. The space Rµ,d(U ×R
q; j−, j+), (µ, d) ∈ Z×N, is defined

to be the set of all operator families

a(x′, ξ′) :=

(
op+(p)(x′, ξ′) 0

0 0

)
+ g(x′, ξ′) ,

for arbitrary p(x′, xn, ξ
′, ξn) ∈ S

µ
cl(U×R+×R

q+1)tr (independent of xn for large

xn) and arbitrary g(x′, ξ′) ∈ Rµ,dG (U ×R
q; j−, j+).

Remark 1.6. From (1.14) and Definition 1.4 we see that for

a(x′, ξ′) ∈ Rµ,d(U × R
q; j−, j+)

and
b(x′, ξ′) = r−1(ξ′)a(x′, ξ′)r(ξ′),
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we have

b(x′, ξ′) ∈ Sµ(U × R
q;Hs(R+)⊕ C

j−,Hs−µ(R+)⊕ C
j+) ,

for every s > d− 1
2 . In addition it can easily be verified that b(x′, ξ′) ∈ Sµ(U ×

R
q;S(R+)⊕ C

j−,S(R+)⊕ C
j+).

Definition 1.5 has a straightforward extension to the case of l×k block ma-
trix valued upper left corners, where p is replaced by
(pij)i=1,...,l; j=1,...,k, and g(x′, ξ′) is an operator-valued symbol betweenHs(R+,C

k)⊕
C
j− and S(R+,C

l)⊕C
j+. We then obtain Rµ,d(U ×R

q;w), w := (k, l; j−, j+),
as the corresponding generalisation of the former space.

The numbers k, l and j−, j+ will play the role of fibre dimensions of corre-
sponding complex vector bundles in the global calculus below. Then, for Ω ⊆ R

q

instead of U we have invariance of the corresponding spaces Rµ,d(U × R
q;w)

under substituting the transition maps (Ω× R+) × C
k → (Ω × R+)× C

k, . . . ,
Ω× C

j± → Ω× C
j± of the respective bundles.

For the set U we take Ω × Ω if we want to talk about ‘double symbols’ or
Ω for ‘left symbols’. For simplicity, we look at the latter case. Every element
a(x′, ξ′) ∈ Rµ,d(Ω × R

q; j−, j+) has a homogeneous principal interior symbol,
namely

σµψ(a)(x, ξ) = p(µ)(x, ξ), (1.15)

(x, ξ) ∈ T ∗(Ω×R+)\0, and a homogeneous principal boundary symbol, defined
as

σ∂(a)(x
′, ξ′) :=

(
σ∂(p)(x

′, ξ′) 0
0 0

)
+ σ∂(g)(x

′, ξ′), (1.16)

(x′, ξ′) ∈ T ∗Ω \ 0. While (1.15) is a scalar function as usual, (1.16) is operator-
valued and defines a family of continuous maps

Hs(R+) Hs−µ(R+)
σ∂(a)(x

′, ξ′) : ⊕ → ⊕
C
j− C

j+

, (1.17)

for every real s > d− 1
2 . For σ∂(a) we have an analogous homogeneity as (1.13).

In the discussion of ellipticity it will be sufficient to consider σ∂(a) as a family
of operators

S(R+) S(R+)
σ∂(a)(x

′, ξ′) : ⊕ → ⊕
C
j− C

j+

. (1.18)
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Proposition 1.7. [2] a ∈ Rµ,d(Ω×R
q; (j0, j+)), b ∈ Rν,e(Ω×R

q; (j−, j0))
implies ab ∈ Rµ+ν,h(Ω ×R

q; (j−, j+)) for h = max(ν + d, e), and we have

σψ(ab) = σψ(a)σψ(b), σ∂(ab) = σ∂(a)σ∂(b).

Moreover, if a or b is a Green symbol, the same is true for ab.

Details may also be found in [22], Section 2, or [28], Section 4.

1.5. Global Calculus and Ellipticity

We now pass to parameter-dependent boundary value problems on a (not nec-
essarly compact) C∞ manifold X with boundary ∂X. All manifolds in consid-
eration are assumed to be locally compact and paracompact. Consider on X a
collar neighbourhood V of ∂X diffeomorphic to ∂X× [0, 1) and fix Riemannian
metrics on X and ∂X such that the metric on X corresponds to the product
metric of ∂X× [0, 1) on V with dxn on the xn-interval [0, 1). Concerning charts
on X for convenience we always assume transition maps near the boundary to
be independent of xn for small xn.

Let Vect(·) denote the set of all complex smooth vector bundles on the
manifold in the brackets. All occurring complex bundles are assumed to be
equipped with a Hermitian metric. Together with the Riemannian metrics
on the respective base manifolds we then have local L2-scalar products. E.g.,
for E ∈ Vect(X) there is a sesquilinear pairing (u, v) :=

∫
X

(u(x), v(x))Ex dx
between u, v ∈ C∞(X,E), where either u or v have compact support; here
(·, ·)Ex means the pairing between vectors in the fibres with respect to the
Hermitian metric in the fibre. Similarly, we have local scalar products on ∂X
between sections of bundles J ∈ Vect(∂X). Corresponding local L2-spaces are
denoted by L2

loc(X,E) and L2
loc(∂X, J), respectively.

If X̃ = 2X is the double of X we also have a natural way to double up
elements E ∈ Vect(X) to bundles Ẽ ∈ Vect(X̃) such that E = Ẽ|X (where X is
identified with X+, cf. also the notation in Section 1.1). Notation Hs

comp(X̃, Ẽ)

and Hs
loc(X̃, Ẽ) for (local) Sobolev spaces of distributional sections is stan-

dard. For s = 0 we also write L2
comp(X̃, Ẽ) and L2

loc(X̃, Ẽ) with the above

sesquilinear pairing (·, ·) : L2
comp(X̃, Ẽ) × L2

loc(X̃, Ẽ) −→ C. For ∂X we have
the spaces Hs

comp(∂X, J), Hs
loc(∂X, J) and, in particular, the comp/loc-version

of L2 spaces. Concerning X = X+ we set

Hs
loc(X,E) = {u|X+

: u ∈ Hs
loc(X̃, Ẽ)}

and, similarly, for ‘comp’, and we then have the comp/loc-versions of L2 spaces
on X. We now formulate the space of global smoothing operators
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C∞0 (X,E) C∞(X,F )
G : ⊕ −→ ⊕

C∞0 (∂X, J−) C∞(∂X, J+)
, (1.19)

for E,F ∈ Vect(X), J−, J+ ∈ Vect(∂X). Let v = (E,F ;J−, J+) denote the
corresponding tuple of bundles. B−∞,0(X;v) is defined as the space of all
operators (1.19) that extend to continuous operators

Hs
comp(X,E) C∞(X,F )

G : ⊕ −→ ⊕

Hs′

comp(∂X, J−) C∞(∂X, J+)

,

for all s, s′ ∈ R, s > −1
2 , where the formal adjoint G∗, defined by

(Gu, v)L2
loc

(X,F )⊕L2
loc

(∂X,J+) = (u,G∗v)L2
loc

(X,E)⊕L2
loc

(∂X,J−) ,

for all u ∈ C∞0 (X,E) ⊕ C∞0 (∂X, J−), v ∈ C∞0 (X,F ) ⊕ C∞0 (∂X, J+), induces a
continuous operator

Hs
comp(X,F ) C∞(X,E)

G∗ : ⊕ −→ ⊕

Hs′

comp(∂X, J+) C∞(∂X, J−)

,

for all s, s′ ∈ R, s > −1
2 .

Let T : C∞(X,E) → C∞(X,E) be a first order differential operator on X
(with smooth coefficients up to ∂X,) where Tu|V = ∂

∂xn
u|V with xn being the

global normal direction in the collar neighbourhood V ∼= ∂X × [0, 1). Writing
G = (Gij)i,j=1,2, the upper left corner G11 is also called a smoothing Green op-
erator of type 0, G21 a smoothing trace operator of type 0, and G12 a smoothing
potential operator. G22 is simply an element of L−∞(∂X;J−, J+) (i.e., smooth-
ing on ∂X and acting between sections in J− and J+). Now B−∞,d(X;v) for
any d ∈ N is defined to be the space of all operators of the form

G = G0 +

d∑

j=1

Gj diag(T j, 0) , (1.20)

with arbitrary Gj ∈ B
−∞,0(X;v), j = 0, . . . , d. Note that the operators Gj in

(1.20) are not unique for d > 0. We may pass to a unique representation of the
form

G = G0 +
d−1∑

j=0

(
Kjγ

j 0
Bjγ

j 0

)
, (1.21)
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where γju := T ju|∂X and Kj are smoothing potential operators, Bj smoothing
operators on the boundary ∂X.

Notice that B−∞,0(X;v) is a Fréchet space in a natural way. Then, using
the representation (1.21) for elements in B−∞,d(X;v), also the latter space
becomes Fréchet. Now, if R

l ∋ λ is a space of parameters, we set

B−∞,d(X;v; Rl) := S(Rl,B−∞,d(X;v))

(which is again Fréchet) or, more generally,

B−∞,d(X;v;U × R
l) := C∞(U,B−∞,d(X;v; Rl)) ,

for any open set U ⊆ R
p.

Let us now pass to the definition of global pseudo-differential operators of
the class Bµ,d(X;v;U ×R

l). For simplicity, we first omit U ; the generalisation
with dependence on variables in U is trivial.

We have the space Lµcl(intX;E,F ; Rl) of classical parameter-dependent
pseudo-differential operators on intX, acting between sections of the respective
bundles E and F .

Moreover, let us fix a locally finite open covering of V by coordinate neigh-
bourhoods Vj, j ∈ N, Vj ∼= V ′j × [0, 1), such that V ′j , j ∈ N form a corresponding
covering of ∂X, and consider charts χj : Vj → Ωj × [0, 1), that induce charts
χ′j : V ′j → Ωj on the boundary. Let ω, ω̃ ∈ C∞(X) be functions supported
in V that are equal to 1 in a neighbourhood of ∂X. Moreover, fix systems of
functions {φj}j∈N and {θj}j∈N, where suppφj, supp θj ⊂ Vj,

∑
j∈N

φj = 1 in a

neighbourhood of ∂X, and φjθj = φj for all j. Then, {φ′j}j∈N for φ′j := φj |∂X
is a partition of unity on ∂X subordinated to {V ′j }j∈N and θ′j := θj|∂X satisfies
φ′jθ
′
j = φ′j for all j. Given any φ ∈ C∞(X) we set φ′ = φ|∂X and denote by

Mϕ the operator of multiplication by diag (φ idE, φ
′ idJ) acting in the space

C∞(X,E) ⊕ C∞(∂X, J). For simplicity we will often omit idE and idJ when
the meaning is clear or corresponding identity maps refer to different bundles
that are clear in the context.

Definition 1.8. The space Bµ,d(X;v; Rl), v = (E,F ;J−, J+), of parameter-
dependent pseudo-differential boundary value problems of order µ ∈ Z and type
d ∈ N is defined to be the set of all operator families

A(λ) = Mω

∑

j∈N

Mφj
Aj(λ)Mθj

Mω̃ (1.22)

+

(
(1− ω)Aint(λ)(1 − ω̃) 0

0 0

)
+ G(λ) ,
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such that:

(i) Aj(λ) is the operator push forward under χ−1
j : Ωj × [0, 1) → Vj (that

includes the chosen trivializations of the bundles in v = (E,F ;J−, J+) on
the respective coordinate neighbourhoods) of an operator Op(aj)(λ) for
aj(x

′, ξ′, λ) ∈ Rµ,d(Ωj ×R
n−1+l;w), where w = (m,k; j−, j+) is the tuple

of fibres dimensions of the bundles in v;

(ii) Aint(λ) ∈ Lµcl(intX;E,F ; Rl);

(iii) G(λ) ∈ B−∞,d(X;v; Rl).

For references below we formulate the following standard continuity result
for operators in Bµ,d(X;v; Rl), see Boutet de Monvel [2], or the monographs
[22], Section 2, [28], Section 4.

Theorem 1.9. Every A ∈ Bµ,d(X;v; Rl) induces a family of continuous

operators

Hs
comp(X,E) Hs−µ

loc (X,F )

A(λ) : ⊕ → ⊕

H
s− 1

2
comp(∂X, J−) H

s−µ− 1
2

loc (∂X, J+)

,

for every s > d− 1
2 .

The local principal interior and boundary symbols of the amplitude func-
tions aj(x

′, ξ′, λ) in Definition 1.8 (i) as well as the principal symbols of Aint(λ)
(where the parameter λ is treated as a part of the covariables (ξ, λ) and (ξ′, λ),
respectively) have an invariant meaning and give rise to corresponding global
parameter-dependent principal symbols. We have the principal interior and
boundary symbols σψ(A)(x, ξ, λ), σ∂(A)(x′, ξ′, λ), which are bundle morphisms

σψ(A) : π∗XE → π∗XF , (1.23)

for πX : (T ∗X × R
l) \ 0→ X, and

σ∂(A) : π∗∂X




E′ ⊗Hs(R+)
⊕
J−


→ π∗∂X




F ′ ⊗Hs−µ(R+)
⊕
J+


 , (1.24)

for π∂X : (T ∗∂X×R
l)\0→ ∂X. Similarly to (1.13) we have Douglis-Nirenberg

homogeneity of σ∂(A), namely

σ∂(A)(x′, δξ′, δλ) = δµdiag {κδ , δ
1
2}σ∂(A)(x′, ξ′, λ)diag {κδ , δ

1
2 }−1 ,

for all (x′, ξ′, λ) ∈ (T ∗∂X × R
l) \ 0.
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Remark 1.10. The spaces Bµ,d(X;v; Rl) are Fréchet in a natural way, cf.
[28], Section 4.3.2.

An operator family A(λ) ∈ Bµ,d(X;v; Rl) for v = (E,F ;J−, J+) is called
parameter-dependent elliptic (with parameters λ ∈ R

l), if both (1.23) and (1.24)
are isomorphisms.

As is well known, if the operator family A(λ) ∈ Bµ,d(X;v; Rl) is parameter-
dependent elliptic, there is a parameter-dependent parametrix P(λ) ∈ B−µ,(d−µ)+(X;v−1; Rl)
of A(λ), α+ = max(α, 0) (with proper support of kernels that make the follow-
ing compositions possible) such that

I − P(λ)A(λ) ∈ B−∞,max(µ,d)(X;vℓ; R
l),

I −A(λ)P(λ) ∈ B−∞,(d−µ)+(X;vr; R
l),

for v−1 = (F,E;J+, J−), vℓ = (E,E;J−, J−), vr = (F,F ;J+, J+).

2. The Parameter-Dependent Edge Algebra

2.1. Holomorphic Families of Boundary Value Problems

Assume that X is a compact C∞ manifold with boundary ∂X. In Section 1.5
we have defined the spaces Bµ,d(X;v; Rl) of parameter-dependent boundary
value problems of order µ ∈ Z and type d ∈ N, where R

l ∋ λ are parameters,
and v = (E,F ;J−, J+) is a tuple of vector bundles. The space Bµ,d(X;v; Rl)
will be considered in its natural Fréchet topology. In the sequel we replace R

l

by Γβ × R
l. Here Γβ := {z ∈ C : ℜ z = β} for any β ∈ R, and ℑ z for z ∈ Γβ

plays the role of a parameter.

Definition 2.1. Mµ,d
O (X;v; Rl) is defined to be the subspace of all the

elements h(z) ∈ A(C,Bµ,d(X;v; Rl)) such that

h(z)|Γβ
∈ Bµ,d(X;v; Γβ × R

l)

for every β ∈ R, uniformly in c ≤ β ≤ c′ for arbitrary c ≤ c′.

Notice that also Mµ,d
O (X;v; Rl) is a Fréchet space in a canonical way. If

l = 0 we simply write Mµ,d
O (X;v) for the corresponding space.

Operators on a cone with base X and axial variable r ∈ R+ will be written
as pseudo-differential operators with respect to the Mellin transform in r and
with symbols taking values in the space Mµ,d

O (X;v; Rl).
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We employ the Mellin transform in its classical formMu(z) =
∫∞
0 rz−1u(r) dr.

This is well defined for u ∈ C∞0 (R+); then z varies over C. Later on, M will be
extended to several more general distribution spaces, also vector-valued ones.
In this case we often restrict z to weight lines Γβ = {z ∈ C : ℜ z = β} for some
real β. The Mellin transform will also be used in its weighted form with weight
γ ∈ R, and we write Mγu(z) = M(r−γu)(z+γ). Recall that the (scalar) Mellin
transform in the sense u ∈ C∞0 (R+)→ (Mu)(z)|Γ 1

2
−γ
∈ S

(
Γ 1

2
−γ

)
extends to an

isomorphism Mγ : tγL2(R+)→ L2
(
Γ 1

2
−γ

)
and the inverse has the following ex-

pression: (M−1
γ g)(t) = (2πi)−1

∫
Γ 1

2
−γ

t−zg(z)dz. Pseudo-differential operators

with respect to Mγ are written as

opγM (h)u(r) =

∫∫ ( r
r′

)−( 1
2
−γ+iρ)

h
(
r, r′,

1

2
− γ + iρ

)
u(r′)

dr′

r′
d−ρ , (2.1)

for symbols h(r, r′, z) ∈ C∞(R+ × R+,M
µ,d
O (X;v)), where z is restricted to

Γ 1
2
−γ .

Let us now define Sobolev spaces on a stretched cone R+ ×N := N∧, first
for a closed compact C∞ manifold N . We use the fact that the space Lµcl(N ; Rl)
of parameter-dependent pseudo-differential operators of order µ on N contains
elements Rµ(λ) that induce isomorphisms Rµ(λ) : Hs(N) → Hs−µ(N) for all
s ∈ R and λ ∈ R

l. Let us apply this for l = 1. Then Hs,γ(N∧) for s, γ ∈ R is
defined as the completion of C∞0 (N∧) with respect to the norm

{ 1

2πi

∫

Γn+1
2

−γ

‖Rs(ℑ z)(Mu)(z)‖2L2(N) dz
} 1

2
,

for n = dimN . Note that another choice ofRs(λ) with the mentioned properties
gives rise to an equivalent norm. The definition can be extended to the case of
a compact C∞ manifold N with boundary, see similar constructions below in a
slightly modified situation.

Theorem 2.2. Let p̃(r, ρ̃, λ) ∈ C∞(R+,B
µ,d(X;v; Rρ̃ × R

l
λ)), and set

p(r, ρ, λ) := p̃(r, rρ, λ). Then there exists an h(r, z, λ) belonging to C∞(R+,M
µ,d
O (X;v; Rl))

such that

opr(p)(λ) − opβM (h)(λ) ∈ B−∞,d(X∧;v; Rl) , (2.2)

for every β ∈ R, where the operator family h(r, z, λ) is uniquely determined

mod C∞(R+,M
−∞,d
O (X; v; Rl)).

A proof of this result may be found in [13], Section 4.6.7, see also the article
[14].
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Remark 2.3. Operators in the relation (2.2) are interpreted as mappings
on the space C∞0 (X∧, E) ⊕ C∞0 ((∂X)∧, J−) (β ∈ R is then arbitrary because
of the holomorphy of h in z and the Cauchy Theorem). Below we pass to
extensions to weighted spaces and then specify the choice of β.

2.2. Parameter-Dependent Operators on the Model Cone

We now turn to a calculus of families of boundary value problems on the infinite
(stretched) cone X∧ = R+ ×X with boundary (∂X)∧ = R+ × ∂X. There are
specific smoothing operator families that we call Green symbols.

We will need another kind of weighted Sobolev spaces on infinite stretched
cones. Let us give the definition first for the case N∧ = R+ ×N when N is a
closed compact C∞ manifold. Consider an arbitrary coordinate neighbourhood
U ⊂ N , and let χ : U∧ → Γ be a diffeomorphism to a conical set Γ ⊂ R

n+1
x̃ \{0}

such that χ(λr, x) = λχ(r, x) for all λ ∈ R+, (r, x) ∈ U∧. Then Hs
cone(N

∧)
denotes the subspace of all u(r, x) ∈ Hs

loc(R × N)|R+×N such that for every
χ : U∧ → Γ as described before we have (χ−1)∗(1 − ω)φu ∈ Hs(Rn+1) for
arbitrary φ ∈ C∞0 (U) and any cut-off function ω(r). The space Hs

cone(N
∧) can

be endowed with a scalar product such that we obtain a Banach space with the
corresponding norm. We now form the space

Ks,γ(N∧) = {ωu+ (1− ω)v : u ∈ Hs,γ(N∧), v ∈ Hs
cone(N

∧)}.

In order to fix a norm in this space, connected with a scalar product, we de-
fine non-direct sums, for purposes below, for Fréchet spaces E0, E1 that are
embedded in a Hausdorff topological vector space H. The space

E0 + E1 := {e0 + e1 : e0 ∈ E0, e1 ∈ E1} (2.3)

is isomorphic to E0⊕E1/∆ for ∆ := {(e,−e) : e ∈ E0∩E1}; the latter space is
closed in E0⊕E1, and we endow (2.3) with the corresponding quotient topology.
Then (2.3) is again a Fréchet space, called the non-direct sum of E0 and E1. If
E0 and E1 are Hilbert spaces, also E0 + E1 becomes a Hilbert space with the
scalar product from E0 ⊕ E1, restricted to the orthogonal complement of ∆.

If a Fréchet space E is a module over an algebra A, by [a]E we denote the
completion of {ae : e ∈ E} in the space E. Then, in particular, we can write

Ks,γ(N∧) = [ω]Hs,γ(N∧) + [1− ω]Hs
cone(N

∧) ,

as a non-direct sum.
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Let X be a compact C∞ manifold with boundary, and let 2X be the double
consisting of X+ = X and X−, glued together along ∂X. We then have the
space Ks,γ((2X)∧), and we set

Ks,γ0 (X∧±) := {u ∈ Ks,γ((2X)∧) : suppu ⊂ X∧±}

and
Ks,γ(X∧) := {u|(intX)∧ : u ∈ Ks,γ((2X)∧)}.

From the isomorphism Ks,γ(X∧) ∼= Ks,γ((2X)∧)/Ks,γ0 (X∧−) we then obtain a
Hilbert space structure on the space Ks,γ(X∧) for every s, γ ∈ R. In particular,
we have K0,0(X∧) = r−

n
2L2(R+ × X) for n = dimX, where L2 refers to the

measure dr dx, with dx being related to a Riemannian metric on X.
Similarly we can define spaces Ks,γ(X∧, E) of distributional sections in vec-

tor bundles E on X∧. Every E can be regarded as the pull back of a corre-
sponding bundle on X with respect to the canonical projection R+ ×X → X,
(r, x) → x, and we assume every E ∈ Vect (X∧) to be endowed with a Hermi-
tian metric that is independent of r. In particular, this yields a scalar product
(·, ·) in K0,0(X∧, E), and (·, ·) : C∞0 (X∧, E) × C∞0 (X∧, E) → C gives rise to
non-degenerate sesquilinear pairings (·, ·) : Ks,γ(X∧, E) × K−s,−γ0 (X∧, E) → C

for all s, γ ∈ R. Analogous constructions hold for the case of a closed compact
manifold as base (without zero in the corresponding sesquilinear pairings).

Remark 2.4. On the spaces Ks,γ(X∧, E) and Ks,γ((∂X)∧, J) we define

the group actions {κ
(n)
λ }λ∈R+

and {κ
(n−1)
λ }λ∈R+

, respectively, where n = dimX,

and κ
(k)
λ f(r, x) := λ

k+1
2 f(λr, x) for λ ∈ R+.

It will also be convenient to employ Sobolev spaces on X∧ ∋ (r, x) with ar-
bitrary weights for r→ 0 and r →∞. Set Ks,γ;β(X∧, E) := 〈r〉−βKs,γ(X∧, E),
E ∈ Vect (X∧); similarly, Ks,γ;β((∂X)∧, J)

:= 〈r〉−βKs,γ((∂X)∧, J), J ∈ Vect ((∂X)∧), for s, β, γ ∈ R. Then {κ
(n)
λ }λ∈R+

and {κ
(n−1)
λ }λ∈R+

are strongly continuous groups of isomorphism on the respec-
tive spaces on X∧ and (∂X)∧, respectively, for all s, β, γ ∈ R. Let us set

SO(X∧, E) := lim
←−
Ks,γ;β(X∧, E),

SO(X∧, J) := lim
←−
Ks,γ;β((∂X)∧, J),

where the projective limits are taken over all s, γ, β ∈ R (clearly, it suffices to
take projective limits over all integers; we then obtain countable semi-norms
systems in the respective Fréchet spaces). Let us set

Ks,γ;β(X∧;m) := Ks,γ;β(X∧, E)⊕Ks−
1
2
,γ− 1

2
;β((∂X)∧, J−) ,
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for m := (E, J−) and, similarly, for n := (F, J+), with the group action given

by diag({κ
(n)
λ }, {κ

(n−1)
λ })λ∈R+

. Then, on spaces of the kind Ks,γ;β(X∧;m)⊕C
l

for some l ∈ N we take the group action diag({κ
(n)
λ }, {κ

(n−1)
λ }, id)λ∈R+

, where
id is the identity on C

l.

Let r(η) := diag(id, 〈η〉
1
2 id, 〈η〉

n+1
2 ) where id means identity maps on spaces

of distributional sections of vector bundles on X∧ and (∂X)∧, respectively,

while 〈η〉
n+1

2 in the third component is composed with the identity in C
l for the

corresponding dimension l. We shall use the same notation r(η) for different
bundles and dimensions that will be clear by the context.

Let T denote any first order differential operator on X with smooth coef-
ficients that is equal to d

dxn
in a collar neighbourhood of the boundary (with

respect to the chosen splitting of variables x = (x′, xn)). In the following defi-
nition we set v = (E,F ;J−, J+) for E,F ∈ Vect (X∧), J−, J+ ∈ Vect ((∂X)∧).

Definition 2.5. The space Rν,0G (U×R
q;w)O for w := (v; l−, l+) is defined

to be the set of all operator families g(y, η) ∈ ∩C∞(U × R
q,L(Ks,γ;β(X∧;m),

Ks
′,γ′;β′

(X∧;n))), U ⊆ R
p open, where the intersection is taken over all in-

dices s, γ, β, s′, γ′, β′ ∈ R, such that b(y, η) := r−1(η)g(y, η)r(η) for r(η) :=

diag(1, 〈η〉
1
2 id) are operator-valued symbols in the following sense:

b(y, η) ∈ ∩Sνcl(U × R
q;Ks,γ;β(X∧;m)⊕ C

l− ,SO(X∧;n)⊕ C
l+), (2.4)

b∗(y, η) ∈ ∩Sνcl(U × R
q;Ks

′,γ′;β′

(X∧;n)

⊕C
l+,SO(X∧;m)⊕ C

l−) , (2.5)

where the intersections are taken over all s, s′ > −1
2 and γ, β, γ′, β′ in R. More

generally, Rν,dG (U × R
q;w)O for d ∈ N is defined to be the set of all

g(y, η) = g0(y, η) +

d∑

j=1

gj(y, η) diag(T j, 0, 0) , (2.6)

for arbitrary gj(y, η) ∈ R
ν−j,0
G (U×R

q;w)O. The elements of the spaceRν,dG (U×
R
q;w)O are called flat Green symbols (of the edge calculus) of order ν and type

d.

Remark 2.6. Notice that, similarly as formula (1.21), there is a unique
representation of Green symbols g(y, η) of order ν and type d as

g(y, η) = g0(y, η) +

d−1∑

j=0




kj(y, η)γ
j 0 0

bj(y, η)γ
j 0 0

0 0 0


 , (2.7)
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where kj(y, η) and bj(y, η) are Green symbols of order ν − j and type 0 of

the form of 12- and 22-entries in a 3 × 3 block matrix belonging to Rν−j,0G .
The space SO(X∧,n) ⊕ C

l+ is a countable projective limit of Hilbert spaces,
and the condition (2.4) reduces to a corresponding expression for each space in
that limit. In addition it suffices to require the conditions for countably many
s and β. Thus, from (2.4) we obtain a countable semi-norm system in the
space Rν,0G (U × R

q;w)O. Together with an analogous semi-norm system from

the condition (2.5) the space Rν,0G (U × R
q;w)O becomes Fréchet. Moreover,

the unique decomposition (2.7) allows us to represent Rν,dG (U × R
q;w)O as a

subspace of a finite Cartesian product of spaces of the type Rν−j,0G (U×R
q;w)O,

0 ≤ j ≤ d − 1. This gives us a Fréchet topology also in Rν,dG (U × R
q;w)O for

every d ∈ N.

Remark 2.7. Given g ∈ Rν,dG (U × Rq;w)O, the corresponding operator-
valued symbol b(y, η), cf. Definition 2.5, is classical, and so we can consider its
homogeneous principal symbol b(ν)(y, η) which satisfies

b(ν)(y, δη) = δνdiag (κ
(n)
δ , κ

(n−1)
δ , id)b(ν)(y, η) diag (κ

(n)
δ , κ

(n−1)
δ , id)−1,

for all δ ∈ R+, (y, η) ∈ U × (Rq \ {0}), where κ
(k)
δ are as in Remark 2.4. Then

we have the corresponding Douglis-Nirenberg homogeneous principal symbol
g(ν)(y, η) of g(y, η), that can be written as g(ν)(y, η) = r(η)b(ν)(y, η)r

−1(η),
satisfying

g(ν)(y, δη) = δνdiag (κ
(n)
δ , δ

1
2κ

(n−1)
δ , δ

n+1
2 )

= g(ν)(y, η)diag (κ
(n)
δ , δ

1
2κ

(n−1)
δ , δ

n+1
2 )−1,

for all δ ∈ R+, (y, η) ∈ U × (Rq \ {0}).

Remark 2.8. Let S0(R+ × R+ × X × X) := {u(r, r′, x, x′) ∈ S(R ×
R, C∞(X × X)) : suppu ⊂ R+ × R+ × X × X} endowed with its canonical
Fréchet topology. Then, if Sνcl(U × R

q) is the space of standard classical scalar
symbols in (y, η) ∈ U × R

q of order ν, we can form the space

S0(R+ × R+ ×X ×X,S
ν
cl(U × R

q)) (2.8)

:= S0(R+ × R+ ×X ×X)⊗̂π S
ν
cl(U ×R

q).

If η → [η] is any strictly positive function in C∞(Rq) such that [η] = |η| for
|η| > c for some c > 0, for any g(r, r′, x, x′; y, η) from the space (2.8) we form
gη(r, r

′, x, x′; y, η) := g(r[η], r′[η], x, x′; y, η). Then

u(r, x)→

∫

X

∫ ∞

0
gη(r, r

′, x, x′; y, η)u(r′, x′) dr′ dx′ ,
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for ν = µ+ n+1
2 represents an element in the upper left corner of Rµ,0G (U×R

q)O
(here, for trivial bundles of fibre dimension 1). It can be shown that this is
even an equivalent characterisation. A similar observation is true for the other
entries with the spaces C∞(X × (∂X)), C∞((∂X) ×X) or C∞((∂X) × (∂X))
in place of C∞(X ×X) in the above mentioned description.

Proposition 2.9. Let gj(y, η) ∈ R
ν−j,d
G (U × R

q;w)O, j ∈ N, be an

arbitrary sequence. Then there is a g(y, η) ∈ Rν,dG (U × R
q;w)O such that

g −
∑N

j=0 gj ∈ R
ν−(N+1),d
G (U × R

q;w)O, and g(y, η) is uniquely determined

mod R−∞,dG (U × R
q;w)O.

The proof follows from a corresponding general result on asymptotic sum-
mation of operator-valued symbols, here specified to the case of Definition 2.5.

We now pass to edge symbols of boundary value problems that contain the
typical non-smoothing contributions from the interior of our configuration with
edges. Starting point are edge-degenerate families of boundary value problems

p(r, y, ρ, η) := p̃(r, y, ρ̃, η̃)|ρ̃=rρ,η̃=rη , (2.9)

where p̃(r, y, ρ̃, η̃) ∈ C∞(R+ × U,B
ν,d(X;v; Rρ̃ × R

q
η̃)). We apply an analogue

of Theorem 2.2 for the case of y-dependent operator families, i.e., there is an
h̃(r, y, z, η̃) ∈ C∞(R+ × U,M

ν,d
O (X;v; Rq

η̃)) such that for

h(r, y, z, η) := h̃(r, y, z, η̃)|η̃=rη , (2.10)

we have

opr(p)(y, η) = opβM (h)(y, η) mod C∞(U,B−∞,d(X∧;v; Rq)) , (2.11)

for every β ∈ R.

Remark 2.10. To control principal edge symbols below we consider now
p0(r, y, ρ, η) := p̃(0, y, rρ, rη), h0(r, y, z, η) := h̃(0, y, z, rη). Then (2.11) implies:

opr(p0)(y, η) = opβM (h0)(y, η) mod C∞(U,B−∞,d(X∧;v; Rq)) ,

for all β.

In the following we fix arbitrary cut-off functions σ(r), σ̃(r) and ω(r), ω̃(r),
set χ(r) := 1− ω(r), and choose any χ̃(r) ∈ C∞(R+) that vanishes near r = 0
and is equal to 1 on supp ω̃.
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Proposition 2.11. Let p(r, y, ρ, η) and h(r, y, z, η) be operator families as

before and set

aM (y, η) := r−νω(r[η])op
γ−n

2

M (h)(y, η)ω̃(r[η]),

aψ(y, η) := r−νχ(r[η])opr(p)(y, η)χ̃(r[η]),

γ ∈ R. Then we have

aM (y, η) + aψ(y, η) (2.12)

= r−νopr(p)(y, η) mod C∞(U,B−∞,d(X∧;v; Rq)).

Moreover, setting b(y, η) := diag(id, 〈η〉−
1
2 id)a(y, η)diag(id, 〈η〉

1
2 id) for

a(y, η) := σ(r){aM (y, η) + aψ(y, η)}σ̃(r) , (2.13)

we have

b(y, η) ∈ Sµ(U × R
q;Ks,γ(X∧;m),Ks−ν,γ−ν(X∧;n)) , (2.14)

for every s > d− 1
2 .

The relation (2.12) easily follows from Theorem 2.2. A proof of (2.14) is
given in [25], see also [13], Chapter 4.

The operator function

σM (a)(y, z) := h̃(0, y, z, 0), (2.15)

y ∈ U , z ∈ C, takes values in Bµ,d(X;v); as such it represents a family of
continuous operators

Hs(X,E) Hs−µ(X,F )
σM (a)(y, z) : ⊕ → ⊕

Hs− 1
2 (∂X, J−) Hs−µ− 1

2 (∂X, J+)

, (2.16)

for s > d− 1
2 , cf. Theorem 1.9.

Remark 2.12. We shall employ below operator families a(y, η, λ) that
have an analogous structure as (2.13) where η ∈ R

q is replaced by (η, λ) ∈ R
q+l.

Then a(y, η, λ0) for any fixed λ0 ∈ R
l is an operator-valued symbol in the sense

of Proposition 2.11. Setting U = Ω for open Ω ⊆ R
q
y and applying Opy(·) to

a(y, η, λ) gives us a λ-dependent family of continuous operators
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Op(a)(λ) :

Ws
comp(Ω,Ks,γ(X∧, E))

⊕

W
s− 1

2
comp(Ω,Ks−

1
2
,γ− 1

2 ((∂X)∧, J−))

→ (2.17)

→

Ws−ν
loc (Ω,Ks−ν,γ−ν(X∧, F ))

⊕

W
s−ν− 1

2

loc (Ω,Ks−ν−
1
2
,γ−ν− 1

2 ((∂X)∧, J+))

,

for all s > d − 1
2 and every γ ∈ R, cf. the relation (1.11) and the notation

(1.10).

There is a useful alternative representation of operator families (2.13) (mod-
ulo flat Green symbols) that we will employ below.

Theorem 2.13. Given a(y, η) in the form (2.13) there exists a Green

symbol g(y, η) ∈ Rν,d(U × R
q;v)O for v = (E,F ;J−, J+) such that

a(y, η) = σ0(r)op
γ−n

2

M (h)(y, η)σ̃0(r) + g(y, η) ,

for every choice of cut-off functions σ0, σ̃0 such that σ0 ≡ 1 on suppσ, σ̃0 ≡ 1
on supp σ̃.

Such a result for closed compactX has been proved in Gil, Seiler and Schulze
[8]. The case of boundary value problems as we need it here was treated in [14].

2.3. The Edge Algebra

We now introduce a parameter-dependent algebra of edge-boundary value prob-
lems on a (stretched) manifold W with edge Y , cf. the notation in Section 1.1.
For convenience we make some additional assumptions on the nature of transi-
tion maps (1.1) between local wedges. From now on we will suppose that there
is an ǫ > 0 such that (r̃, x̃, ỹ) do not depend on r for 0 ≤ r < ǫ. This will

be required for W itself as well as for the double W̃. In addition we assume
that ∂W̃ has the form X̃ × Y (i.e., is a trivial X̃-bundle on Y) and choose a

neighbourhood M̃ of ∂W̃ in W of the form M̃ = [0, ǫ) × X̃ × Y with a global
splitting of variables (r, x, y). Clearly in local descriptions the choice of ǫ is
unessential, and, in fact, we often talk about R+ × X̃ × Y (which is diffeomor-
phic to [0, ǫ)×X̃×Y ). Similarly, we proceed for W and then write M = M̃∩W

which corresponds to [0, ǫ)×X × Y (or R+ ×X × Y ).



66 A. Oliaro, B.-W. Schulze

For convenience we study our edge algebra for the case that W (and then
also Y and W) are compact; the non-compact case can be considered as well,
but this does not concern our main application.

On W̃ we fix a Riemannian metric that induces the product metric on M̃ =
[0, ǫ)× X̃ ×Y for some Riemannian metrics on X̃ and Y , respectively. We then
have corresponding metrics on W. Note that W has corners; smooth objects on
W are defined as restrictions of corresponding smooth ones on the double W̃. In
particular, if we talk about Vect(W), the set of smooth complex vector bundles

on W, we mean {Ẽ|W : Ẽ ∈ Vect(W̃ )}. In a similar sense we define Hermitian
metrics in bundles E ∈ Vect(W) as restrictions of Hermitian metrics in Ẽ.
From now on we assume that W is compact. Fix elements E,F ∈ Vect(W),
J−, J+ ∈ Vect(V) and L−, L+ ∈ Vect(Y ), and set v = (E,F ;J−, J+), w =
(E,F ;J−, J+;L−, L+).

In the following definition and in the operator calculus below we employ the
global analogues of the weighted edge Sobolev spaces occurring in the relation
(2.17), namely,

Ws,γ(W̃, Ẽ) and Ws,γ(W, E). (2.18)

The first of the spaces in (2.18) (say, for the case of a trivial bundle Ẽ) is defined

to be the subspace of all u ∈ Hs
loc(W̃reg) which locally near W̃sing in the splitting

of variables (r, x, y) belong to Ws
loc(Ω,K

s,γ(X∧)). Moreover, the second space

in (2.18) is defined as the space of all u|int Wreg for arbitrary u ∈ Ws,γ(W̃),

cf. the notation of Section 1.1 (the definition of the spaces (2.18) for Ẽ and
E = Ẽ|W is then straightforward).

Definition 2.14. Define Y−∞,0(W;w; Rl)O to be the space of all operator
families

C(λ) ∈ ∩
s,s′,s

′′
∈R,s>− 1

2
γ∈R

S(Rl,L(Es,s
′
,s

′′
,γ ,F)) ,

such that

Es,s
′,s

′′
,γ := Ws,γ(W, E) ⊕Ws′,γ(V, J−)⊕Hs′′(Y,L−),

F := W∞,∞(W, F ) ⊕W∞,∞(V, J+)⊕H∞(Y,L+),

for

C∗(λ) ∈ ∩
s,s′,s

′′
∈R,s>− 1

2
γ∈R

S(Rl,L(Fs,s
′,s

′′
,γ , E))
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and

Fs,s
′,s

′′
,γ := Ws,γ(W, F )⊕Ws′,γ(V, J+)⊕Hs′′(Y,L+),

E := W∞,∞(W, E) ⊕W∞,∞(V, J−)⊕H∞(Y,L−),

where ‘∗’ denotes the pointwise formal adjoint with respect to the
W0,0(W, ·)⊕W0,0(V, ·)⊕H0(Y, ·)-scalar product. Moreover we define Y−∞,d(W;w; Rl)O
for d ∈ N as the space of all

C(λ) = C0(λ) +
d∑

j=1

Cj(λ) diag(T j , 0, 0) ,

for arbitrary Cj(λ) ∈ Y−∞,0(W;w; Rl)O, where T j are differential operators of
order j that differentiate transversally to the boundary of V.

Remark 2.15. The space Y−∞,d(W;w; Rl)O is Fréchet in a natural way.
An adequate semi-norm system immediately follows from the definition.

We now fix a chart χ : V → Ω on Y , where Ω ⊆ R
q is open and consider a

gΩ(y, η, λ) ∈ Rν,dG (Ω×R
q+l
η,λ ;wΩ)O where wΩ is a tuple of bundles as required in

Definition 2.5, obtained from the bundles (E,F ;J−, J+;L−, L+) of Definition
2.14. We express the involved bundles in local form and write EΩ, FΩ for
the bundles on X∧ × Ω induced by E, F near r = 0, further J−,Ω, J+,Ω for
the bundles on (∂X)∧ × Ω induced by J−, J+, and Ω × C

l− , Ω × C
l+ for the

corresponding trivial bundles on Ω induced by L−, L+ (as is customary we also
write l± in place of the trivial bundles Ω× C

l±). Without of loss of generality
we assume that EΩ, FΩ (J±,Ω) are pull backs of corresponding bundles on
X∧ ((∂X)∧) under the canonical projection X∧ × Ω → X∧ ((∂X)∧ × Ω →
(∂X)∧), and we denote those bundles on X∧ and (∂X)∧ by EΩ, FΩ and J±,Ω,
respectively. In that sense we set wΩ := (EΩ, FΩ;J−,Ω, J+,Ω; l−, l+).

If χ̃ : V → Ω̃ is another chart there is a transition diffeomorphism Ω → Ω̃
and associated transition isomorphisms EΩ→∼=

EeΩ, FΩ → FeΩ, J±,Ω → J±,eΩ, as

well as Ω × C
l± → Ω̃ × C

l± and it is a simple lemma, left to the reader, that
this induces a symbol push forward gΩ(y, η, λ) → geΩ(y, η, λ) that is canonical
modulo Green symbols of order −∞ and type d. Now if we fix our chart
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χ : V → Ω and choose arbitrary functions φ, θ ∈ C∞0 (V ) we can lift

φ0Opy(gΩ)(λ)θ0 :

Ws
loc(Ω,K

s,γ(X∧, EΩ))
⊕

W
s− 1

2

loc (Ω,Ks−
1
2
,γ− 1

2 ((∂X)∧, J−,Ω)))
⊕

H
s−n+1

2

loc (Ω,Cl−)

−→

−→

Ws−ν
comp(Ω,K

∞,∞(X∧, FΩ))

⊕

W
s−ν− 1

2
comp (Ω,K∞,∞((∂X)∧, J+,Ω)))

⊕
H∞comp(Ω,C

l+)

(2.19)

s > d− 1
2 (where φ0, θ0 ∈ C

∞
0 (Ω) are defined by φ = χ∗φ0, θ = χ∗θ0) from Ω to

V by operator push forward under χ−1 which also takes into account the bundle
transition isomorphisms (the continuity of (2.19) is essentially a consequence
of (1.11), applied to the operator-valued symbol gΩ). We employ the notation
(χ−1)∗ for the pull back that includes the bundle structure in this sense. In
other words we obtain an operator family from (2.19) that we denote by

φ(χ−1)∗Op(gΩ)θ. (2.20)

Because of the nature of mappings it is natural to localize the operators to a
neighbourhood of r = 0 by forming

diag(ω, ω, 1)φ(χ−1)∗Op(gΩ)θ diag(ω̃, ω̃, 1) ,

for some cut-off functions ω(r), ω̃(r), with obvious meaning of notation.
Let us now fix a system of charts χj : Vj → Ωj, j = 1, . . . , N , where

{Vj}j=1,...,N is an open covering of Y , and choose a subordinate partition of
unity {φj}j=1,...,N and another system {θj}j=1,...,N of functions θj ∈ C∞0 (Vj)
such that φjθj = φj for all j. Given a system of Green symbols

gj(y, η, λ) ∈ Rν,dG (Ωj × R
q+l;wΩj

)O, j = 1, . . . , N (2.21)

we then form an operator family

G(λ) := diag(ω, ω, 1)
N∑

j=1

φj(χ
−1
j )∗Op(gj)(λ)θj diag(ω̃, ω̃, 1). (2.22)
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Notice that the specific choice of the cut-off functions ω, ω̃ only affects G(λ)

by an element in Y−∞,d(W;w; Rl)O. Let Yν,dG (W;w; Rl)O denote the space of
all G(λ) + C(λ) for arbitrary operator families of the form (2.22) and C(λ) ∈
Y−∞,d(W;w; Rl)O.

Operators of the kind (2.17) can easily be lifted to W by an analogous
procedure as before in the case of Green operators. In other words, we start
from ‘symbols’

pj(r, y, ρ, η, λ) = p̃j(r, y, ρ̃, η̃, λ̃)|
ρ̃=rρ,η̃=rη,λ̃=rλ,

where p̃j(r, y, ρ̃, η̃, λ̃) ∈ C∞(R+ × Ωj,B
ν,d(X;vΩ; Rρ̃ × R

q+l

η̃,λ̃
)), form associated

Mellin symbols

hj(r, y, z, η, λ) = h̃j(r, y, z, η̃, λ̃)|
η̃=rη,λ̃=rλ

and pass to operator-valued symbols

aj(y, η, λ) = σ(r){aj,M (y, η, λ) + aj,ψ(y, η, λ)}σ̃(r) ,

by the same scheme as in Proposition 2.11. We form local operators Opy(aj)(λ)
and corresponding global operators

M(λ) :=
N∑

j=1

φj(χ
−1
j )∗Opy(aj)(λ)θj . (2.23)

Definition 2.16. Yν,d(W;w; Rl)O for ν ∈ Z, d ∈ N and w = (E,F ;J−, J+;
L−, L+) denotes the space of all operator families

A(λ) :=M(λ) + P(λ) + G(λ) , (2.24)

for arbitrary G(λ) ∈ Yν,dG (W;w; Rl)O, further

P(λ) :=

(
(1− σ)P (λ)(1 − ˜̃σ) 0

0 0

)
, (2.25)

for arbitrary P (λ) ∈ Bν,d(Wreg;v; Rl), v := (E,F ;J−, J+), where σ(r), ˜̃σ(r)
are cut-off functions satisfying σ ˜̃σ = ˜̃σ, and finally

M(λ) :=

(
M(λ) 0

0 0

)
, (2.26)

where M(λ) has the form (2.23), where the involved cut-off functions σ, σ̃ are
assumed to satisfy σσ̃ = σ.
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In Definition 2.16 the dimension l ∈ N is arbitrary. For the case l = 0 we
simply omit R

l in the notation and obtain the operator spaces Yν,d(W;w)O.

For abbreviation we set m := (E, J−) for vector bundles E ∈
Vect(W), J− ∈ Vect(V), and moreover we write Ws,γ(W;m)

:=Ws,γ(W, E)⊕Ws− 1
2
,γ− 1

2 (V, J−), s ∈ R.

Theorem 2.17. Every operator family A(λ) ∈ Yν,d(W;w; Rl)O, w =
(E,F ;J−, J+;L−, L+) for W compact induces a family of continuous operators

A(λ) :

Ws,γ(W;m) Ws−ν,γ−ν(W;n)
⊕ −→ ⊕

Hs−n+1
2 (Y,L−) Hs−n+1

2 (Y,L+)

, (2.27)

for every s > d− 1
2 and γ ∈ R, where m := (E, J−), n := (F, J+).

This result is an easy consequence of the corresponding local continuities
(2.19) and of the definition of the global smoothing operators.

Remark 2.18. A similar result holds for non-compact W; in that case we
have continuity in spaces with subscript ‘comp’ for the domain and ‘loc’ for the
image of operators. The proof is easy as well.

Remark 2.19. The spaces Yν,d(W;w; Rl)O can be endowed with natu-
ral Fréchet topologies for every l. Then it is possible to differentiate A(λ) ∈
Yν,d(W;w; Rl)O with respect to λ or to consider holomorphy of families A(λ,w)
in w ∈ C with values in Yν,d(W;w; Rq)O, cf. Section 3 below. However, for
convenience, we characterise C∞ (or holomorphy) of a function A(λ,w) directly
by requiring the amplitude functions involved in (2.24) as well as the smoothing
operators to be smooth (holomorphic) in λ (w). For the smoothing families,
cf. Remark 2.15; concerning amplitude functions, it is evident how to proceed,
see, for instance, Definition 2.5.

Remark 2.20. We have

Dα
λY

ν,d(W;w; Rl)O ⊂ Y
ν−|α|,d(W;w; Rl)O

for every α ∈ N
l.

Let us now introduce the (parameter-dependent) principal symbolic struc-
ture of operator families A(λ) ∈ Yν,d(W;w; Rl)O. First, we can view A := A(λ)
as a 3×3 block matrix A = (Aij(λ))i,j=1,2,3. Then the 2×2 block matrix upper
left corner (Aij(λ))i,j=1,2 belongs to the calculus in the sense of Definition 1.8
on the smooth (non-compact) manifold Wreg with boundary. As such there are
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the parameter-dependent principal symbol of order ν

σψ(A) := σψ(A11(λ)) : π∗Wreg
E → π∗Wreg

F, (2.28)

πWreg : T ∗Wreg×R
l \ 0→Wreg, and the parameter-dependent principal (in the

sense of Douglis-Nirenberg homogeneity, cf. Section 1.5) boundary symbol

σ∂(A) := σ∂((Aij(λ))i,j=1,2),

σ∂(A) : π∗Vreg




E′ ⊗Hs(R+)
⊕
J−




→ π∗Vreg




F ′ ⊗Hs−ν(R+)
⊕
J+


 , (2.29)

πVreg : T ∗Vreg × R
l \ 0 → Vreg, where E′ := E|V, F ′ := F |V. Because of the

assumed edge-degenerate nature of our operator family, near r = 0 we can write

σψ(A) = σψ(A)(r, x, y, ρ, ξ, η, λ)

= r−νσ̃ψ(A)(r, x, y, ρ̃, ξ, η̃, λ̃)|ρ̃=rρ,η̃=rη,λ̃=rλ,

where σ̃ψ(A)(r, x, y, ρ̃, ξ, η̃, λ̃), (ρ̃, ξ, η̃, λ̃) 6= 0, is smooth up to r = 0. Moreover,

σ∂(A) = σ∂(A)(r, x′, y, ρ, ξ′, η, λ)

= r−ν σ̃∂(A)(r, x′, y, ρ̃, ξ′, η̃, λ̃)|
ρ̃=rρ,η̃=rη,λ̃=rλ,

where σ̃∂(A)(r, x′, y, ρ̃, ξ′, η̃, λ̃), (ρ̃, ξ′, η̃, λ̃) 6= 0, is smooth up to r = 0. Finally,
we have the parameter-dependent principal (in the sense of Douglis-Nirenberg
homogeneity) edge symbol

σ∧(A) := σ∧((Aij(λ))i,j=1,2,3),

σ∧(A) : π∗Y



Ks,γ(X∧;m)

⊕
L−


→ π∗Y



Ks−ν,γ−ν(X∧;n)

⊕
L+


 , (2.30)

πY : T ∗Y × R
l \ 0 → Y , where m := (E, J−), n := (F, J+) and moreover

Ks,γ(X∧;m) := Ks,γ(X∧, E) ⊕ Ks−
1
2
,γ− 1

2 ((∂X)∧, J−). The definition of σ∧(A)
is as follows: because of an easy coordinate invariance it suffices to define σ∧(A)



72 A. Oliaro, B.-W. Schulze

in a neighbourhood of a point on the edge in local coordinates y ∈ Ω, Ω ⊆ R
q

open, with the covariable η (and the parameter λ that is also treated as a
component of the full covariables). By linearity we may consider the summands
in (2.24) separately; the only non-vanishing contributions come fromM(λ) and
G(λ). The operators G(λ) are locally pseudo-differential operators with symbols

in Rν,dG (Ω × R
q+l;wΩ)O. Those symbols are classical and Douglis-Nirenberg

homogeneous and have a principal term, namely σ∧(G(λ)). Concerning M(λ)
it suffices to look at the upper left corner M(λ), cf. (2.26) and (2.23). First we
have

σ∧(M(λ)) =
N∑

j=1

σ∧
(
φj(χ

−1)∗Op(aj)(λ)θj
)
.

In local term we may omit the operator push forward. Since φj and θj are only
y-dependent factors, it suffices to define σ∧(Op(aj)), where we now omit j. For

a(y, η, λ) = σ(r){aM (y, η, λ) + aψ(y, η, λ)}σ̃(r) ,

we set (in the notation of Remark 2.10, Proposition 2.11, and with (η, λ) in
place of η)

σ∧(Op(a))(y, η, λ) = r−ν{ω(r|η, λ|)op
γ−n

2

M (h0)(y, η, λ)ω̃(r|η, λ|)

+ χ(r|η, λ|)opr(p0)(y, η, λ)χ̃(r|η, λ|)}.

The homogeneity of σ∂(A) and σ∧(A) in Douglis-Nirenberg order convention
is connected with shifts of smoothness and weights by 1

2 in the spaces on
the boundary. We have, when κδ : Hs(R+) → Hs(R+) means (κδu)(xn) =

δ
1
2u(δxn), δ ∈ R+,

σ∂(A)(r, x′, y, δρ, δξ′, δη, δλ)

= δν
(
κδ 0

0 δ
1
2

)
σ∂(A)(r, x′, y, ρ, ξ′, η, λ)

(
κδ 0

0 δ
1
2

)−1

, (2.31)

for all δ ∈ R+. The homogeneity of σ∧(A) in the Douglis-Nirenberg orders

sense is based on group actions κ
(n)
δ u(r, x) := δ

n+1
2 u(δr, x) and κ

(n−1)
δ v(r, x′) :=

δ
n
2 v(δr, x′), δ ∈ R+, in the spaces Ks,γ(X∧, E) and Ks−

1
2
,γ− 1

2 ((∂X)∧, J), re-
spectively. Then

σ∧(A)(y, δη, δλ) = δν diagκ σ∧(A)(y, η, λ) diag−1
κ , (2.32)

for all δ ∈ R+, where diagκ := diag(κ
(n)
δ , δ

1
2κ

(n−1)
δ , δ

n+1
2 ). The triple

σ(A) := (σψ(A), σ∂(A), σ∧(A)) (2.33)
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is called the principal symbol of A ∈ Yν,d(W;w; Rl)O. For convenience, the
order ν of A is not explicitly indicated in (2.33); clearly the homogeneity of
σψ(A) in the standard meaning as well as the twisted homogeneity in the rela-
tions (2.31) and (2.32) are always assumed to be connected with the order of
A in the described way.

The 2×2 upper left corners of σ∧(A)(y, η, λ) are families of operators in the
cone algebra of boundary value problems on X∧. As such they have a principal
(and also a lower order) conormal symbolic structure. Let us set

σMσ∧(A)(y, z) =
N∑

j=1

φj h̃j(0, y, z, 0, 0)θj ,

cf. also the formula (2.15). This is just the principal conormal symbol of
the respective cone operator σ∧(A)(y, η, λ) which is independent of η, λ. It is
regarded as a subordinate symbolic level because it is uniquely determined by
σ∧(A). Since σ∧(A) is completely determined by A itself, we may also write

σM (A)(y, z) := σMσ∧(A)(y, z), (2.34)

interpreted as a family of elements of Bν,d(X,v), see also the formula (2.16).

Remark 2.21. If A ∈ Yν,d(W;w; Rl)O, satisfies σ(A) = 0, then we have
A ∈ Yν−1,d(W;w; Rl)O; in that case the operators (2.27) are compact for every
s > d− 1

2 .

Theorem 2.22. If A ∈ Yν,d(W;w; Rl)O and B ∈ Yµ,e(W;v; Rl)O, for w =
(E0, F ;J0, J+;L0, L+) and v = (E,E0;J−, J0;L−, L0), thenAB ∈ Yµ+ν,h(W;w◦
v; Rl)O for w ◦ v = (E,F ;J−, J+;L−, L+), h = max(µ + d, e), and we have

σ(AB) = σ(A)σ(B) in the sense of componentwise composition.

Proof. The proof is close to a corresponding result in a larger operator al-
gebra of boundary value problems without parameters λ ∈ R

l, cf. [13], Chapter
4. The new element here is that we control dependence on parameters which
are involved as additional covariables in edge-degenerate form and that the
corresponding sub-algebra with holomorphic Mellin symbols and flat Green op-
erators is preserved under composition. What concerns parameters there is
no essential extra difficulty, because, modulo smoothing operator families that
are Schwartz functions in λ ∈ R

l with values in smoothing edge-boundary value
problems, the composition may be discussed for localised operators. Then, sim-
ilarly as standard pseudo-differential operators, the composition is reduced to
Leibniz-multiplied amplitude functions which are here operator-valued, cf. the
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relation (2.14). In this consideration the parameter is simply to be treated as
an extra covariable. What concerns holomorphy (in z ∈ C) of Mellin symbols
and flatness (in cone axis direction) of Green amplitude functions, we can pass
to the alternative description of amplitude functions as in Theorem 2.13. The
composition then preserves the holomorphy and flatness, as it may be found
in [8] for the case of a closed cone base and analogously, in [13] for the case of
boundary value problems.

2.4. Ellipticity

Definition 2.23. An operatorA ∈ Yµ,d(W;w; Rl)O is said to be (parameter-
dependent) elliptic of order µ and with respect to a weight γ ∈ R if σ(A) =
(σψ(A), σ∂(A), σ∧(A)) is elliptic in the following sense:

(i) σψ(A) : π∗Wreg
E −→ π∗Wreg

F is an isomorphism, and σ̃ψ(A) is bijective for

(ρ̃, ξ, η̃, λ̃) 6= 0 up to r = 0;

(ii) σ∂(A) : π∗Vreg




E′ ⊗Hs(R+)
⊕
J−


 → π∗Vreg




F ′ ⊗Hs−µ(R+)
⊕
J+


 is an iso-

morphism for an s = s0 > max(µ, d) − 1
2 , and also σ̃∂(A) is bijective for

(ρ̃, ξ′, η̃, λ̃) 6= 0 up to r = 0;

(iii) σ∧(A) : π∗Y



Ks,γ(X∧;m)

⊕
L−


→ π∗Y



Ks−µ,γ−µ(X∧;n)

⊕
L+


 is an isomor-

phism for an s = s0 > max(µ, d)− 1
2 .

Note that the bijectivities in (ii) and (iii) for an arbitrary s = s0 imply the
same for all s > max(µ, d)− 1

2 .

Theorem 2.24. Let A ∈ Yµ,d(W;w; Rl)O be elliptic. Then

A(λ) :

Ws,γ(W;m) Ws−µ,γ−µ(W;n)
⊕ → ⊕

Hs−n+1
2 (Y,L−) Hs−µ−n+1

2 (Y,L+)

(2.35)

is a family of Fredholm operators for all s > max(µ, d) − 1
2 . For l ≥ 1 we

have indA(λ) = 0 for every λ ∈ R
l and there is a C > 0 such that (2.35) are

isomorphisms for all |λ| ≥ C.
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Proof. The ellipticity of A here is a special case of a generalisation of el-
lipticity for the ‘standard’ edge algebra of boundary value problems from [13],
Chapter 4. In fact, the standard edge algebra admits a parameter-dependent
version, as explained in the proof of Theorem 2.22, and then Yµ,d(W;w; Rl)O is
simply a subalgebra. Ellipticity then entails the existence of a parametrix within
the larger edge algebra (of course, not, in the subclass Y−µ,(d−µ)+(W;w; Rl)O),
and we now use such a result in the analogous case with parameters which
gives us a corresponding parameter-dependent parametrix P(λ) of A(λ). In
this framework we then obtain that P(λ)A(λ) − I is a Schwartz function of
λ ∈ R

l in the space of smoothing operators in the larger algebra; the same is
true of A(λ)P(λ)−I. This yields that A(λ) becomes invertible for sufficiently
large |λ|. At the same time we see that A(λ) is a family of Fredholm operators,
since the remainders are compact for every λ.

3. Kernel Cut-off and Meromorphic Symbols

3.1. Kernel Cut-off for Green Operators

In the following we will take R
l+1 as the space of parameters (λ, τ) for λ ∈

R
l, τ ∈ R. We want to define a class of operator families Yµ,d(W;w; Rl ×

C)O ∋ A(λ,w) with holomorphic dependence on w ∈ C and A(λ, τ + iβ) ∈
Yµ,d(W;w; Rl

λ × Rτ )O for each β ∈ R, with some uniformity condition with
respect to β.

In this section we consider families G(λ, τ) ∈ Yµ,dG (W;w; Rl+1)O with pa-

rameters (λ, τ) ∈ R
l+1 and we construct maps acting from Yµ,dG (W;w; Rl+1)O

to Yµ,dG (W;w; Rl×C)O by a so called kernel cut-off procedure. Let us illustrate
the idea first for the simpler situation of operator-valued symbols.

Let E and Ẽ be Hilbert spaces, endowed with strongly continuous groups of
isomorphisms {κλ}λ∈R+

and {κ̃λ}λ∈R+
, respectively. We then have the symbol

spaces Sµcl(U × R
m+1
ξ,τ ;E, Ẽ), U ⊆ R

p open, cf. Section 1.1. Let Sµcl(U × R
m ×

C;E, Ẽ) denote the subspace of all h(x, ξ, w) ∈ A(Cw, S
µ
cl(U ×R

m;E, Ẽ)) such
that

h(x, ξ, τ + iβ) ∈ Sµcl(U × R
m × R;E, Ẽ) ,

for every β ∈ R, uniformly in compact β-intervals. The space Sµcl(U × Rm ×

C;E, Ẽ) is Fréchet in a canonical way. An adequate semi-norm system is as
follows. Let first (pj)j∈N and (qk)k∈N be countable semi-norm systems in the
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spaces Sµcl(U × R
m;E, Ẽ) and Sµcl(U × R

m × R;E, Ẽ), respectively. Then, for

h(x, ξ, w) ∈ Sµcl(U × R
m ×C;E, Ẽ) we form

αj,K(h) := sup
w∈K

pj(h(x, ξ, w)) , (3.1)

for every K ⊂⊂ C and

δk,[c,c′](h) := sup
c≤β≤c′

qk(h(x, ξ, τ + iβ)) , (3.2)

for every compact interval [c, c′]. Here pj is the semi-norm linked to the variables
(x, ξ) while qk is linked to (x, ξ, τ). Then, if we take, for instance a countable
system of K ⊂⊂ C and compact intervals [c, c′] exausting C and R, respectively,
(3.1), (3.2) form altogether a countable system for our Fréchet topology. Given
an element a(x, ξ, τ) ∈ Sµcl(U ×R

m+1
ξ,τ ;E, Ẽ) we set

k(a)(x, ξ, ϑ) =

∫
eiϑτa(x, ξ, τ) d−τ. (3.3)

This integral defines an element in S ′(R, Sµcl(R
m;E, Ẽ)) for every fixed x ∈ U ,

and it can easily be verified that for every ψ(ϑ) ∈ C∞0 (R) such that ψ(ϑ) ≡ 1
in a neighbourhood of ϑ = 0 (such elements will be called cut-off functions) we
have

(1− ψ(ϑ))k(a)(x, ξ, ϑ) ∈ S(R, Sµcl(R
m;E, Ẽ)) , (3.4)

for every x. Let ϕ(ϑ) ∈ C∞0 (R) and form

H(ϕ)a(x, ξ, w) :=

∫
e−iϑwϕ(ϑ)k(a)(x, ξ, ϑ) dϑ , (3.5)

which is convergent for every w ∈ C. In particular, we can define H(ϕ)a(x, ξ, τ)
by inserting ℑw = 0 in (3.5).

Theorem 3.1. For every a(x, ξ, τ) ∈ Sµcl(U×R
m+1;E, Ẽ) the map ϕ(ϑ)→

H(ϕ)a(x, ξ, τ) induces a coutinuous operator

C∞0 (R) −→ Sµcl(U × R
m+1;E, Ẽ).

Moreover, for fixed ϕ ∈ C∞0 (R) the map a(x, ξ, τ) → H(ϕ)a(x, ξ, w) defines a

coutinuous operator

H(ϕ) : Sµcl(U × R
m+1;E, Ẽ) −→ Sµcl(U × R

m × C;E, Ẽ).
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A proof of this result in a slightly different form may be found in Dorschfeldt
[4], Section 1.5.2.

The operator

H(ψ) : Sµcl(U × R
m+1;E, Ẽ) −→ Sµcl(U × R

m ×C;E, Ẽ)

for a cut-off function ψ(ϑ) ∈ C∞0 (R) (i.e., when ψ(ϑ) ≡ 1 near ϑ = 0) will be
called a kernel cut-off operator. For any such operator we obtain

a(x, ξ, τ) −H(ψ)a(x, ξ, τ) ∈ S−∞(U × R
m+1;E, Ẽ), (3.6)

cf. the relation (3.4).

Proposition 3.2. Let us set ψr(ϑ) = ψ(rϑ) for a cut-off function ψ. Then

we have

H(ψr)a(x, ξ, τ)→ a(x, ξ, τ) ,

as r → 0 in the topology of Sµcl(U × R
m+1;E, Ẽ).

Proof. Observe first that

H(ψr)a(x, ξ, τ) − a(x, ξ, τ) = Fϑ→τ [(ψr(ϑ)− 1)k(a)(x, ξ, ϑ)], (3.7)

and consider fr(x, ξ, ϑ) = (ψr(ϑ)−1)k(a)(x, ξ, ϑ). Since ψr(ϑ)−1 = 0 in a neigh-
bourhood of (ξ, ϑ) = (0, 0), we have that fr(x, ξ, ϑ) ∈ C∞(U,S(Rm+1,L(E, Ẽ))).
We want to prove that

fr(x, ξ, ϑ) −→ 0 in C∞(U,S(Rm+1,L(E, Ẽ))) as r→ 0. (3.8)

Let us write ℓ(·) := ‖κ̃−1
〈ξ,ϑ〉{·}κ〈ξ,ϑ〉‖L(E, eE)

and fix N ∈ N0; observe that there

exists a constant r0 > 0 such that, for every r < r0, (∂hϑ(ψr(ϑ)−1))(1−ψ(ϑ)) =
∂hϑ(ψr(ϑ)−1) for all h ≥ 0. Then, putting 1−ψ(ϑ) := ϕ(ϑ), for m+ |α|+k ≤ N
and r < r0 we have:

sup
(ξ,ϑ)∈Rm+1

ℓ
(
∂αξ ∂

k
ϑfr(x, ξ, ϑ)

)
〈ξ, ϑ〉m

≤ C sup
(ξ,ϑ)∈Rm+1

∑

k1+k2=k

ℓ
(
[∂k1ϑ (ψr(ϑ)− 1)]

ϕ(ϑ)∂k2ϑ

∫
eiϑτ∂αξ a(x, ξ, τ) d

−τ
)
〈ξ, ϑ〉m

≤ C sup
(ξ,ϑ)∈Rm+1

∑

k1+k2=k

|∂k1ϑ (ψr(ϑ)− 1)|

ℓ
(
ϕ(ϑ)∂k2ϑ

∫
eiϑτ∂αξ a(x, ξ, τ) d

−τ
)
〈ξ, ϑ〉m;
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because of the excision function ϕ,

ϕ(ϑ)∂k2ϑ

∫
eiϑτ∂αξ a(x, ξ, τ) d

−τ ∈ C∞(U,S(Rm+1,L(E, Ẽ))),

and so the following estimate holds:

ℓ
(
ϕ(ϑ)∂k2ϑ

∫
eiϑτ∂αξ a(x, ξ, τ) d

−τ
)
≤ C〈ξ, ϑ〉−m−1;

moreover,

|∂k1ϑ (ψr(ϑ)− 1)| is

{
≤ C for ϑ ∈ R ,
= 0 for ϑ ≤ c

r
.

Then for r < r0 we obtain

sup
(ξ,ϑ)∈Rm+1

ℓ
(
∂αξ ∂

k
ϑfr(x, ξ, ϑ)

)
〈ξ, ϑ〉m ≤ C sup

(ξ,ϑ)∈Rm+1

ϑ≥ c
r

〈ξ, ϑ〉−1

≤ C ′r−→
r→0

0.

So (3.8) holds; by (3.7) and the fact that the Fourier transform is an iso-
morphism in the Schwartz classes, we obtain H(ψr)a(x, ξ, τ) → a(x, ξ, τ) in
C∞(U,S(Rm+1,L(E, Ẽ))) as r → 0; then the convergence in Sµcl(U×R

m+1;E, Ẽ)

follows immediately by the well known inclusion C∞(U,S(Rm+1,L(E, Ẽ))) →֒
Sµcl(U × Rm+1;E, Ẽ).

Corollary 3.3. H(ψr)a(x, ξ, τ) ∈ C
∞(R+, S

µ
cl(U × R

m+1;E, Ẽ)).

Proposition 3.4. Let ϕ ∈ C∞0 (R+), let β ∈ R. Then for every a(x, ξ, τ) ∈

Sµcl(U × R
m+1;E, Ẽ) we have an asymptotic expansion

H(ϕ)a(x, ξ, τ + iβ) ∼
∞∑

k=0

ck(ϕ, β)Dk
τ a(x, ξ, τ)

in the space Sµcl(U ×R
m+1;E, Ẽ), with constants ck(ϕ, β) that are independent

of the symbol a. In particular, for any cut-off function ψ(ϑ) in place of ϕ(ϑ)
we have c0(ψ, β) = 1.

By virtue of Theorem 3.1 this is a special case of Proposition 3.6 (i) below.

Corollary 3.5. Let a(x, ξ, τ) ∈ Sµcl(U × R
m+1;E, Ẽ)), and let ψ(ϑ) be a

cut-off function. Then for every α, β ∈ R we have

H(ψ)a(x, ξ, τ + iα)−H(ψ)a(x, ξ, τ + iβ) ∈ Sµ−1
cl (U × R

m+1;E, Ẽ).
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Proposition 3.6. For every h(x, ξ, w) ∈ Sµcl(U × R
m × C;E, Ẽ) we have

the following properties:

(i)

h(x, ξ, τ + iβ)− h(x, ξ, τ + iα) ∈ Sµ−1
cl (U × R

m+1
ξ,τ , E, Ẽ) , (3.9)

for every α, β ∈ R, and there is an asymptotic expansion

h(x, ξ, τ + iβ) ∼
∞∑

k=0

ck(α, β)Dk
τh(x, ξ, τ + iα) (3.10)

in Sµcl(U×R
m+1;E, Ẽ), with constants ck(α, β), depending on α, β, k (not

on h);

(ii) h(x, ξ, τ + iα) ∈ Sµ−1
cl (U × R

m+1
ξ,τ ;E, Ẽ) for any fixed α ∈ R implies that

h(x, ξ, w) ∈ Sµ−1
cl (U × R

m × C;E, Ẽ); in particular, if h(x, ξ, τ + iβ) ∈

S−∞(U × R
m+1;E, Ẽ) then h(x, ξ, w) ∈ S−∞(U × R

m ×C;E, Ẽ).

(iii) {h(x, ξ, τ + iβ) ∈ Sµcl(U × R
m+1;E, Ẽ) : h(x, ξ, w) ∈ Sµcl(U × R

m ×

C;E, Ẽ)}+ S−∞(U × R
m+1;E, Ẽ) = Sµcl(U × R

m+1;E, Ẽ).

Proof.

(i) By the Taylor formula we obtain

h(x, ξ, τ + iβ) =

N−1∑

k=0

(β − α)k

k!
Dk
τh(x, ξ, τ + iα) (3.11)

+
(β − α)N

N !
DN
τ h(x, ξ, τ + iρ) ,

for a suitable ρ between α and β. Now, since ρ belongs to a compact inter-

val and h(x, ξ, w) ∈ Sµcl(U ×R
m×C;E, Ẽ), we have (β−α)N

N ! DN
τ h(x, ξ, τ +

iρ) ∈ Sµ−Ncl (U ×R
m+1
ξ,τ ;E, Ẽ); then (3.12) gives us the asymptotic expan-

sion (3.10) with constants ck(α, β) = (β−α)k

k! . In particular, for N = 1 we
have (3.9).

(ii) By (3.9) we obtain

h(x, ξ, τ + iβ) = h(x, ξ, τ + iα) mod Sµ−1
cl (U × R

m+1;E, Ẽ),
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and so h(x, ξ, τ + iβ) ∈ Sµ−1
cl (U ×R

m+1;E, Ẽ) for every β. Moreover, the
Taylor formula gives us, for a fixed γ,

h(x, ξ, τ + iβ) = h(x, ξ, τ + iγ) + (β − γ)Dτh(x, ξ, τ + iρ) , (3.12)

for ρ between β and γ. Now h(x, ξ, τ + iγ) ∈ Sµ−1
cl (U ×R

m+1;E, Ẽ), and

moreover (β−γ)Dτh(x, ξ, w) ∈ Sµ−1
cl (U×R

m×C;E, Ẽ), since h ∈ Sµcl(U×

R
m × C;E, Ẽ). Note in particular that (β − γ)Dτh(x, ξ, τ + iρ) satisfies

uniform Sµ−1 estimates for ρ in compact intervals; then by (3.12) in which
we keep γ fixed, we obtain the uniform Sµ−1 estimates of h(x, ξ, τ + iβ)
for β in compact intervals.

(iii) Let us consider a(x, ξ, τ) ∈ Sµcl(U × R
m+1
ξ,τ ;E, Ẽ), and form

H(ϕ)a(x, ξ, w) ∈ Sµcl(U × R
m × C;E, Ẽ) for a cut-off function ϕ(ϑ); we

have to prove that

a(x, ξ, τ) −H(ϕ)a(x, ξ, τ) ∈ S−∞(U × R
m+1;E, Ẽ).

By (3.5) it follows that

a(x, ξ, τ) −H(ϕ)a(x, ξ, τ) =

∫
e−iϑτ (1− ϕ(ϑ))k(a)(x, ξ, ϑ) dϑ;

since 1 − ϕ(ϑ) = 0 in a neighbourhood of (ξ, ϑ) = (0, 0), we have that
(1 − ϕ(ϑ))k(a)(x, ξ, ϑ) ∈ C∞(U,S(Rm+1,L(E, Ẽ))), and so by the iso-
morphism of the Fourier transform in the Schwartz classes we obtain that
a(x, ξ, τ)−H(ϕ)a(x, ξ, τ) belongs to

C∞(U,S(Rm+1,L(E, Ẽ))) = S−∞(U ×R
m+1;E, Ẽ). �

The above scheme of constructing kernel cut-offs for operator-valued sym-
bols can be specialised to Green symbols in the sense of Definition 2.5, here
applied for covariables (ξ, τ) ∈ R

m+1 instead of η.
Applying Remark 2.6 the procedure can be completely reduced to the situa-

tion before of operator-valued symbols between Hilbert spaces E, Ẽ. The slight
modification with Douglis-Nirenberg orders does not change anything, because
we could consider separately the spaces of symbols consisting of the entries of
different orders. So we can directly formulate the corresponding results.

First we have the spaces Rµ,dG (U ×R
m×C;w)O of Green symbols g(y, ξ, w)

belonging to A(C,Rµ,dG (U × R
m;w)O) such that

g(y, ξ, τ + iβ) ∈ Rµ,dG (U × R
m+1;w)O ,

for every β ∈ R, uniformly in compact β-intervals.
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Remark 3.7. By replacing Sµcl(U × R
m+1;E, Ẽ), Sµcl(U × R

m × C;E, Ẽ),

etc. byRµ,dG (U×R
m+1;w)O, Rµ,dG (U×R

m×C;w)O, etc., the results of Theorem
3.1, Proposition 3.2, Proposition 3.4 and Corollary 3.5 remain true in analogous
form.

We now pass to the kernel cut-off for families of Green operators G(λ, τ) ∈

Yµ,dG (W;w; Rl+1)O themselves. For convenience, we assume W to be compact,
although the constructions can also be performed for non-compact W. To this
end we first introduce a natural Fréchet space structure in Yµ,dG (W;w; Rl+1)O.
The space of smoothing operator families Y−∞,d(W;w; Rl+1)O is Fréchet in an
obvious way. Moreover, we have a representation as a non-direct sum

Yµ,dG (W;w; Rl+1)O =

N∑

j=1

Yj + Y−∞,d(W;w; Rl+1)O , (3.13)

where Yj denotes the subspace of all elements of Yµ,dG (W;w; Rl+1)O that are of
the form

diag (ω, ω, 1)φjG(λ, τ)θj diag (ω̃, ω̃, 1),

for arbitrary G(λ, τ) ∈ Yµ,dG (W;w; Rl+1)O, cf. the formula (2.22). Let us choose

functions θ̃j ∈ C
∞
0 (Vj) that equal 1 on supp θj; then we have φj θ̃j = φj, θj θ̃j =

θj for all j. The space Yj is contained in the space Ỹj of all elements of

diag (ω, ω, 1)Yµ,dG (W;w; Rl+1)O diag(ω̃, ω̃, 1)

the (operator-valued) distributional kernel of which is supported in Vj × Vj .

Let us pass to local representations of operators of Ỹj in Ωj × Ωj ∋ (y, y′)
via push forward under χ : Vj → Ωj. Then, similarly to the general pseudo-
differential calculus with operator-valued symbols, cf. the remarks at the end
of Section 1.2, every element G(λ, τ) ∈ Ỹj, can be written as a sum G(λ, τ) =
G0(λ, τ)+G1(λ, τ), where G0(λ, τ) is properly supported in the (y, y′)-variables,
and G1(λ, τ) is smoothing in the sense that when we multiply G1(λ, τ) from both
sides with θ̃j we obtain (by extension by zero outside our neighbourhood) an
element belonging to the space Y−∞,d(W;w; Rl+1)O. Without loss of generality
we may assume that the kernel of G0(λ, τ) is supported for all (λ, τ) in a fixed
proper compact set K ⊂ Ωj × Ωj (that contains diag Ωj × Ωj in its interior).

Denote by Yj,K the subspace of all elements in Ỹj with support K in that sense.
There is then a one-to-one map

σ : Yj,K −→ R
µ,d
G (Ωj × R

q+l;wΩj
)O,K (3.14)
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to a closed subspace of Rµ,dG (Ωj×R
q+l;wΩj

)O such that G(λ, τ) = Opy(g)(λ, τ)
for g = σ(G), cf. the constructions at the end of Section 1.2. From the bijection
(3.14) we have a Fréchet topology in the space Yj,K for every j. Because of the
properties concerning supports of distributional kernels we also have

Yµ,dG (W;w; Rl+1)O =

N∑

j=1

Yj,K + Y−∞,d(W;w; Rl+1)O , (3.15)

instead of (3.13). We then finally endow Yµ,dG (W;w; Rl+1)O with the Fréchet
topology of the non-direct sum.

Let now Yµ,dG (W;w; Rl×C)O denote the space of all G(λ, z) ∈ A(C,Yµ,dG (W;w; Rl
λ)O)

such that G(λ, τ + iβ) ∈ Yµ,dG (W;w; Rl
λ × Rτ )O for every β ∈ R, uniformly in

compact β-intervals. From the definition we immediately obtain a Fréchet space
structure in the space Yµ,dG (W;w; Rl × C)O.

Every G(λ, τ) ∈ Yµ,dG (W;w; Rl
λ × Rτ )O has the form

G(λ, τ) =

diag (ω, ω, 1)

N∑

j=1

φj(χ
−1
j )∗Op (gj)(λ, τ)θj diag (ω̃, ω̃, 1) + C(λ, τ),

cf. the formulas (2.22), (3.13), where gj(y, η, λ, τ) are local Green symbols, cf.
(2.21), and C(λ, τ) ∈ Y−∞,d(W;w; Rl

λ×Rτ )O. Similarly as before for amplitude
functions we can apply kernel cut-off to operator families. In particular, if
k(G)(λ, ϑ) =

∫
eiϑτG(λ, τ)dτ , G(λ, τ) ∈ Yµ,dG (W;w; Rl+1

λ,τ )O, we can pass to

H(ϕ)G(λ,w) =

∫
e−iϑwϕ(ϑ)k(G)(λ, ϑ) dϑ,

ϕ ∈ C∞0 (R), w ∈ C. A consequence of the above general results is the following
theorem.

Theorem 3.8. The mapH(ϕ), ϕ ∈ C∞0 (R), induces a continuous operator

H(ϕ) : Yµ,dG (W;w; Rl+1
λ,τ )O −→ Y

µ,d
G (W;w; Rl

λ × Cw)O , (3.16)

for every µ ∈ Z, d ∈ N. In particular, if ψ is a cut-off function, it follows that

G(λ, τ) −H(ψ)G(λ, τ) ∈ Y−∞,d(W;w; Rl+1
λ,τ )O.

Moreover, given H(λ,w) ∈ Yµ,dG (W;w; Rl × C), the (parameter-dependent)
homogeneous principal edge symbol σ∧(Hβ)(y, η, λ, τ) of Hβ(λ, τ) := H(λ, τ +

iβ) ∈ Yµ,dG (W;w; Rl+1) is independent of β ∈ R.
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Proof. Let us set

(H(ϕ)G)(λ,w) =

diag (ω, ω, 1)

N∑

j=1

φj(χ
−1
j )∗Op (H(ϕ)(gj))(λ,w)θj diag (ω̃, ω̃, 1),

with (H(ϕ)gj)(y, η, λ,w) being interpreted as in Remark 3.7. The conclusions
then follow from the preceding results on Green symbols, or, more generally,
operator-valued symbols, cf., in particular, Theorem 3.1 and (3.6).

Remark 3.9. Proposition 3.2, Proposition 3.4 and Corollary 3.5 have
immediate analogoues for the case of families of Green operators.

3.2. Kernel Cut-off for the Edge Calculus

The next step in the program to construct holomorphic functions of w ∈ C

with values in Yµ,d(W;w; Rl)O is to focus on the summand in the middle of
the right of (2.24), again with (λ, τ) instead of λ. Concerning bundle data we
use an analogous notation as in Definition 2.16. Because of (2.25) it suffices to
consider P (λ, τ) ∈ Bµ,d(Wreg;v; Rl+1). Let

B−∞,d(Wreg;v; Rl × C) (3.17)

denote the space of all elements G(λ,w) ∈ A(C,B−∞,d(Wreg;v; Rl)) such that
G(λ, τ + iβ) ∈ B−∞,d(Wreg;v; Rl+1

λ,τ ) for every β ∈ R, uniformly in compact

β-intervals. Moreover, Bµ,d(Wreg;v; Rl×C) is defined as the set of all operator
families

P(λ,w) = A0(λ,w) +A1(λ,w) + G(λ,w) ,

such that G(λ,w) ∈ B−∞,d(Wreg;v; Rl × C), while A0(λ,w) and A1(λ,w) are
of the following structure: using similar notation as in Definition 1.8, here with
Wreg instead of X, we set:

A1(λ,w) =

(
(1− ω)(H(ψ)Aint)(λ,w)(1 − ω̃) 0

0 0

)
,

for a cut-off function ψ and an operator Aint(λ, τ) belonging to the class Lµcl(Wreg;E,F ; Rl+1
λ,τ ).

As in the constructions of the preceding section the kernel cut-off operator is
applied to the covariable τ in local parameter-dependent amplitude functions
of Aint(λ, τ). Moreover, we define

A0(λ,w) =Mω

∑

j∈N

Mφj
(H(ψ)Aj)(λ,w)Mθj

Mω̃,
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again in analogy to a corresponding expression in Definition 1.8, where now the
kernel cut-off operator is applied to corresponding local amplitude functions
aj(x̃

′, ξ̃′, λ, τ) of Aj with respect to τ , where aj(x̃
′, ξ̃′, λ, τ)

∈ Rµ,d(Uj,x̃′×R
n−1+q+(l+1)

ξ̃′,λ,τ
; (m,k; j−, j+)) with local coordinates x̃′ for ∂(Wreg)

and corresponding covariables ξ̃′; m and k are the fibre dimensions of E and
F , respectively.

Note that the definition of Bµ,d(Wreg;v; Rl ×C) is correct in the sense that
a change of the cut-off function ψ only affects the result by an operator family
in B−∞,d(Wreg;v; Rl × C); also the choice of local charts, partition of unity,
etc., are not essential. Using the general structures on kernel cut-off from the
beginning of Section 3.1 we obtain the following result.

Theorem 3.10. For every P0(λ, τ) ∈ B
µ,d(Wreg;v; Rl+1

λ,τ ) there exists a

P (λ,w) ∈ Bµ,d(Wreg;v; Rl × C) such that

P0(λ, τ)− P (λ, τ) ∈ B−∞,d(Wreg;v; Rl+1).

Moreover, for every P (λ,w) ∈ Bµ,d(Wreg;v; Rl × C) we have

P (λ, τ + iβ) − P (λ, τ + iα) ∈ Bµ−1,d(Wreg;v; Rl+1) ,

for arbitrary α, β ∈ R. In particular, it follows that (parameter-dependent)
principal interior and boundary symbols of P (λ,w) (with parameters (λ,ℜw))
are independent of ℑw.

We consider now Yµ,d(W;w; Rl+1)O the parameter-dependent edge algebra
on a compact (stretched) manifold W, with parameters (λ, τ) ∈ R

l+1, cf. Def-
inition 2.16. We want to apply the kernel cut-off procedure to the parameter
τ . According to the representation (2.24) there remains the summandM(λ, τ),
since Green elements have been studied in the preceding section and P(λ, τ)
has been treated before. From (2.26) and the relation (2.23) we see that the
kernel cut-off can be reduced to a corresponding operation on amplitude func-
tions aj(y, η, λ, τ) with respect to τ . Let us omit subscript ‘j’ for fixed j. By
virtue of Theorem 2.13, and since Green elements are already treated, we may
look at

a(y, η, λ, τ) = σ(r)op
γ−n

2

M (h)(y, η, λ, τ)σ̃(r) ,

for an operator-valued Mellin symbol h(r, y, z, η, λ, τ). The variable y ∈ Ω is
completely unessential for the following computation; therefore, for simplicity,
we assume that h is independent of y. Because of (2.10) we have h(r, z, η, λ, τ) =
h̃(r, z, rη, rλ, rτ) for some

h̃(r, z, η̃, λ̃, τ̃ ) ∈ C∞(R+,M
µ,d
O (X;v; Rq+l+1

η̃,λ̃,τ̃
)).
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Let ψ(ϑ) be a cut-off function as in the preceding section. We then have

H(ψ)a(η, λ,w) = σ(r)op
γ−n

2

M (H(ψ)h)(η, λ,w)σ̃(r);

so we calculate H(ψ)h. Let us set

kτ (h)(r, z, η, λ, ϑ) =

∫
eiτϑh̃(r, z, rη, rλ, rτ) dτ

and

kτ̃ (h̃)(r, z, η̃, λ̃, ϑ̃) =

∫
eiτ̃ ϑ̃h̃(r, z, η̃, λ̃, τ̃) dτ̃ .

We then obtain

kτ (h)(r, z, η, λ, ϑ) = r−1

∫
eiτ̃

ϑ
r h̃(r, z, η̃, λ̃, τ̃ ) dτ̃

= r−1kτ̃ (h̃)
(
r, z, rη, rλ,

ϑ

r

)
.

It follows that

H(ψ)h(r, z, η, λ,w) =

∫
e−iϑwψ(ϑ)kτ (h)(r, z, η, λ, ϑ) dϑ

= r−1

∫
e−iϑwψ(ϑ)kτ̃ (h̃)

(
r, z, rη, rλ,

ϑ

r

)
dϑ

=

∫
e−iϑ̃rwψ(rϑ̃)kτ̃ (h̃)(r, z, rη, rλ, ϑ̃) dϑ̃

=
(
H(ψr)h̃

)
(r, z, rη, rλ, rw),

(3.18)

where ψr(ϑ̃) := ψ(rϑ̃), and w ∈ C. We write M−∞,dO (X;v; Rq+l
η,λ × Cw) for

the set of all m ∈ A(Cw,M
−∞,d
O (X;v; Rq+l

η,λ )) such that m(z, η, λ, τ + iβ) ∈

M−∞,dO (X;v; Rq+l+1
η,λ,τ ), uniformly in compact β intervals.

Remark 3.11. Let ψ, ψ̃ be two excision functions. Then we have that
H(ψ)h(r, z, η, λ,w) −H(ψ̃)h(r, z, η, λ,w) has the form

f(r, z, η, λ,w) = f̃(r, z, rη, rλ, rw) ,

for an element f̃(r, z, η̃, λ̃, w̃) in the space

C∞(R+,M
−∞,d
O (X;v; Rq+l

η̃,λ̃
× Cw̃)).
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Recall that if we have a chart χ : V → Ω for a coordinate neighbourhood
V on Y we denote by (χ−1)∗ the pull back of operators from Ω to V which
takes into account chosen trivialisations of vector bundles on Y restricted to V .
Then a typical ingredient of our edge calculus are operators of the form

M0(λ, τ) := φ(χ−1)∗Opy(a)(λ, τ)θ , (3.19)

for φ, θ ∈ C∞0 (V ) and an amplitude function a(y, η, λ, τ) as in (2.23) (here with
(λ, τ) in place of λ). According to Theorem 2.13 we may take

a(y, η, λ, τ) = σ(r) op
γ−n

2

M (h)(y, η, λ, τ)σ̃(r)

modulo flat Green symbols (the latter ones are treated in the preceding sec-
tion), h(r, y, z, η, λ, τ) = h̃(r, y, z, rη, rλ, rτ) for an element h̃(r, y, z, η̃, λ̃, τ̃) ∈

C∞(R+ × Ω,Mµ,d
O (X;v; Rq+l+1

η̃,λ̃,τ̃
)). Applying the kernel cut-off operator H(ψ)

to (3.19) with respect to the variable τ we obtain

M(λ,w) := (H(ψ)M0)(λ,w) = φ(χ−1)∗Opy(H(ψ)a)(λ,w)θ , (3.20)

for
(H(ψ)a)(y, η, λ,w) = σ(r) op

γ−n
2

M (H(ψ)h)(y, η, λ,w)σ̃(r).

Here, according to (3.18), we have that

(H(ψ)h)(r, y, z, η, λ,w) = (H(ψr)h̃)(r, y, z, rη, rλ, rw).

Definition 3.12. Let µ ∈ Z, and w = (E,F ;J−, J+;L−, L+) and d ∈ N.
We write Yµ,d(W;w; Rl × C)O for the space of all operator families

M(λ,w) + P(λ,w) + G(λ,w) +N (λ,w),

where

M(λ,w) =

(
M(λ,w) 0

0 0

)
,

with M(λ,w) =
∑N

j=1 φj(χ
−1
j )∗Opy(H(ψ)aj)(λ,w)θj , cf. the description on

operators (3.20) before,

P(λ,w) =

(
(1− σ)P (λ,w)(1 − ˜̃σ) 0

0 0

)
,

where P (λ,w) ∈ Bµ,d(Wreg;v; Rl × C); G(λ,w) ∈ Yµ,dG (W;w,Rl × C)O, and
finally

N (λ,w) =

(
N(λ,w) 0

0 0

)
,
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N(λ,w) =
∑N

j=1 φj(χ
−1
j )∗Opy(mj)(λ,w)θj , where we choose mj in the space

C∞(R+,M
−∞,d
O (X;v; Rq+l

η,λ × Cw)).

Observe that, by virtue of Remark 3.11, Definition 3.12 is correct, i.e.,
independent of the specific choice of the cut-off function ψ.

Theorem 3.13. For every A0(λ, τ) ∈ Y
µ,d(W;w; Rl+1)O there exists an

operator family A(λ,w) ∈ Yµ,d(W;w; Rl × C)O such that

A0(λ, τ)−A(λ, τ) ∈ Y−∞,d(W;w; Rl+1)O. (3.21)

Moreover, for all A(λ,w) ∈ Yµ,d(W;w; Rl×C)O we have A(λ, τ+iβ)−A(λ, τ+
iα) ∈ Yµ−1,d(W;w; Rl+1)O for arbitrary α, β ∈ R. In particular, it follows that

for Aβ(λ, τ) := A(λ, τ + iβ), β ∈ R, the (parameter-dependent) homogeneous

principal interior, boundary and edge symbols σψ(Aβ), σ∂(Aβ) and σ∧(Aβ)
are independent of β. The same is true for subordinate conormal symbols

σM (Aβ)(y, z).

Proof. The proof consists of applying kernel cut-off constructions with a
cut-off function ψ to the summands in the formula (2.24) separately, here, of
course in the version M0(λ, τ), P0(λ, τ) and G0(λ, τ), cf. Theorem 3.8 for
G0(λ, τ), Theorem 3.10 for P0(λ, τ), and the formula (3.20) forM0(λ, τ).

Clearly we also have (in the notation of Theorem 3.13)

σψ(A0(λ, τ)) = σψ(A(λ,w)), σ∂(A0(λ, τ)) = σ∂(A(λ,w)),

σ∧(A0(λ, τ)) = σ∧(A(λ,w)), σM (A0(λ, τ)) = σM (A(λ,w)) ,

for w = τ + iβ with arbitrary β ∈ R.

Theorem 3.14. A ∈ Yν,d(W;w; Rl × C)O, B ∈ Yµ,e(W;v; Rl × C)O for

w and v as in Theorem 2.22 implies AB ∈ Yν+µ,h(W;w ◦ v; Rl × C)O for h =
max(µ+ d, e), and we have σ(AB) = σ(A)σ(B) in the sense of componentwise

composition.

Proof. Let us write A(λ,w) = A(λ, τ + iβ) and B(λ,w) = B(λ, τ + iβ).
Then, for fixed β we obtain thatA(λ, τ+iβ)B(λ, τ+iβ) belongs to Yµ+ν,h(W;w◦
v; Rl+1

λ,τ )O which is a consequence of Theorem 2.22. An inspection of the proof of
Theorem 2.22 shows also the holomorphy of the composition in the parameter
w ∈ C.
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3.3. Ellipticity of Holomorphic Families

We now turn to ellipticity of families of edge boundary value problems on W.

Definition 3.15. An element A(λ,w) ∈ Yµ,d(W;w; Rl × C)O is called
elliptic, if there is a β ∈ R such that A(λ, τ + iβ) is elliptic in the sense of
Definition 2.23.

Because of Theorem 3.13 the definition is correct, i.e., independent of the
choice of β. Moreover, if A(λ, τ + iβ) is elliptic, so is A(λ, τ + iα) for every
α ∈ R.

Theorem 3.16. Let A(λ,w) ∈ Yµ,d(W;w; Rl × C)O be elliptic. Then

Ws,γ(W;m) Ws−µ,γ−µ(W;n)
A(λ,w) : ⊕ −→ ⊕

Hs−n+1
2 (Y,L−) Hs−µ−n+1

2 (Y,L+)

(3.22)

(with the same notation as in Theorem 2.24) is a family of Fredholm operators

for every s > max(µ, d) − 1
2 , and for every c, c′ ∈ R, c < c′, there exists a

C > 0 such that the operators (3.22) are isomorphisms for all (λ,w) ∈ R
l × C,

c < ℑw < c′ and |ℜw| ≥ C.

Proof. Let us write A(λ,w) = A(λ, τ + iβ). Then, for every fixed β ∈ R we
have an elliptic element in Yµ,d(W;w; Rl+1

λ,τ )O, and hence we can apply Theorem
2.24. This gives us the Fredholm property of (3.22) and isomorphisms for
|λ, τ | ≥ C for some C > 0. It is then sufficient to require |τ | = |ℜw| ≥ C. The
dependence of our operators on β is C∞ with respect to the operator norm.
Therefore, we find a continuous choice of the constant C = C(β). This allows
us to find a C for all β varying in a compact interval [c, c′] which completes the
proof.

Holomorphic operator families (3.22) for the case l = 0 play the role of
conormal symbols of a next higher calculus of corner boundary value problems
and for the evaluation of iterated edge/corner asymptotics. In this connection
the following observation is essential.

Proposition 3.17. Let A(w) ∈ Yµ,d(W;w; C)O be elliptic. Then there

exists a countable set D ⊂ C with finite intersection D∩{w : c ≤ ℑw ≤ c′}
for every c < c′, such that A(w) is bijective for all w ∈ C \ D (and all s >
max(µ, d)− 1

2).

This is a consequence of a corresponding general result on holomorphic
Fredholm families between Hilbert spaces; it employs the fact that there is at
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least one w ∈ C, where A(w) is an isomorphism, cf., e.g., [28], Section 1.2.4.
Theorem 3.16 tells us that the latter condition holds in our case, namely for
|ℜw| sufficiently large. The non-bijectivity points w ∈ D of A(w) give rise to
poles of A−1(w). Its meromorphic structure fits to a general functional analytic
framework as is studied in [9], see also Gramsch [10] or Gramsch and Kaballo
[11]. In the present case the inverse A−1(w) has interesting specific properties,
since, similarly to the boundaryless case, cf. [19], the poles contribute to iterated
edge/corner asymptotics of solutions to corresponding elliptic corner boundary
value problems. As mentioned in the beginning the asymptotic part of edge
operators with meromorphic families is the main issue of [3]. Let us finally note
that problems on possible factorisations as solved by Witt [30] for meromorphic
families on smooth compact manifolds are also very interesting for the case of
boundary value problems, and, more generally, on manifolds with edges (with or
without boundary). However the factorisation problem in this situation seems
to be extremely difficult.
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Birkhäuser Verlag, Basel (1997).



90 A. Oliaro, B.-W. Schulze

[6] B.V. Fedosov, B.-W. Schulze, N.N. Tarkhanov, On the index formula for
singular surfaces, Pacific J. Math., 191, No. 1 (1999), 25–48.

[7] B.V. Fedosov, B.-W. Schulze, N.N. Tarkhanov, Analytic index formulas for
elliptic corner operators, Ann. Inst. Fourier, 52, No. 3 (2002), 899–982.

[8] J.B. Gil, B.-W. Schulze, J. Seiler, Cone pseudodifferential operators in the
edge symbolic calculus, Osaka J. Math., 37 (2000), 219–258.

[9] I.C. Gohberg, E.I. Sigal, An operator generalization of the logarithmic
residue theorem and the theorem of Rouché, Math. USSR Sbornik, 13, No.
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Birkhäuser Verlag, Basel (1997), 257–285.

[25] E. Schrohe, B.-W. Schulze, A symbol algebra for pseudodifferential bound-
ary value problems on manifolds with edges, In: Differential Equations,
Asymptotic Analysis, and Mathematical Physics, Math. Research, Volume
100, Akademie Verlag, Berlin (1997), 292–324.

[26] B.-W. Schulze, Pseudo-differential operators on manifolds with edges, In:
Symposium “Partial Differential Equations”, Holzhau 1988, Teubner-Texte
zur Mathematik, Volume 112, Teubner, Leipzig (1989), 259–287.

[27] B.-W. Schulze, Pseudo-differential Operators on Manifolds with Singular-
ities, North-Holland, Amsterdam (1991).

[28] B.-W. Schulze, Boundary Value Problems and Singular Pseudo-Differential
Operators, J. Wiley, Chichester (1998).

[29] B.-W. Schulze, Operators with symbol hierarchies and iterated asymp-
totics, Publications of RIMS, Kyoto University 38, No. 4 (2002), 735–802.



92 A. Oliaro, B.-W. Schulze

[30] I. Witt, On the factorization of meromorphic Mellin symbols, In: Ad-
vances in Partial Differential Equations (Parabolicity, Volterra Calculus,
and Conical Singularities) (Ed-s: S. Albeverio, M. Demuth, E. Schrohe, B.-
W. Schulze), Oper. Theory Adv. Appl., Volume 138, Birkhäuser Verlag,
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