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1. Introduction

The Laplace transform inversion is a severely ill-posed problem in the terminol-
ogy of improperly posed problems. Unfortunately, many problems of physical
interest lead to Laplae transforms whose inverses are not readily expressed in
terms of tabulated functions, although there exist extensive tables of transforms
and their inverses. It is highly desirable, therefore, to have methods for approx-
imate numerical inversion. However, no single method gives optimum results
for all purposes and all occasions. For a detailed bibliography, the reader should
consult Piessens [34], Piessens and Branders [35], and a review and comparison
is given in Davies [13] and Talbot [40].
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The problem of the recovery of a real function f(t) for t ≥ 0, given its
Laplace transform

∫ ∞

0
e−stf(t)dt = g(s) , (1.1)

for real values of s, is an ill-posed problem in the sense of Hadamard [15],
and is therefore affected by numerical instability. The ill-posedness of Laplace
transform inversion in the case, where f ∈ L2(R+) and g(s) is known for all real
and positive values of s, can be investigated by means of the Mellin transform
[31], and by means of maximum entropy method [3], [32], [33].

In practice, however g(s) is known only in a finite set of points. The case of
an infinite set of equidistant points was investigated by Papoulis [36], Regular-
ization methods have been discussed by Varah [42], Essah and Delves [14], and
Brianzi [9], [10], Several other methods have been developed [12], [16], [20], [30],
which, in general, work rather well even if they require a large computational
cost and high precision arithmetic.

In (1.1), given g(s) for s ≥ 0 we wish to find f(t) for t ≥ 0 and f(t) = 0
for t < 0, so that (1.1) holds. Frequently g(s) measured at certain points. For
testing purposes we assume g(s) is given analytically with known f(t) so that
we can measure the error in the numerical solution.

2. The Regularization Method

2.1. Fredholm Equation of Convolution Type

The convolution integral equations are widely used in physics, especially in
spectroscopy and the reader is referred to two special monographs by Blass et
al [7] and Jansen [27].

We shall convert the Laplace transform into the first kind integral equation
of convolution type, with the following substitution in equation (1.1)

s = ax and t = a−y , where a > 1. (2.1.1)

Then

g (ax) =

∫ ∞

−∞

log ae−ax−y

f(
(

a−y
)

a−ydy. (2.1.2)

Multipoying both sides of (2.2) by ax we obtain the convolution equation

∫ ∞

−∞

K(x− y)F (y)dy = G(x), −∞ ≤ x ≤ ∞ , (2.1.3)
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where
G(x) = axg (ax) = sg(s)
K(x) = log aaxe−ax

= log ase−s

F (y) = f (a−y) = f(t)







. (2.1.4)

Equation (2.1.3) occurs widely in the applied sciences. K and G are known
kernel and data functions respectively, and F is to be found. We shall assume
that F, G and K lie in suitable function spaces, such as L2(R), so that their
Fourier transform (FTs) exist. ∧ denotes FTs and ∨ denotes inverse FTs).

2.2. Description of the Method

We assume that the support of each function F,F and K is essentially finite
ad contained within the interval [0, T ], where T is the period and equal to Nh,
where N is the number of data points and h is the spacing.

Let TN be the space of trigonometric polynomials of degree at Most N and
period T. We shall look for filtered solution of (2.1.3) within the space TN for
the folowing reasons:

a) Thediscretization error in the convolution may be made precisely zero at
the grid points.

(b) Fast Fourier Transform (FFT) routines are easily employed in the solution
procedure.

(c) The adoption of TN as the approximating function space is itself a regu-
larizing feature.

LetG andK be given atN equally spaced points xn = nh, n = 0, 1, 2, . . . , N−
1, with spacing h = T/N. Then G ad K are interpolated by GN ∈ TN , where

GN =
1

N

N−1
∑

q=0

ĜN,q exp(iωqx) , (2.2.1)

ĜN,q =

N−1
∑

n=0

Gn exp(−iωqxn) , (2.2.2)

where

G(xn) = Gn = GN (xn), ωq =
2πq

T
. (2.2.3)

Similar expressions as (2.2.1) and (2.2.2) can be obtained for KN .
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Consider (2.1.3) the Fredholm integral equation of the first kind of convo-
lution type

(KF )(x) ≡
∫ ∞

−∞

K(x− y)F (y)dy = G(x), −∞ ≤ x ≤ ∞, (2.2.4)

where G and K are known functions in L2(R), and F ∈ Hp(R) is to be found.
Then from the convolution theorem we have

K̂(ω)F̂ (ω) = Ĝ(ω) , (2.2.5)

whence

F (y) =
1

2π

∫ ∞

−∞

Ĝ(ω)

K̂(ω)
exp(iωy)dω. (2.2.6)

The ill-posedness of (2.2.4) is reflected by the fact that any small perturba-
tion ǫ in G, whose transform ǫ̂(ω) does not decay faster than K̂(ω) as |ω| → ∞,

will result in a perturbation in Ĝ(ω)

K̂(ω)
which will grow without bound.

When G is inexact, therefore, we may seek a stable or filtered approximation
to F given by

Fλ(y) =
1

2π

∫ ∞

−∞

Z(ω;λ)
Ĝ(ω)

K̂(ω)
exp(iωy)dω , (2.2.7)

where Z(ω;λ) is a stabilizing or filter function dependent on a parameter λ.
In this paper we restrict attention to filters generated from regularization

theory. The smoothing functional

C(F ;λ) = ||KF −G||22 + λΩ[F ] (2.2.8)

is minimized in an appropaiate subspace of L2, where Ω[F ] is a stabilizing
functional in the form of a smoothing

Ω[F ] = ||LF ||2 (2.2.9)

and L is a linear operator. The regularization parameter λ controls the trade-
off between smoothness, as imposed by Ω and the extent to which (2.2.4) is
satisfied.

We restrict attention to regularization of order p(p = 2 in our case), where
L in (2.2.9) is the p-th order differential operator, LF = F (p) and the norm in
(2.2.9) is L2. The minimizer of (2.2.8) in Hp is the given by (2.2.7) where

z(ω;λ) =
|K̂(ω)|2

|K̂(ω)|2 + λω2p
. (2.2.10)
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If (2.2.4) is now replaced by

(KNFN )(x) ≡
∫ T

0
KN (x− y)FN (y)dy = GN )x) , (2.2.11)

where KN is periodically continued outside (0, T ). Then we may prove (a)
above.

Lemma. Let F ∈ TN and F = (F (x0), . . . , F (xN−1))
T ∈ RN . Then the

N ×N matrix
K = ψdiag (K̂N,q)ψ

H , (2.2.12)

where ψ is the unitary matrix with elements

ψrs =
1√
N

exp

(

2π

N
irs

)

, r, s = 0, . . . , N − 1 (2.2.13)

has the property
(KF )n = (KNF )(xn). (2.2.14)

Thus from the infinite support hyothesis and (2.2.8) it follows that at {xn} ,
(2.1.3) is exactly equivalent to the discrete system

(KF ) = Gn , (2.2.15)

where K is given i (2.2.12) and F = (FN (x0), . . . , FN (xN ))T .
In TN it is easily shown that Fλ in (2.2.7) is approximated by

FN,λ(x) =
N−1
∑

q=0

Zq;λ
Ĝn,q

K̂N,q

exp(iωqx) , (2.2.16)

where the discrete p-th order filter is

Zq;λ =
|K̂N,q|2

|K̂N,q|2 +N2λω̃2p
q

, (2.2.17)

and

ω̃q =











ωq, 0 ≤ q <
1

2
N ,

ωN−q,
1

2
N ≤ q < N − 1 .

(2.2.18)

To show (b) above we note that
√
NψH is the discrete FT matrix repre-

senting (2.2.13), and so (2.2.15) is equivalent to the diagonal system

K̂N,qF̂N,q = ĜN,q. (2.2.19)
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After regularization, (2.2.19) is replaced by

K̂N,qF̂N,q;λ = Zq;λĜN,q , (2.2.20)

so that FN,q;λ(x) may be found by multiplying the FFT of {GN} by the filter,
dividing by the FFT of {KN} , and then taking the inverse FFT (fast Fourier
transform).

2.3. The Filter in a Stochastic Setting

In this section we relate the pth order convolution filter (2.2.17) to certain spec-
tral densities which play a role in the maximum likelihood (ML) optimization
of λ in the next section.

Assume tht the data {Gn} are noisy and that there is an underlying function
UN ∈ TN such that

Gn = Un (xn) + ǫn ≡ Un + ǫn. (2.3.1)

In the limit N → ∞, h→ 0, for any discrete process Xn we may write (see,
for example, ref. (39)).

Xn =

∫ T

0
exp(2πiωn)dSx(ω) , (2.3.2)

where Sx(ω) s a stochastic process defined on [0, T ].

Lemma. The variance of any integral
∫

θ(ω)dSx(ω) is given by
∫

|θ(ω)|2dGx(ω),
where dGx(ω) = E(|dSx(ω)|2). Gx(ω) may be interpolated as a spectral distri-
bution function, and accordingly we shall write dGx(ω) = Px(ω)dω, where
Px(ω) is a spectral density. Now consider FN ∈ TN , with F = (Fn) ≡ FN (xn)
defined by (KF ) = Un, n = 0, . . . , N − 1, with K given by (2.2.12). From
(2.3.2), we have

Fn =

∫ N−1

m=0

{

(K−1)mn

∫ T

0
exp(2πiωm)dSu(ω)

}

=

∫ T

0

[

K̂N (ω)
]−1

exp(2πiωn)dSu(ω) , (2.3.3)

where

K̂N (ω) =
1

N

N−1
∑

n=0

Kn exp(−2πiωn). (2.3.4)
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Assume that Fn is estimated by
∑N−1

m=0 lmGn−m, where {lm} is a filter which
we shall relate to Zq;λ and {Gn} is periodicallycontinued for n /∈ [0, N). Then
the error

Fn −
N−1
∑

m=0

lmGn−m (2.3.5)

is given by

∫ T

0
exp(2πiωn)(K̂N (ω))−1 l̂N (ω)dSu(ω)

−
∫ T

0
exp(2πiωn)l̂N (ω)dsǫ(ω) , (2.3.6)

where l̂N (ω) is defined as in (2.3.4).
From Lemma (2.3.1) the variance of this error is clearly

∫ T

0
|[K̂N (ω)]−1 − l̂N (ω)|2PU (ω)d(ω) +

∫ T

0
|l̂N (ω)|2Pǫ(ω)dω , (2.3.7)

which is minimized when

l̂N(ω)K̂N (ω) =
PU (ω) + P∈(ω)

P
(2.3.8)

and since the Fourier coefficients of the filtered solution must satisfy

F̂N,q;λ = l̂n,qĜN,q = Zq;λĜN,q[K̂N,q]
−1, (2.3.9)

we find from (2.3.8)

Zq;λ = l̂N,qK̂N,q =
PU (qh)

PU (qh) + Pǫ(qh)
, (2.3.10)

where l̂N,q = l̂N (qh) and K̂N,q = K̂N (qh).

2.4. Optimization of Regularization Parameter

by ML Method

We now simply relate the filter (2.3.9) to the p-th order filter (2.2.17). Assuming
that the errors are uncorrelated, Pǫ(ω) has the form

Pǫ(ω) = σ2 − constant, (2.4.1)
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where σ is the unknown variance of the noise in the data.
Choosing

PU (ω) =
σ2|K̂N (ω)|2

λω2p
, (2.4.2)

where

ω̃ =











2πNω, 0 ≤ ω <
1

2
T ,

2πN(T − ω),
1

2
T ≤ ω < T .

Then yields (2.2.17) from (2.3.9). Moreover, the spectral density for {Gn}
is then

PG(ω) = PU (ω) + Pǫ(ω) = σ2

[

1 +
|K̂N (ω)|2
λω̃2p

]

,

whence
PG(ω) = σ2 (1 − Zq;λ)−1 . (2.4.3)

The statistical likelihood of any suggested values of σ2 and λ may now be
estimated from the data. Following Whittle [44], the logarithm of the likelihood
function of PG is given approximately by

constant − 1
2

N−1
∑

q=0

[logPG(qh) + I(qh)/PG(qh)]

(using the definition of joint distribution
of the random variables)



















, (2.4.4)

where

I(ω) =

∣

∣

∣

∣

∣

N−1
∑

n=0

Gn exp(−2π iωn)

∣

∣

∣

∣

∣

2

(2.4.5)

is the periodogram of the data, with I(qh) = |ĜN,q|2.
We now maximize (2.4.4) with respect to σ2 and λ. The partial maximum

with respect to σ2 may be found exactly (in terms of λ with the maximizing
value of σ2 given by the maximum w.r.t λ may then be found) by minimizing

VML(λ) =
1

2
N log





N−1
∑

q=1

|ĜN,q|2(1 − Zq;λ)



− 1

2

N−1
∑

q=1

log(1 − Zq;λ). (2.4.6)

Thus the optimal regularization parameter is given by the minimizer of a
sample function of λ, depending on the known Fourier coefficients ĜN,q and
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K̂N,q. No prior knowledge of σ2 is assumed but an a posteriori estimate is given
by (2.4.5). (2.4.6) can be minimized with respect to λ and in order to minimize
VML(λ) in equation (2.4.6), we have used a subroutine which uses quadratic
interpolation technique to obtain a minimum.

3. Operator Theoretic Method

Very few methods have approached the inversion of the Laplace transform from
an operator theoretic point of view. This approach enables us to obtain highly
accurate approximations with little effort.

In what follows, the Laplace transform is seen as an operator L acting in
the separable Hilbert space L2

dx (0,∞),

L2
dx(0,∞)

L−→ L2
dx(0,∞) ,

defined in the L2 sense by,

L(y)(s) =

∫ ∞

0
e−sxy(x) dx.

It is well known (see [45]) that the Laplace transform of a function of
L2

dx(0,∞) belongs to the Hardy space H2 (see [2]).
where,

H2 =

{

F (σ + iτ) analytic for σ > 0 and sup
σ≥0

∫

ℜ

|F (σ + iτ)|2dτ <∞
}

,

L(y)(s) ∈ H2 ⇔ y ∈ L2
dx(0,∞) ,

and thus the domain of L coincides with those traces of functions in H2 on the
positive real line that are square integrable. Operators acting in the space of
analytic functons have a very interesting feature. Indeed, bounded operators
on the space of entire functions can be represented by differential operators of
infinite order (see [23], [43]).

To employ these concept, we shall need to iterate the Laplace transform.
The symmetry of the kernel of L suggest the construction of the convolution
operator as done earlier. But first we need to iterate the Laplace transform, so
as to obtain a simple convolution form giving rise to the direct employment of
the infinite differential operator.

L2(y)(s) =

∫ ∞

0

y(x)

s+ x
dx , where y ∈ L2

dx(0,∞).
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To bring differential operators into our work, we recall that −i d
dx is a self-adjoint

operator acting on L2
dx(−∞,∞). Thus the space L2

dx(0,∞) must be transformed
into L2

dx(−∞,∞) with proper change of variable and this is achieved by the
following unitary transformation operator V

V : L2(0,∞) −→ L2(−∞,∞).

Following [45] we define V by

V y(x) = e
x
2 y(ex) ,

V −1g(x) =
1√
x

g(Ln x) .

It is readily seen that

V V ∗ = I and so V −1 = V ∗ ,

where the adjoint V ∗ is defined by

∫ ∞

−∞

V f(t)Φ(t) dt =

∫ ∞

0
f(t)V ∗Φ(t) dt.

We now have the operator A acting on the desired space L2
dx(−∞,∞) de-

fined by
A = V L2V −1 ,

L2
dx(−∞,∞)

A−−−−→ L2
dx(−∞,∞)

V −1





y

x





L2
dx(0,∞)

L2

−−−−→ L2
dx(0,∞)

It is immediate to see that A is an integral operator of the Carleman type
defined by a convolution

Ay(x) = K ∗ y(x) =

∫ ∞

−∞

K(x− η) y(η)dη ,

where

K(x) =
1

2 cosh
(

x
2

)

the Fourier transform ∧ is first defined on the set of continuous functions
with compact support and then extended by continuity to L2

dx(−∞,∞) that is
by closing its graph.
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Result. (see [45]) Let g(s) ∈ H2
⋂

L2
dx(0,∞). Then L−1F =

1

π
V −1 cos πDV Lg,

where D =
d

dx
.

The infinite differential operator above can act as a shift operator with some
additional conditions imposed on g.

Result. (see [45]) Let the following conditions hold:

(a) g(s) is real for real s.

(b) f ∈ H2
⋂

L2
dx(0,∞).

(c) V Lg has an analtic extension in the strip Ω = {|Imz| ≤ π} .
Then L−1g(x) =

1

π
V −1 Re [V Lg(x+ iπ)].

Remark. (The Numerical Approximation) We can simplify the above re-
sult to the form

f(x) = L−1g =
−Im (Lg)(−x)

π

The above formula gives an exact inversion formula provided g satisfies the
condition in the previous result, and more importantly if Lg can be obtained
easily and/or taulated. In general Lg is very difficult to evaluate and this
brings about the necessity and strong need for the numerical aproximation
for g, in such a way, the basis functions for the approximation are of the same
nature of the original function g satisfying the condition in the inversion formula
in the above result. For this, we employ the classical Laguerre polynomials
with a proper change of variable. Consider G(s) = e−csg

(

1
s

)

/s, thus for any
g ∈ L2

dx(0,∞), G is also an L2
dx(0,∞) and the approximation of G can be

expanded in the form

Gapprox(x) =

N
∑

k=0

ak L
2α
k (x) ,

where L2α
k are the classical Laguerre polynomial with weight function e−αx and

ak ae defined by

ak =
√

2α

∫ ∞

0
e−αxL2α

k (x)e−cx g
(

1
x

)

x
dx.

Here we have α > c.

Now gapprox =
√

2α

N
∑

k=0

ak L
2α
k

(

1

x

)

e−(α−c)x

x
.
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The Laplace of g is readily tabulated and hence the theory is applicable
and, our final approx of f

fapprox(x) =

−Im
[

√
2α

N
∑

k=0

ak L
(

L2α
k

(

1

t

)

e−(α−c)/t

t

)]

(−x)

π
.

The only numerical work to be done is to approximate the coefficients ak

with efficient integration quadrature with a moderate choice of the parameters
α, c and the number N. For this Maple V4 subroutine is attached.

4. Numerical Checks and Comparison

In this section we tabulate the results of the above method applied to test
problems over the inteerval [0, T ]. All data functions have the property g(s) =
0(s−1), so we deal with severely ill-posed problems. Therefore, nonoise is added
apart from machine rounding error. In all test problems we have taken N = 256
data points.

Problem 1. (Theocaris [41], case 5 p. 79)

f(t) = e−at, a = 1.0 ,

g(s) =
1

s− a
.

The numerical calculations are given in Table 1.

Problem 2. (Theocaris [41], case 4 p. 79).

f(t) = e−at sin bt, a = 5.0, b = 2.2 ,

g(s) =
U sin V

s2 + 2US cos V + U2
, U =

(

a2 + b2
)− 1

2 ,

V = tan−1(b/a) .

The numerical calculations are given in Table 1.

Problem 3. (Brianzi and Mcwhirter [9], [10], [31]).

f(t) = tae−bt for a = 1.0, b = 1.0

g(s) =
Γ(a)

(s + b)a+1
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T h β λ V (λ) ||f − fλ||∞
Prob- The The step The regulariz-
lem period size ing parameter

1 12.50 0.04883 10.0 0.9901 × 10−8 0.7852 × 101 0.0058

2 9.0 0.03516 5.0 0.121 × 10−10 0.8365 × 103 0.009

3 12.01 0.04727 10.0 0.199 × 10−10 0.1134 × 102 0.0012

4 14.50 0.0566 10.0 0.125 × 10−12 0.1992 × 101 0.0019

Table 1: Regularization Method

Prob. T b c N Error = ||f − fapprox||∞.

Period Number of Polys

1 12.5 4 1 50 2.3 ×10−4

2 9 6 1 80 4.9 ×10−4

3 12.01 3 1 40 2.2 ×10−4

4 14.5 4 1 60 2.1 ×10−4

Table 2: Operator Theoretic Method

The Numerical calculations are given in Table 1.

Problem 4. (Varah [42]).

f(t) = tae−bt for a = 3.0, b = 1.0 ,

g(s) =
Γ(a+ 1)

(s+ b)a+1
.

The Numerical calculations are given in Table 1.

Table 2 illustrates the numerical computations of the operator theoretic
method, where the errof is taking in the infinity norm, for the same examples
discussed in the regularization method.

Concluding Remarks

Our methods worked very well over all the four test problems and results ob-
tained yield a very good approximation to the true solutions, shown in Table 1
and Table 2.
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