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Abstract: The classical trust region algorithm was extended to the uncon-
strained LC1 optimization problems successful by Sun. Combining the trust
region algorithm of Sun with the nonmonotone technique, this paper present
a nonmonotone trust region algorithm for the LC1 problems where the gra-
dient of objective function is locally Lipschitzian, the convergence results are
established.
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1. Introduction

Consider the LC1 Unconstrained programming:

(P ) min
x∈Rn

f(x), (1.1)

where f : Rn → R, f ∈ LC1, that means ∇f is a locally Lipschitzian function.
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Wenyu Sun et al [7] extended the classical trust region algorithm to the
LC1 case where the gradient ∇f of objective function f is locally Lipschitzian,
and proved that their algorithm is globally convergent.

Combining the trust region algorithm of Sun et al [7] with the nonmono-
tone technique, we present a nonmonotone trust region algorithm for the un-
constrained LC1 optimization problems and prove that our nonmonotone trust
region algorithm is globally convergent.

2. Algorithm and Basic Assumptions

In the following, we frist give the nonmonotone trust region algorithm for the
unconstrained LC1 problem.

Let f : Rn → R, f ∈ LC1, ∇f is a locally Lipschitzian function, f
′′

D(x; d) is
the second order Dini upper directional derivative of the function f .

At the k-th iteration, given xk and △k, we need to solve the subproblem:

(SP ) min
||d||≤△k

Φk(d) =: f(xk) + ∇f(xk)
T d +

1

2
f

′′

D(xk; d). (2.1)

Assume that d∗k and dk are the exact and an inexact solution of (2.1) respec-
tively. We require that the decrease in Φk(d) must be at least a fraction of the
optimal decrease in Φk, i.e.,

f(xk) − Φk(dk) ≥ β0[f(xk) − Φk(d
∗
k)], (2.2)

where 0 < β0 ≤ 1. In the following algorithm, let M be a nonnegative integer.
For each k, let m(k) satisfy

m(0) = 0 and 0 ≤ m(k) ≤ min[m(k − 1) + 1,M ], for k ≥ 1. (2.3)

In the following, we denote

f(xl(k)) = max
0≤j≤m(k)

[f(xk−j)],

where k − m(k) ≤ l(k) ≤ k. Aredk = f(xl(k)) − f(xk + dk) and Predk =
f(xl(k)) − Φk(dk) stand for the actual reduction and the predicted reduction
in the objective function respectively. The nonmonotone trust region modal
algorithm can be described as follows:

Algorithm NTR:

Step 0. Given x0 ∈ Rn, ε0 > 0,△0 > 0, β1 > 1 > β2 > 0, 0 < β3 < β4 <
1, k := 0.
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Step 1. If || ∇f(xk) || ≤ ε0, then stop. Otherwise, determine an approxi-
mate solution dk to subproblem (2.1).

Step 2. Computing

rk = Aredk/Predk, (2.4)

Set

xk+1 =

{

xk + dk, if rk > β2,
xk, otherwise.

Step 3. Update △k.

△k+1 ∈

{

[β3, β4]△k, if rk ≤ β2,
[1, β1]△k, if rk > β2.

Step 4. k:=k+1, go to Step 1.

The following basic assumptions on f were used in [7].

A1. In the algorithm we require f
′′

D(xk; dk) satisfies

c1|| dk ||2 ≤ f
′′

D(xk; dk) ≤ c2|| dk ||2, (2.5)

where c1 and c2 are the positive constant with 0 < c1 ≤ c2.

A2. The level set L(x0) = {x ∈ Rn | f(x) ≤ f(x0)} is bounded.

3. The Globally Convergence of Algorithm TR

In this section, we establish the convergence results of our algorithm given in
the previous section.

Lemma 3.1. (see [7]) Suppose (2.2) and (2.5) hold, then

f(xk) − Φk(dk) ≥
β0

2
|| ∇f(xk) ||min{△k,

|| ∇f(xk) ||

c2
}, (3.1)

where β0 and c2 satisfy (2.2) and (2.5).

The following conclusion can be deduced directly by the lemma above.

Lemma 3.2. Suppose (2.2) and (2.5) hold, then

Predk = f(xl(k)) − Φk(dk)

≥
β0

2
|| ∇f(xk) ||min{△k,

|| ∇f(xk) ||

c2
}, (3.2)

where β0 and c2 satisfy (2.2) and (2.5).
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Theorem 3.3. Let f ∈ LC1 and f be bounded on Rn. Assume A1-A2
hold. Then the sequence {xk} generated by Algorithm NTR satisfies

lim inf
k→∞

|| ∇f(xk) || = 0. (3.3)

Proof. By Algorithm NTR, there exists a subsequence generated by Algo-
rithm NTR satisfying:

Case (a) There exists a subsequence {rk : k ∈ K1}, such that rk ≤ β2 and
lim

k∈K1, k→∞
△k = 0, or

Case (b) There exist a subsequence {rk : k ∈ K2} and an positive integer
K0, such that for any k > K0, k ∈ K2, we have rk > β2.

Now let x̄ be an accumulation point of such a subsequence generated by
Algorithm NTR , an infinite subsequence {xk : k ∈ K3} converges to x̄ and
||f(x̄)|| > 0. Then there exists positive number ε > 0 and N > 0, such that for
all k > N ,

|| ∇f(xk) || > ε. (3.4)

We first consider Case (a), it means that K3 ⊆ K1 and lim
k∈K1, k→∞

△k = 0.

Thus
lim

k∈K1, k→∞
|| dk || = 0.

From Lemma 3.1 and the assumption A1, A2, for any sufficiently large k ∈
K3 ⊆ K1, k > N we have

f(xk + dk) − Φk(dk)

f(xk) − Φk(dk)
≤

o(|| dk ||) − 1
2f

′′

D(xk; dk)
β0

2 || ∇f(xk) ||min{△k,
|| ∇f(xk) ||

c2
}

≤
o(||dk||)
β0

2 ε△k

≤
o(||dk||)
β0

2 ε||dk||
.

Making k sufficiently large, we obtain

f(xk + dk) − Φk(dk)

f(xk) − Φk(dk)
< 1 − β2.

It follows that
(1 − β2)f(xk) > f(xk + dk) − β2Φk(dk).

Notice that 0 < β2 < 1 and f(xl(k)) ≥ f(xk), we have that

(1 − β2)f(xl(k)) > f(xk + dk) − β2Φk(dk).
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Then, we conclude that

f(xl(k)) − f(xk + dk)

f(xl(k)) − Φk(dk)
> β2.

This is to say,
rk > β2,

for k > N, k ∈ K3 ⊆ K1 large enough, which leads to a contradiction according
to the assumption of Case (a).

Now, we consider Case (b). Since m(k + 1) ≤ m(k) + 1, we have

f(xl(k+1)) = max
0≤j≤m(k+1)

[f(xk+1−j)] ≤ max
0≤j≤m(k)+1

[f(xk+1−j)]

= max{f(xl(k)), f(xk+1)} = f(xl(k)).

Since the function f is bounded below, then the sequence {f(xl(k))} converges.
From the assumption of Case (b), for any k > K0, k ∈ K3 ⊆ K2, we have

rk > β2.
Denote by δ = min{△k | k ∈ K3} and η = β0β2

2 εmin{δ, ε
c2
} .

By Lemma 3.2, (2.4) and A1, for all k ∈ K3 and k > max{K0, N}, we have

f(xl(k)) − f(xk+1) ≥
β0β2

2
|| ∇f(xk) ||min{△k,

|| ∇f(xk) ||

c2
}.

It follows from (3.4) that for all large k ∈ K3 and k > max{K0, N},

f(xk+1) ≤ f(xl(k)) −
β0β2

2
|| ∇f(xk) ||min{△k,

|| ∇f(xk) ||

c2
}

≤ f(xl(k)) −
β0β2

2
εmin{△k,

ε

c2
}

≤ f(xl(k)) −
β0β2

2
εmin{δ,

ε

c2
}

≤ f(xl(k)) − η. (3.5)

So, we have

f(xl(k)) ≤ f(xl(l(k)−1)) − η. (3.6)

Since the function f is bounded below, then the sequence {f(xl(k))} converges.
From (3.6), we have

η ≤ 0 , (3.7)

which contradicts that η > 0.
Combining the Case (a) and Case (b), the theorem is proved.



256 H. Zhou, C. Xu

Acknowledgements

This work was supported by National Natural Science Foundation of China (No.
10231060) and Academic Creative Project Foundation of Jiangsu Province.

References

[1] J.E. Dennis, S.B. Li, R.A. Tapia, A unified approach to global convergence
of trust region algorithm for nonsmooth optimization, Mathematical Sci-

ences Technical Report, TR 89-5, Rice University, Houston, Texas (1990).

[2] R. Fletcher, Practical Methods of Optimization, Conctrained Optimization,
John Willey and Sons, New York (1981).

[3] J.S. Pang, S.P. Han, N. Rangaraj, Minimization of locally Lipschitzian
functions, SIAM Journal on Optimization, 1 (1991), 57-82.

[4] M.J.D. Powell, Convergence properties of a class of minimization algo-
rithms, In: Nonlinear Programming 2 (Ed-s: O.L. Mangasarian, R.R.
Meyer, S.M. Robinson), Academic Press, New York (1975).

[5] M.J.D. Powell, On the global convergence of trust region algorithms for
unconstrained optimization, Mathematical Programming, 29 (1984), 297-
303.

[6] L. Qi, Jie Sun, A trust region algorithm for minimization of locally Lips-
chitzian functions, Mathematical Programming, 66 (1994), 25-43.

[7] W. Sun, R.J.B. de Sampaio, J. Yuan, Two algorithms for LC1 uncon-
strained optimization, Journal of Compitational Mathematics, 8, No. 6
(2000), 621-632.

[8] Y. Yuan, Conditions for convergence of trust region algorithm for nons-
mooth optimization, Mathematical Programming, 31 (1985), 220-228.

[9] Y. Yuan, W. Sun, Optimization Theory and Methods, Science Press, Beijing
(1997).


