
International Journal of Pure and Applied Mathematics
————————————————————————–
Volume 15 No. 2 2004, 257-264

HOLOMORPHIC PRINCIPAL BUNDLES ON

HOLOMORPHICALLY CONVEX COMPLEX MANIFOLDS

E. Ballico

Department of Mathematics
University of Trento

380 50 Povo (Trento) - Via Sommarive, 14, ITALY

e-mail: ballico@science.unitn.it

Abstract: Let X be a holomorphically convex complex manifold and Exc(X) ⊆
X the union of all positive dimensional compact analytic subsets of X. We as-
sume Exc(X) 6= X and that X is not a Stein manifold. Here we prove the
existence of many holomorphic principal bundles on X which are not trivial.
We also study the existence of holomorphic principal bundles on 2-concave open
subset of a Stein space which are not extendable to a larger open subset. In
this case we may even find families of pairwise non-isomorphic such bundles
depending holomorphically from an arbitrary large number of parameters.
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1. Introduction

J. Winkelmann proved that on any n-dimensional compact complex manifold
there is a non-trivial holomorphic vector bundle of rank at most n ([13] and [14],
Theorem 7.13.1). A famous theorem of Grauert states that on a complex Stein
space the holomorphic and the topological classification of vector bundles are
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the same. In particular every holomorphic vector bundle on a one-dimensional
or a contractible Stein space is holomorphically trivial. A suitable extension of
Grauert’s Theorem to 0-convex complex manifolds was proved by G. Henkin and
J. Leiterer (see [11] and [7]). Here we will consider the existence of non-trivial
holomorphic principal bundles on holomorphically convex complex manifolds.
Let X be a connected holomorphically convex complex manifold and f : X → Z
be its Remert reduction f : X → Z. We recall that f is proper, Z is a Stein
space, f∗(OX ) = OZ and that the pair (Z, f) is uniquely determined by these
properties. Furthermore, f is surjective and for any P ∈ X the fiber f−1(f(P ))
is the union of all irreducible compact analytic subsets of X containing P . X
is Stein if and only if f is an isomorphism. X is compact if and only if Z is a
point. Let Exc(X) := Exc(f) := {P ∈ X : f is not a local isomorphism at P}
be the exceptional locus of f . Exc(f) is the union of all the positive dimensional
irreducible compact analytic subsets of X. We will also call it the exceptional
subset of X. Exc(X) = X if and only if dim(Z) < dim(X). In Section 2 we
will prove the following result.

Theorem 1. Let X be a connected n-dimensional holomorphically convex
complex manifold such that Exc(X) 6= X and Exc(X) 6= ∅. For every integer
r ≥ 2n there are a non-trivial SL(r)-principal bundle and a non-trivial SO(r)-
principal bundle on X. For every integer r ≥ n there is a non-trivial Sp(2r)-
principal bundle on X.

By the classification of all complex simple Lie algebras Theorem 1 proves
the existence of an integer τ (depending only on dim(X)) such that for every
simple Lie algebra g

=
with dim(g

=
) ≥ τ there is a simple Lie group G with g

=
as

Lie algebra such that X carries a non-trivial principal G-bundle.

In Section 3 we will consider the existence of families of pairwise non-
isomorphic principal bundles depending holomorphically from an arbitrary large
number of parameters. This problem seems to be new even in the case of holo-
morphic vector bundles. Essentially, we consider this problem near a concave
boundary point.

2. Proof of Theorem 1

Let X be a reduced complex space and F ,G coherent analytic sheaves on X.
Set G∗ := Hom(G,OX ). The sheaf F is said to be reflexive if the natural map
i : F → F∗∗ is bijective (see [10]). If X is normal and of dimension at least
two the sheaf F is reflexive if and only if at each x ∈ X the stalk Fx is an
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OX,x-module with depth at least two ([10], Proposition 1.3). If X is normal,
U ⊂ X is an open subset such that X\U is a closed analytic subset of X
with codimension at least two and F ,G are reflexive sheaves on X such that
F|U ∼= G|U , then F ∼= G (see [10], parts (iii) and (iv) of Proposition 1.6, for
the algebraic case and use [12], Corollary 0.7, to see that the same proof works
in the analytic case).

We will need the following statement which is stronger than [5], Theorem
1.2, but proved in a similar way.

Lemma 1. Let X be a holomorphically convex complex manifold such
that Exc(X) 6= ∅, Exc(X) 6= X and Exc(X) contains no hypersurface of X.
Fix an integer m ≥ 0 and an open neighborhood U of Exc(X). Then neither
TU ⊕O⊕m

U nor TU ⊕ TU∗ ⊕O⊕m
U are trivial.

Proof. Since X is normal, Z is normal by the universal property of the
Remmert reduction. Let Θf(U) be the tangent sheaf of the complex space f(U),
i.e. the dual of the cotangent sheaf of f(U). Being a dual, it is a reflexive sheaf.
Similary, Θf(U) ⊕ O⊕m

f(U) and Θf(U) ⊕ Θ∗
f(U) ⊕ O⊕m

f(U) are reflexive. Just to fix

the notation, in order to obtain a contradiction we assume TU ⊕ TU∗ ⊕O⊕m
U .

Thus (Θf(U) ⊕Θ∗
f(U) ⊕O⊕m

f(U))|f(U)\f(Exc(X)) is trivial. Since the trivial rank

2n+m vector bundle on f(U) is the only relexive extension of O⊕2n+m

f(U)\f(Exc(X))
,

we obtain that Θf(U) ⊕ Θ∗
f(U) ⊕ O⊕m

f(U) is trivial and in particular it is locally
free. A direct factor of a finitely generated free module over a Noetherian local
ring is free. Hence ΘX is locally free. Since dim(f(Exc(X))) < dim(Exc(X)) ≤
dim(X) − 2, f(U) is smooth ([8], Corollary at p. 318). The holomorphic map
f : U → f(U) is a holomorphic map between smooth manifolds which is an
isomorphism outside a closed analytic subset of U with codimension at least two.
This implies that f is an isomorphism (use the determinant of the differential
df : TX → f∗(TZ)). By the universal property of the Remmert reduction, this
implies X Stein, contradiction.

Remark 1. Let X be a complex space and E a rank r holomorphic
vector bundle. It is easy to show (use the eveluation map E ⊕ E∗ → OX)
that E ⊕E∗ has a SO(2r)-structure (symmetric form in standard coordinates)
and a Sp(2r)-structure (alternating form in standard coordinates). Similary,
E ⊕ E∗ ⊕ OX has a SO(2r + 1)-structure. Since det(E ⊕ E∗) ∼= OX , E ⊕ E∗

has a SL(2r)-structure and E ⊕ E∗ ⊕OX a SL(2r + 1)-structure.

Proof of Theorem 1. First assume that Exc(X) contains no hypersurface.
Apply Lemma 1 and Remark 1. Now assume that Exc(X) contains a hyper-
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surface of X. By [5], Theorem 1.1, there is a non-trivial holomorphic line
bundle on X. Apply Remark 1. To conclude we need to prove that there is
no open neighborhood U of Exc(X) such that L ⊕ L∗|U ∼= O⊕2

U . For any in-
teger t ≥ 0 let Exc(X)(t) denote the infinitesimal neighborhood of order t of
Exc(X) in X, i.e. the closed analytic subspace with (IExc(X))

t+1 as its ideal

sheaf. Hence Exc(X)(0) is the complex space Exc(X) with its reduced struc-
ture, while Exc(X)(t) is an unreduced complex space for all t > 0. We first
show the existence of an integer k such L|Exc(X)(k) is not trivial. Assume that
this is false for all t > 0. By the Formal Theorem for proper morphisms ([6],
part (ii) of Theorem 3.1) this implies that f∗(L) is trivial in a neighborhood W
of f(Exc(X)) and hence that it has a nowhere vanishing section. The pull-back
of this section induces a trivialization of L on f−1(W ), contradiction. Fix any
integer t such that L|Exc(X)(k). Since Exc(X)(k) is a compact analytic space,
we may apply the Kull-Schmidt uniquenss theorem for direct decomposition
([1], Theorem 3; his proof works for singular and/or unreduced complex spaces
because a direct factor of a locally free coherent sheaf is always locally free).
Hence L⊕L∗|Exc(X)(k) is not trivial. Hence there is no open neighborhood U
of Exc(X) such that L ⊕ L∗|U is trivial, concluding the proof.

In the latter case (i.e. when Exc(X) contains a hypersurface) we may even
take any integer r ≥ 2 for the first assertion of Theorem 1 and r ≥ 1 for the
last assertion of Theorem 1. Corollary 1 shows the subtility of this case.

To explain the subtilities of the existence problem for principal bundle we
give the following three well-known resultss concerning algebraic variety with
their Zariski topology. We were unable to produce a similar example for complex
spaces with respect to the Euclidean topology. Indeed, it is easy to check that
every holomorphic vector bundle on a reduced one-dimensional Stein space is
trivial (as a holomorphic vector bundle) (see [9], Theorem 3.1, for the smooth
case, the general case being similar).

Proposition 1. Let X be a one-dimensional affine algebraic variety (with
its Zariski topology) and E,F rank r algebraic vector bundles on X. Then:

(i) E ∼= det(E) ⊕O
⊕(r−1)
X :

(ii) E ∼= F if and only if det(E) ∼= F .

Proof. By Theorem 1 the bundle E is spanned by its global sections. A
dimensional count sgows the extence of r − 1 sections of E whose evaluation
at each P ∈ X give r − 1 linearly independent elements of the r-dimensional
vector space E|{P}. Hence these sections induce an exact sequenc

0 → O
⊕(r−1)
X → E → L , (1)
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with L ∈ Pic(X). Taking the determinants in (1) we obtain L ∼= det(E). Since
X is affine, we have H1(X, (L∗)⊕(r−1)) = 0 (Theorem 2) and hence the exact
sequence (1) splits, proving part (i). The quotient line bundle is isomorphic to
If E ∼= F , then obviously det(E) ∼= det(F ). The converse implication follows
from part (i) applied to E and to F .

As an immediately consequence we get the following result.

Corollary 1. Let X be a one-dimensional affine algebraic variety (with its
Zariski topology). Every algebraic principal SL(n)-bundle is trivial. For every
algebraic vector bundle E on X the algebraic vector bundle E ⊕ E∗ is trivial.

Proposition 2. Let X be a smooth and connected one-dimensional alge-
braic variety. The following conditions are equivalent:

(a) every algebraic vector bundle on X is trivial;

(b) every algebraic line bundle on X is trivial;

(c) X is an open subset of P1.

If these conditions are not satisfied, then there are infinitely many pairwise
non-isomorphic algebraic line bundles on X.

Proof. By Proposition 1 parts (a) and (b) are equivalent. There is a unique
(up to isomorphism) pair (Y, S) such that Y is a smooth and connected pro-
jective curve, S ⊂ Y is a finite set and X = Y \S. Since X is affine, S 6= ∅.
Take L ∈ Pic(X), say L ∼= OX(D) with D Cartier divisor on X and hence on
Y . L ∼= OX if and only if D is linearly equivalent (as a divisor of Y ) to a linear
combination of elements of S. From this remark and well-known properties of
Y we obtain that parts (b) and (c) are equivalent. We also obtain the last
assertion.

3. Extensions Across a Boundary Point

Example 1. Let U ⊆ Cn, n ≥ 3, and f1, . . . , fn be holomorphic functions
on U such that {0} = {f1 = · · · = fn = 0}. By the Nullstellensatz the ideal
(f1, . . . , fn)OU,0 of OU,0 contains a power of the maximal ideal of OU,0. The
functions f1, . . . , fn define ain injective map of sheaves φ : OU → O⊕n

U . Set
F := Coker(φ). Thus F is a coherent sheaf on U . The defining exact sequence

0 → OU → O⊕n
U → F → 0 (2)
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and the characterization of depth in cohomological terms ([12], §0) shows that
for each x ∈ U the germ Fx has depth at least two. Since n ≥ 3, F is reflexive
([10], Proposition 1.3). The sheaf F|U\{0} is locally free with rank n − 1.
Now take another n-ple g1, . . . , gn of holomorphic functions on U with {0} as
their only common zero and call G the associated reflexive sheaf. Since U is
normal, we have F ∼= G if and only if F|U\{0} ∼= G|U\{0}. It is the “only if”
part which we will use to show that certain holomorphic vector bundles are not
isomorphic. If F ∼= G, then their germs at 0 are isomorphic. Now fix an integer
d > 0 and assume that the first non-zero term of the Taylor development of
each fi and each gi, 1 ≤ i ≤ n, has degree d and call Fi (resp. Gi) the
cooresponding degree d homogeneous polynomial in the variables z1, . . . , zn.
In this way f1, . . . , fn (resp. g1, . . . , gn) determines an n-dimensional n linear
subspace |F | (resp. |G|) of H0(Pn−1,OPn−1(d)). Any isomorphism between F
and G induces a projective transformation of Pn−1 which sends |F | into |G|.
Conversely, start with n sufficiently general degree d homogeneous polynomials
F̃1, . . . , F̃n is the variables z1, . . . , zn. If these polynomials are general enough,
then {F̃1 = · · · = F̃n = 0} = {0} and hence we may start the construction
taking as U any open neighborhood of 0 and as fi the holomorphic function
fi := Fi|U . Fix an integer m. There is an integer d(n,m) (depending only from
the choices of n and m) with the following property:

For all integers d ≥ d(n,m) there is an integral variety T with dim(T ) ≥ d
and a holomorphic (or even algebraic) family {At}t∈T of n-dimensional linear
subspaces such that Ax and Ay are not projectively equivalent for all x, y ∈ T
such that x 6= y.

In this way on U\{0} we produce families of pairwise non-isomorphic rank
n − 1 holomorphic vector bundles depending on an arbitrarly high number of
parameters.

Example 1 and the proof of [2], Theorem 1.2, gives the first part of the
following result; for the second part, use also Remark 1.

Theorem 2. Let X be a reduced complex space with depth at least
4 at each of its points, K a compact subset of X and P ∈ X\K. Assume
that for every coherent sheaf G on X with depth at least three there of a
fundamental sytstem U of open neighborhoods of K such that for every U ∈ U

there is an open neighborhood V of U ∪ {P} in X such that the restriction
map H0(V,G|V ) → H0(U,G|U) is surjective and there is no non-empty Cartier
divisor Z of V disjoint from U . Assume the existence of holomorphic functions
f1, . . . , fr+1 on X such that P is their only common zero. Let W ⊂ X be
any open neighborhood of K such that P /∈ K. Then there is a holomorphic
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family {Et}t∈T of rank r holomorphic vector bundles on X\{P} with dim(T )
arbitrarly large and such that Ex|W ≇ Ey|W for all x 6= y. Furthermore, for
n ≫ r the same is true for principal SL(n)-bundles, principal Sp(2n)-bundles
and principal SO(n)-bundles.

In the same way one can extend [3], Theorem 1 and Theorem 2, to allow
arbitrarly dimensional families and/or principal bundles. We leave the details
to the interested reader.
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