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Abstract: In this work, we have defined the notions of braided profinite
cat-groups and braided profinite crossed modules and we have established an
equivalence between two categories: the category of reduced profinite simplicial
groups with Moore complex of length two and the category of braided profinite
cat-groups. Moreover, we have defined an equivalence between the category of
braided profinite cat-groups and braided profinite crossed modules.
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1. Introduction

We know from [13] that the category of cat-groups is equivalent to the category
of crossed modules. Moreover, the category of cat-groups is equivalent to the
category of simplicial groups with Moore complex of length one. On the other
hand, the category of crossed modules is equivalent to the category of simplicial
groups.
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The profinite case of cat-groups, namely, the cat-profinite groups were de-
fined by Korkes and Porter in [12]. Furthermore, the profinite crossed modules,
that is, the crossed modules of profinite groups were defined in [12] and in their
work they have showed that the category of profinite cat-groups is equivalent
to the category of profinite crossed modules of groups.

Braiding map on a cat-group was studied in [10, 11, 2]. Garzon and Miranda
have defined an equivalence between the category of braided cat-groups and
the category of reduced 2-crossed modules. In fact, the category of reduced 2-
crossed modules is equivalent to the category of reduced simplicial groups with
Moore complex of length 2. From these, we can say that braided cat-groups
are equivalent to the reduced simplicial groups with Moore complex of length
2.

Braiding map on a regular crossed module was defined in [3]. Brown and
Gilbert in [3] have defined equivalences between the category of braided reg-
ular crossed modules and the categories of 2-crossed modules and simplicial
groups with Moore complex of length two. The reduced case of this structure
is braided crossed module. In fact, the braided cat-groups are equivalent to
braided crossed modules. In [1], the relation between braided crossed modules
and reduced simplicial groups was studied.

In this paper, we will interest profinite cases of these structures as defined
in [12]. That is, we will define the notion of braided profinite cat-groups and we
will have an equivalence between the category of braided profinite cat-groups
and reduced profinite simplicial groups with Moore complex of length two.

Moreover, we will define the braided profinite crossed modules and we will
have an equivalence between the category of braided profinite cat-groups and
braided profinite crossed modules.

2. Braided Profinite Cat-Groups and Crossed Modules

We know from [8] that a profinite group is a compact Hausdorff totally discon-
nected topological group. In this section, we will define the braiding map on a
profinite cat-group and the notion of braided profinite crossed module and we
will define an equivalence between the category of braided profinite cat-groups
and braided profinite crossed modules.

Profinite cat-groups were defined in [12]. In the followings,
PCat(Gp) will denote the category of internal categories in the category of
profinite groups. An object of PCat(Gp), called a profinite cat-group, or
cat-profinite group, will be represented by a diagram of profinite groups and
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continuous group homomorphisms

C1

s,t //// C0

I
oo ,

such that sI = tI =idC0
, and the composition of two morphisms x, y ∈ C1 with

t(x) = s(y) will be denoted x ◦ y.

Crossed modules were initially defined by Whitehead in [15] as models for 2-
types. And, the profinite case of crossed modules was defined in [12]. A profinite
crossed module (M,P, ∂) is a continuous group homomorphism ∂ : M → P,
together with a continuous action of P on M written mp for p ∈ P and m ∈ M,
satisfying the following conditions: for all m,m′ ∈ M,p ∈ P :

PCM1) : ∂(mp) = p−1(∂m)p ,

PCM2) : m∂m′

= m′−1mm′.

Definition 2.1. A braiding for a profinite cat-group

G : C1

s,t // // C0

I
oo

is a continuous map

C0 × C0
τ

−→ C1

(a, b) 7−→ τa,b ,

which satisfies:

a) sτa,b = b + a; tτa,b = a + b.

b) Naturality:

Given x, y ∈ C1; x : a → a′, y : b → b′, the following diagram is commutative

b + a
y+x //

τa,b

��

b′ + a′

τa′,b′

��
a + b

x+y // a′ + b′

c) Hexagon axiom:
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For any a, b, c ∈ C0 the following diagrams are commutative

(a + b) + c

a + (b + c)

ooooooooooo

ooooooooooo

(b + a) + c

τa,b+Ic

ggOOOOOOOOOOO

(b + c) + a

τa,b+c

OO

b + (a + c)

b + (c + a)

OOOOOOOOOOO

OOOOOOOOOOO Ib+τa,c

77ooooooooooo

and

a + (b + c)

(a + b) + c

ooooooooooo

ooooooooooo

a + (c + b)

Ia+τb,c

ggOOOOOOOOOOO

c + (a + b)

τa+b,c

OO

(a + c) + b

(c + a) + b

OOOOOOOOOOO

OOOOOOOOOOO τa,c+Ib

77ooooooooooo

d) τ0,a = τa,0 = Ia.

A profinite cat-group together with a continuous braiding map is called a
braided profinite cat-group. Given braided profinite cat-groups (G, τ), (G′, τ ′),
a morphism between them is a morphism of profinite cat-groups which is com-
patible with τ in the sense that the following square is commutative

C0 × C0
τ //

f0×f0

��

C1

f1

��
C ′

0 × C ′
0

τ ′

// C ′
1

BPCat(Gp) will denote the category of braided profinite cat-groups. Now, we
will give the definition of braided profinite crossed module.
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Definition 2.2. A braiding on a crossed module of profinite groups

C2
δ
→ C1

is a continuous function {, } : C1 × C1 → C2 satisfying the following axioms:
1: {a, bb′} = {a, b}b′{a, b′},
2: {aa′, b} = {a′, b}{a, b}a′

,
3: δ{a, b} = [b, a],
4: {a, δx} = x−1xa,
5: {δy, b} = (y−1)by

where a, a′b, b′ ∈ C1 and x, y ∈ C2.

A profinite crossed module together with a braiding map is called braided
profinite crossed module. We will show the category of braided profinite crossed
modules by BPCM.

We know from [12] that the category of profinite cat-groups is equivalent to
the category of profinite crossed modules. By using these statements, we can
give the following theorem.

Theorem 2.3. BPCM, the category of braided profinite crossed modules

is equivalent to BPCat(Gp) the category of braided profinite cat-groups.

Proof. Let ∂ : L → M be a braided profinite crossed module. Then,

G : M ⋊ L
s,t // // M,
I

oo

with t(m, l) = m , s(m, l) = m(∂l) and I(m) = (m, 0), is a profinite cat-group.
It is easy to see that the composition of two morphisms is

(m, l) ◦ (m′, l′) = (m, ll′),

with m′ = m(∂l). A continuous braiding map on this profinite cat-group can
be defined by

τ : M × M −→ M ⋊ L
(a, b) 7−→ (ba, {b, a}).

Here, {−,−} is the continuous braiding map on profinite crossed module ∂.
Then, (G, τ) becomes a braided profinite cat-group. For example, we show
some axioms of this structure,

sτa,b = s(ba, {b, a}) = baδ{b, a}
= baa−1b−1ab = ab
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and
tτa,b = s(ba, {b, a}) = ba.

Other axioms can be shown very easily. This enables us to define a functor

Θ : BPCM −→ BPCat(Gp).

Conversely, let

G : C1

s,t // // C0

I
oo

be a braided profinite cat-group. We know that t : ker s → C0 is a profinite
crossed module associated to the profinite cat-group G together with the con-
tinuous action given by lx = (Ix)−1l(Ix). The continuous braiding map on this
profinite crossed module can be defined by

{−,−} : C0 × C0 −→ ker s
(a, b) 7−→ (Ib)−1(Ia)−1τa,b .

For example,

t{a, b} = t((Ib)−1(Ia)−1τa,b) = b−1a−1ba = [b, a].

This is Axiom 3 of braided profinite crossed module. Similarly, the other
axioms of braided profinite crossed module can be shown very easily. Then,
this profinite crossed module is a braided profinite crossed module. And this
enables us to define a functor

∆ : BCat(Gp) −→ BPCM . �

3. Braided Profinite Cat-Groups and Reduced Profinite Simplicial
Groups

Denoting the usual category of finite ordinals by ∆, we obtain for each k ≥ 0,
a subcategory ∆≤k determined by the objects [j] of ∆ with j ≤ k. A profinite
simplicial group is a functor from the opposite category ∆op to the category of
profinite groups PGrp. A reduced profinite simplicial group is a profinite sim-
plicial group which last component is trivial. A k-truncated profinite simplicial
group is a functor from ∆op

≤k to PGrp. We will denote the category of profinite
simplicial groups by PSimpGrp and the category of k-truncated profinite sim-
plicial groups by TrkPSimpGrp . By a k-truncation of a profinite simplicial
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group, we mean a k-truncated profinite simplicial group trkPG obtained by for-
getting dimensions of order > k in a profinite simplicial group PG. This gives
a truncation functor trk : PSimpGrp→TrkPSimpGrp which admits a right
adjoint coskk :TrkPSimpGrp →PSimpGrp called the k-coskeleton functor,

and a left adjoint skk :TrkPSimpGrp →PSimpGrp, called the k-skeleton

functor. For explicit constructions algebraic case of these see [7].

Recall that given a profinite simplicial group PG, the Moore complex (NPG,∂)
of PG is the normal chain complex defined by

(NPG)n =

n−1⋂

i=0

kerdn
i ,

with ∂n : NPGn → NPGn−1 induced from dn
n by restriction. There is an

alternative form of Moore complex given by the convention of taking

n⋂

i=1

kerdn
i

and using d0 instead of dn as the boundary. They lead to equivalent theories.
Here, each kerdi is a closed normal subgroup of PGn so is a profinite group. So
intersection of the kernels is a profinite group.

We say that the Moore complex NPG of a profinite simplicial group is of
length k if NPGn = 1 for all n ≥ k + 1, so that a Moore complex of length k
is also of length l for l ≥ k.

Corollary 3.1. Let PG
′ be (n − 1)-truncated profinite simplicial group.

Then there is a profinite simplicial group PG with trkPG≅PG
′ if and only if

PG
′ satisfies the following property:

For all nonempty sets of indices (I 6= J), I, J ⊂ [n− 1] with I ∪ J = [n− 1],

[
⋂

i∈I

ker di,
⋂

j∈J

ker dj ] = 1.

3.1. Peiffer Pairings Generate

The group case of the following structures can be found in [5]. In the following
we will define a closed normal subgroup Nn of PGn. First of all we adapt ideas
from Carrasco [5] to get the construction of a useful family of natural pairings.
We define a set P (n) consisting of pairs of elements (α, β) from S(n) with
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α ∩ β = ∅ and β < α , with respect to lexicographic ordering in S(n), where
α = (ir, ...i1), β = (js, ...j1) ∈ S(n) The pairings that we will need,

{Fα,β : NPGn−♯α × NPGn−♯β → NPGn : (α, β) ∈ P (n), n ≥ 0}

are given as composites by the diagram

NPGn−♯α × NPGn−♯β

sα×sβ

��

Fα,β // NPGn

PGn × PGn µ
// PGn

p

OO

where
sα = sir , ...si1 : NPGn−♯α → PGn,

sβ = sjs, ...sj1 : NPGn−♯β → PGn,

p : PGn → NPGn is defined by composite projections p(x) = pn−1...p0(x),
where

pj(z) = zsjdj(z)−1 with j = 0, 1, ..., n − 1

and µ : PGn×PGn → PGn is given by commutator map and ♯α is the number
of the elements in the set of α, similarly for ♯β. Thus

Fα,β(xα, yβ) = pµ(sα × sβ)(xα, yβ) = p[sα(xα), sβ(xβ)].

Definition 3.2. Let PNn or more exactly NPG
n be the normal subgroup

of PGn generated by elements of the form Fα,β(xα, yβ), where xα ∈ NGn−♯α

and yβ ∈ NGn−♯β .

This closed normal subgroup NPG
n depends functorially on PG, but we will

usually abbreviate NPG
n to PNn, when no change of profinite group is involved.

Proposition 3.3. Let PG be a reduced profinite simplicial group. Then,

from the Moore complex, we can obtain a profinite braided cat-group.

Proof. Let PG be a reduced profinite simplicial group. Then, the last com-
ponent PG0 = NPG0 = 1. Since NPG2/∂3(NPG3 ∩ D3) are closed, consider
the complex of profinite groups;

∂2 : NPG2/∂3(NPG3 ∩ D3) → NPG1.

This complex is a crossed module of profinite groups. NPG1 acts continuously
on NPG2 via s0 and s1. Then, we can create the semidirect product profinite
group

NPG1 ⋊ NPG2/∂3(NPG3 ∩ D3).
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We can draw the following diagram

NPG1 ⋊ NPG2/∂3(NPG3 ∩ D3)
s,t //// NPG1

I
oo ,

with s(c, a) = c, t(c, a) = c∂a and I(c) = (c, 1). Then this diagram together
these continuous maps is a profinite cat-group with the following composition

(c, a) ◦ (c∂a, a′) = (c, aa′) ,

for each c ∈ NPG1 and a, a′ ∈ NPG2/∂3(NPG3 ∩ D3) = NPG′
2.

Now, we must define the continuous braiding map on this profinite cat-
group. The continuous braiding map on this profinite cat-group can be defined
by the following way;

τx,y : NPG1 −→ NPG1 ⋊ NPG′
2

(x, y) 7−→ (yx, s0y−1s1x−1s0ys1y−1s1xs1y) ,

for all x, y ∈ NPG1. Here the right hand side denotes a coset in
NPG2/∂3(NPG3∩D3) represented by an element in NPG2. Now, we will show
that the all axioms of braided profinite cat-group are verified. In calculations
we will omit the over line.

a)
sτx,y = s((yx, s0y

−1s1x
−1s0ys1y

−1s1xs1y))
= yx

and
tτx,y = t((yx, s0y

−1s1x
−1s0ys1y

−1s1xs1y))
= yxd2(s0y

−1s1x
−1s0ys1y

−1s1xs1y)
= yxs0d1y

−1x−1s0d1yy−1xy
= yxx−1y−1xy (since reduced condition)
= xy.

b) let x = (c, a) and y = (c′, a′) ∈ NPG1 ⋊ NPG′
2, then, we can write

second operation in the internal category within profinite groups by

xy = (cc′, (s1c
′)−1a(s1c

′)a′).

Then, it is clear that the interchange law is hold. Furthermore, the source
and target maps are continuous group homomorphisms with respect to this
operation. Indeed,

s(xy) = s((cc′, (s1c
′)−1a(s1c

′)a′)) = cc′ = s(x)s(y)
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and
t(xy) = t((cc′, (s1c

′)−1a(s1c
′)a′))

= cc′d2((s1c
′)−1a(s1c

′)a′)
= cc′c′−1d2ac′d2a

′

= cd2ac′d2a
′

= t(x)t(y).

Then, for c∂a = c1 and , c′∂a′ = c′1, and for x : c → c1 and y : c′ → c′1, we can
write,

xy : cc′ → c1c
′
1

and

yx : c′c → c′1c1.

Then, the following diagram is commutative;

c′c

τc,c′

��

yx // c′1c1

τc1,c′
1

��
cc′ xy

// c1c
′
1

This is the naturality axiom of braided profinite cat-groups.

c) for all x, y, z ∈ NPG1,

τx,yz = ((yz)x, s0(yz)−1s1x
−1s0(yz)s1(yz)−1s1xs1(yz))

= (y(zx), s0z
−1s1x

−1s0zs1z
−1s1xs1zs1z

−1s0y
−1s1

x−1s0ys1y
−1s1(xyz))

= (y(zx), s0z
−1s1x

−1s0zs1z
−1s1xs1z)

◦((yx)z, s1z
−1s0y

−1s1x
−1s0ys1y

−1s1(xyz))
= I(y)τx,z ◦ τx,yI(z).

Then, the diagram in the hexagon axiom is commutative. Similarly, we can
calculate

τxy,z = τx,zI(y) ◦ I(x)τy,z.

d) for x ∈ NPG1

τx,1 = (x, s01
−1s1x

−1s01s11s1xs11)
= (x, 1−1s1x

−11s1x1)
= (x, s1x

−1s1x)
= (x, 1)
= I(x)
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and similarly
τ1,x = I(x).

Then the all axioms of braided profinite cat-group are verified. This is en-
ables us to define a functor from the category of the Reduced Profinite Simplicial
groups to the category of braided profinite cat-groups

Θ : RePSimpGrp −→ BPCat(Gp). �

Theorem 3.4. The category of reduced profinite simplicial groups with

Moore complex of length 2 is equivalent to the category of braided profinite

cat-groups.

Proof. In the previous proposition, we have showed that there is a functor
from the category of profinite simplicial groups to the category of braided cat-
groups. Then, we can define a functor from the category of profinite simplicial
groups with Moore complex of length 2 to the category of braided cat-groups;

Θ : RePSimpGrp≤2 −→ BPCat(Gp).

Conversely, let

C1

s,t // // C0

I
oo

be a braided profinite cat-group. If we take PG0 = {1C0
} and PG1 = C0, then

we have 1-truncated reduced profinite simplicial group with the trivial continu-
ous group homomorphisms. Moreover, the profinite group C0 acts continuously
on ker s by I. That is, for x ∈ C0 and a ∈ ker s

ax = I(x)−1aI(x).

Indeed, s(ax) = s(I(x)−1aI(x)) = x−11x = 1. That is, ax ∈ ker s. Since C0

and kers are closed and so profinite groups, by using this continuous action, we
can create the semi-direct product profinite group

C0 ⋊ ker s ,

with the continuous group operation

(x, a)(x′, a′) = (xx′, I(x′)−1aI(x)a′).

On the other hand, the profinite group C0 acts continuously on C0 ⋊ ker s
by

(x, a)x
′

= (xx′, I(x′)−1aI(x)) ,
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for (x, a) ∈ C0 ⋊ ker s and x′ ∈ C0. By using this action, we can create the
semi-direct product profinite group

C0 ⋊ (C0 ⋊ ker s).

Let PG2 = C0 ⋊ (C0 ⋊ ker s). We can define the continuous group homomor-
phisms:

d2
0(c1, c2, a) = c1 ,

d2
1(c1, c2, a) = c1c2 ,

d2
2(c1, c2, a) = c2 ,

s1
0(c1) = (c1, 1, 1) ,

s1
1(c2) = (1, c2, 1) .

These continuous maps satisfy the simplicial identities. We have the reduced
2-truncated profinite simplicial group

{PG2, PG1, PG0}.

There is a cosk2 functor from the category of 2-truncated reduced profinite
simplicial groups to that of reduced profinite simplicial groups. We can write
the following diagram;

RePSimpGrp
Θ // BPCat(Gp)

uukkkkkkkkkkkkkkk

Tr2RePSimpGrp

Cosk2

iiTTTTTTTTTTTTTTTT

and this enables us to define a functor

∆ : BPCat(Gp) −→RePSimpGrp.

One may easily obtain the natural equivalences T : 1 → ∆Θ and S : Θ∆ → 1.
Therefore the proof is complete.

Conclusion 3.5. In [1], the first author with Z. Arvasi and M. Koçak, has
shown that the category of braided crossed modules is equivalent to the category
of reduced simplicial groups with Moore complex of length two. Hence, we can
say easily that the category of braided profinite crossed modules is equivalent
to the category of reduced profinite simplicial groups with Moore complex of
length two. On the other hand, in this paper, we have showed that the category
of braided profinite cat-groups is equivalent to the categories of braided profinite
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crossed modules and reduced profinite simplicial groups with Moore complex
of length two. Then, we can draw the following diagram:

BPCat(Gp) //

''PPPPPPPPPPPP
RePSimpGrpoo

vvnnnnnnnnnnnn

BPCM

ggPPPPPPPPPPPP

66nnnnnnnnnnnn
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