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Abstract: Suppose that A and G be finite groups such that A acts coprimely
on G via automorphisms. Let B ≤ A. For Glauberman-Isaacs character cor-
respondence π, it is conjectured that χπ(G,A) is an irreducible constituent
χπ(G,B)CG(A) for any χ ∈ Irr A(G). In this note we prove that this conjecture
is true for inner nilpotent groups.
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1. Introduction

Let A and G be finite groups such that A acts on G via automorphisms and
(|A|, |G|) = 1 and let C = CG(A) denote the fixed-point subgroup of the action
of A on G. We use the notation Irr (G) to denote the full set of irreducible
complex characters of G. Then A induces a permutation action on Irr (G). For
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χ ∈ Irr (G) and a ∈ A, the character χa is defined by χa(ga) = χ(g) for g ∈ G.
We denote the set of all A-invariant characters of G by Irr A(G).

It is well-known that there is a bijection between Irr A(G) and Irr (C) de-
noted by π(G,A), which is often referred to as Glauberman-Isaacs correspon-
dence.

Let χ ∈ Irr A(G) and B ≤ A, it was once conjectured [8, 12] that χπ(G,A) is
an irreducible constituent of χπ(G,B)C . T.R. Wolf showed that the conjecture
holds when G has odd order or when C = C(B) and G is solvable [12]. It is also
valid if B is subnormal in A (via [11, Corollary 5.2]). Although the conjecture
is not true in general case even if G is solvable (see [9]), it is also proven that
the conjecture is true for the nilpotent groups and also holds when the groups
are supersolvable [10, Theorem 3.1].

Recall that a finite group is said to be inner nilpotent if it is not nilpotent
but all of its proper subgroups are nilpotent. The inner nilpotent groups have
been studied in some references, for example, [1] and [2]; and it is well-known
that the inner nilpotent group G is the semi-direct product of the normal Sylow-
p subgroup and the abnormally cyclic Sylow-q subgroup, and p 6= q.

By using the techniques developed in [6, 10, 12], we verify the conjecture
for inner nilpotent groups. In fact, we prove a more general result. If G is a
semidirect product of its subgroups H and N where N is normal in G, then
write G = N⋊H. Specifically, we prove the following theorem.

Theorem A. Assume A acts coprimely on G and B ≤ A. Let G = N⋊H
be such that (|N |, |H|) = 1, suppose that N is nilpotent and H is Abelian and

CG(B) is supersolvable, then the conjecture holds for G.

It is an easy corollary to Theorem A that the conjecture is valid for the
inner nilpotent group.

To facilitate further discussion, we formalize the conjecture and the hypoth-
esis as follows.

Hypothesis 1.1. Let A and G be finite groups with coprime orders, and
suppose that A acts on G via automorphisms, and B ≤ A. Let C = CG(A) and
C(B) = CG(B).

Conjecture 1.2. Assume Hypothesis 1.1. Let χ ∈ Irr A(G). Then,

χπ(G,A) is an irreducible constituent of χπ(G,B)C .

2. Preliminary

The aim of this section is to collect some useful results that will be needed
throughout this paper. The following result can make us choose χ ∈ Irr A(G)
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to be faithful when looking at Conjecture 1.2.

Let χ ∈ Irr A(G) and K ≤ Kerχ be a normal A-invariant subgroup, the
χ defined by χ(gK) = χ(g) for gK ∈ G/K is an A-invariant irreducible
character of G/K. Since [χK , 1K ] 6= 0 and Lemma 2.5 of [12], we get that
[χπ(G,A)K∩C , 1Kπ(K,A)] 6= 0. Since 1K∩C is the correspondent of 1K , we
have K ∩ C ≤ Ker (χπ(G,A)), thus χπ(G,A) uniquely determined a character
of C/C ∩K ∼= CK/K, written as χπ(G,A), the following can be achieved.

Lemma 2.1. Assume Hypothesis 1.1. Let χ ∈ Irr A(G) and K ≤ Kerχ
be a normal A-invariant subgroup of G. Suppose the above notation , then

χπ(G/K,A) = χπ(G,A).

Proof. It may be verified using Theorem 2.1 of [12].

Lemma 2.2. Assume Hypothesis 1.1. Let G be π-separable and H be

an A-invariant Hall π-subgroup of G. Let g ∈ C and χ ∈ Irr A(H). Then

(χg)π(Hg, A) = (χπ(H,A))g

Proof. It is routine to verify this equality using Theorem 2.1 of
[12].

3. Main Results

Proof of Theorem A. Let Z = Z(G) and χ ∈ Irr A(G), let F = F (G)
denote the Fitting subgroup of G. If |G : Z|χ(1) = 1, then χ(1) = 1, and
hence χπ(G,B)C = χC = χπ(G,A) by [12, Lemma 2.4], the result follows. We
argue by induction on |G : Z|χ(1) (observe that the hypotheses hold for every
A-invariant subgroup and quotient group of G). Assume that Conjecture 1.2
holds for all groups T satisfying the hypotheses and all θ ∈ Irr A(T ) such that
|T : Z(T )|θ(1) < |G : Z|χ(1) and CT (B) is supersolvable. Since the result has
been proven in the case where |G| is odd, we may assume that |G| is even and
hence the acting group A and the semidirect product GA are solvable. Let K
be the kernel of the action of A on G, then χπ(G,A) = χπ(G,A/K) by [12,
Theorem 2.1], thus it can be assumed that A acts faithfully on G, and hence
F = F (GA).

Step 1. We may take χ to be faithful, A-quasiprimitive and p-special. By
Lemma 2.1, χ can be chosen faithfully. Suppose that χ is not A-primitive,
then there is an A-invariant proper subgroup H and θ ∈ Irr A(H) such that
χ = θG. By Theorem A of [7], it follows that χπ(G,A) = θπ(H,A)C and
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χπ(G,B) = θπ(H,B)C(B). Since |H : Z(H)| ≤ |G : Z(G)| and θ(1) < χ(1)
and CH(B) ≤ C(B) supersolvable, it follows via the induction hypothesis that
[θπ(H,B)CH(A), θπ(H,A)] 6= 0, thus [χπ(G,B)C , χπ(G,A)] 6= 0. Hence, we
may assume that χ is A-primitive. Consequently, χ is A-quasiprimitive [10,
Theorem 2.2], namely, χM is homogeneous for every A-invariant normal sub-
group M of G. It can be assumed that χ is p-special from Lemma 2.4 of [10].

Step 2. Every Abelian A-invariant normal subgroup is cyclic and central
in G; and Z = Z(GA) = Z(F ). Let D be an Abelian A-invariant normal
subgroup, then since χ is faithful and A-quasiprimitive, it follows that D ≤
Z(χ) = { g | |χ(g)| = χ(1)} and Z(χ) = Z is cyclic [6, Lemma 2.27]. Since
A acts faithfully on G, we get that F (GA) = F ; thus Z(GA) ≤ F (GA) = F ,
consequently Z(GA) ≤ Z(G) ≤ Z(F ). Let χ̂ be an extension of χ to GA, then
χ̂ is faithful (otherwise, contrary to the faithful action of A on G). Hence Z(G)
and Z(F ) lie in Z(χ̂) = Z(GA), and the proof of Step 2 is complete.

Step 3. We may assume that G = FC, F ∩ C ≥ Z(G) . Since χ is
faithful and p-special, it follows via [3, Corollary 4.2] that F is a p-group; also
since N is nilpotent, we get that F is a Sylow p-subgroup of G. If FC < G,
then χFC ∈ Irr A(FC) by Proposition 4.3 of [3]; thus by [7, Theorem A], we
have χFCπ(FC,A) = χπ(G,A) and ((χFCπ(FC,B))C = χπ(G,B)C . Since
|FC : Z(FC)| < |G : Z(G)| and CFC(B) is supersolvable, hence,

[χπ(G,B)C , χπ(G,A)] = [(χFC)π(FC,B)C , χFCπ(FC,A)] 6= 0

by the induction hypothesis. Since Z = Z(GA), it follows that Z ≤ C, and so
F ∩C ≥ Z.

Step 4. We show that F/Z is a nontrivial, completely reducible GA/F -
module. If F = Z, then G = C, thus χπ(G,A) = χ = χπ(G,B), and hence it
can be assumed that F 6= Z. Now, also since Z = Z(GA), F = F (GA), and
the semidirect product GA is solvable, it follows via [13, Corollary 1.10] that
F/Z is a completely reducible GA/F -module, as desired.

Step 5. We can assume that F/Z is irreducible as a GA/F -module and
F ∩C = Z. Suppose that F/Z is reducible and let E/Z be a nontrivial proper
submodule of F/Z. Let θ ∈ Irr A(E) be the uniquely irreducible constituent of
χE . If θ(1) = 1, then E ≤ Z(χ) = Z, contrary to the choice of E, consequently
θ(1) > 1. Let ( Γ,K, λ ) be the character triple and (τ, σ) be the character triple
isomorphism (GA,E, θ ) −→ ( Γ,K, λ ), as in Lemma 2.6 of [10]. Let H = Gτ ,
M = (EA)τ and N = (EB)τ , then

σEC(χπ(G,A,E)) = σG(χ)π(H,M/K)

and
σEC(B)(χπ(G,B,E)) = σG(χ)π(H,N/K) .
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Now, since σG(χ)(1) = χ(1)/θ(1) (using [6, Lemma 11.24]), it follows that
σG(χ)(1) < χ(1). It is clear that |H : Z(H)| ≤ |H : K| = |G : E| < |G : Z|.
Also since CH(N/K) = (EC(B))τ , (EC(B))τ/K = (EC(B)/E)τ is supersolv-
able and K is central in Γ, it follows that CH(N/K) is supersolvable, thus, we
get

[ (σG(χ)π(H,N/K))CH (M/K), σEC(χπ(G,A,E)) ] 6= 0

by the induction hypothesis. Hence,

[ σEC(B)(χπ(G,B,E))CH (M/K), σEC(χπ(G,A,E)) ] 6= 0 .

Since (EC)τ = CH(M/K), it follows that

σEC(B)(χπ(G,B,E))CH (M/K) = σEC(χπ(G,B,E)EC ) .

Hence, [σEC(χπ(G,B,E)EC ), σEC(χπ(G,A,E))] 6= 0, and therefore

[ χπ(G,B,E)EC , χπ(G,A,E) ] 6= 0 .

If F ∩ C = F , then G = C by Step 3, thus the desired result is immediate.
Suppose F∩C > Z, then F∩C ⊳ F (since F∩C/Z ⊳ F/Z)and F∩C ⊳ C(since
F ⊳ G) and F ∩ C is A-invariant, consequently we may take E = F ∩ C,
then χπ(G,B,E) = χ(G,B) and χπ(G,A,E) = χπ(G,A), yielding the desired
result. Therefore, we may suppose F ∩C = Z.

If EC < G, then the desired result follows from the induction hypothesis
and Proposition 2.5 of [10]. If EC = G, then Z(EC) = Z; and since

EC/E ∼= C/E ∩ C = C/Z = C/C ∩ F = G/F

thus F = E, contrary to the choice of E and complete the proof of Step 5.

Step 6. We will prove that the action of GA/F on F/Z is faithful and that
G/F is cyclic. Let Φ = Φ(GA) denote the Frattini subgroup of GA. Recall that
F = F (GA) and Z = Z(GA). Then F/Φ is a completely reducible and faithful
GA/F -module (see [13, Theorem 1.12] or [4, III, 4.2, 4.4 and 4.5]). Thus, there
is a submodule X/Φ of F/Φ such that F/Φ = ZΦ/Φ⊕X/Φ. Since GA/F acts
faithfully on F/Φ and trivially on Z/Z ∩Φ ∼= ZΦ/Φ, it follows that GA/F acts
faithfully on X/Φ ∼= F/ZΦ. Now, since F/Z is an irreducible GA/F -module by
Step 5, we get that ZΦ/Z is 1 or F/Z. If ZΦ/Z = F/Z, then G = C, and the
desired result can be obtained. Thus it can be assumed that ZΦ/Z = 1, then
we have F/Z = F/ZΦ. Therefore, GA/F acts faithfully on F/Z. Note that
F/Z is then a faithful G/F -module. Also, F/Z is a homogeneous G/F -module
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since G/F is central in GA/F . Thus, the irreducible G/F -submodule of F/Z
are faithful. Hence, since G/F is Abelian, G/F is cyclic by Lemma 0.5 of [13].

Step 7. We show that G/F acts fixed point freely on F/Z. Let W ≤ G with
F < W . Then, W/F is normal in GA/F since G/F is Abelian and G/F ∼= C/Z.
Thus, CF/Z(W/F ) is a GA/F -module. Hence, by Step 5, CF/Z(W/F ) is 1 or
F/Z. Since GA/F acts faithfully on F/Z by Step 6, CF/Z(W/F ) = 1 for all
W/F with 1 6= W/F ≤ G/F . Therefore, G/F acts fixed point freely on F/Z.

Step 8. Let τ = χF ∈ Irr (F ) and let φ be the unique irreducible constituent
of χZ ; then, it can be assumed that τ and φ are fully ramified with respect to
F/Z.

Since F/Z is an Abelian chief factor of GA by Step 5 and τ is GA-invariant,
it follows that either τZ = φ, φF = τ , or τ and φ are fully ramified with respect
to F/Z from the “going down” theorem (see [6, Theorem 6.18]). If τZ = φ,
then χ(1) = φ(1) = 1, yielding the desired result. If φF = τ , then it would
follow that F = Z, contradicting Step 4. Thus, Step 8 is complete.

Step 9. In the above fully ramified case, we can get a constellation (C(B), CF (B), C, Z, θ, φ)
with the canonical character ψ such that [ξ, ψ] 6= 0 for all ξ∈ Irr (C/Z).

Since CF (B)/Z = CF/Z(B) and CF (B) E F , we get that τ is fully ramified
with respect to F/CF (B) and φ is fully ramified with respect to CF (B)/Z by
Lemma 2.13 of [12]. Let θ be the unique irreducible constituent of τCF (B) such

that τCF (B) = |F : CF (B)|1/2θ and θZ = |CF (B) : Z|1/2φ. Note that G =
FC(B) (by Step 3), C(B) = FC ∩C(B) = (F ∩C(B))C (by Dedekind’s Rule),
and Z = C ∩ CF (B) (by Step 5). Then G/F ∼= C(B)/CF (B) ∼= C/Z is cyclic
(by Step 6). Also since CF (B)/Z or C(B)/CF (B) is odd, we get a constellation
(C(B), CF (B), C, Z, θ, φ). Let ψ ∈ Ch(C(B)/CF (B)) as in Theorem 2.10 of [12]
(for information on the constellation, see [5, 12]). Since G/F ∼= C(B)/CF (B)
and Step 7, it follows that C(B)/CF (B) acts fixed-point-freely on CF (B)/Z.

Let {λ, λ2, . . . , λn} = Irr (C(B)/CF (B)) and write ψ = Σaiλ
i. By Theorem

2.10 of [12], ψ is rational valued and if x ∈ C(B)/CF (B) and x 6= 1, then
ψ(x) = ±1, thus,

|ai − aj| =
1

|C(B)/CF (B)|

∣

∣

∣

∣

∣

∣

∑

x∈C(B)/CF (B)

(λi(x) − λj(x))ψ(x)

∣

∣

∣

∣

∣

∣

≤
1

|C(B)/CF (B)|

∑

16=x∈C(B)/CF (B)

2|ψ(x)| ≤
2

n
(n− 1) < 2.

Consequently, the ai can have at most two distinct values (see the proof of [12,
Theorem 4.1]). Therefore, ψ can be written as ψ = aΛ + b(ρ − Λ), where ρ is
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the regular character of C(B)/CF (B), Λ is a sum of some distinct irreducible
characters of C(B)/CF (B), a− b is 0 or 1, and a, b ≥ 0. Let |CF (B) : Z| = e2

(where e is a power of prime p). Then ψ(1) = e [12, Theorem 2.10]. Since
C(B) is supersolvable, we have that there exists a minimal normal subgroup of
C(B)/Z, which lies in CF (B)/Z, is of prime order p; also since C(B)/CF (B)
is cyclic and its order coprime to p, we have |C(B)/CF (B)| |p− 1 (see [13, 2.7]
or [12, Lemma 4.2]), thus, |C(B)/CF (B)| ≤ p − 1 < e or e = 1. If e = 1,
then C(B) = CF (B)C = ZC = C and the desired result follows from Corollary
4.5 of [12]. Now, suppose that |C(B)/CF (B)| < e. If a = 0 or b = 0, then
e = ψ(1) ≤ |C(B)/CF (B)|. This contradiction implies a, b ≥ 1, and hence
[ψ, ξ] 6= 1 for all ξ ∈ Irr (C(B)/CF (B)). Since C(B)/CF (B) is cyclic, it follows
that ψ is the canonical character arising from (C(B), CF (B), C, Z, θ, φ) (see [5]).

Step 10. Conclusion. Let δ = χπ(G,B) and β = χπ(G,A). There is a
µ ∈ Irr (C) such that δC = ψµ, where µ ∈ Irr (C) [12, Theorem 2.10]. Let φ̂ be
an extension of φ to C. Then the characters λiφ̂ are the irreducible characters
of C which lie over φ [6, Theorem 6.17]. Since δ is an irreducible constituent
of χC(B), β is an irreducible constituent of χC , and φ is the unique irreducible
constituent of χZ , it follows that φ is the unique irreducible constituent of δZ
and of βZ . So, µ = λkφ̂ and β = λj φ̂ for some k and j. Since [ψ, ξ] 6= 0 for
all ξ ∈ Irr (C(B)/CF (B)), it follows that λj(λk)−1 is an irreducible constituent
of ψ and hence β is an irreducible constituent of δC , and the whole proof is
complete.

Corolary 3.1. Assume Hypothesis 1.1. Suppose that G is inner nilpotent,

then Conjecture 1.2 holds for G.

Proof. If C(B) = G, then the result follows from Lemma 2.4 of [12]. Other-
wise, this is easily achieved by Schmidt’s Theorem [4, Satz III.5.2] and Theorem
3.1.
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