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Abstract: Here we introduce and discuss a definition of abstract Birkhoff
interpolation problem for linear series on a smooth and projective curve X.
However, our definition depends from the choice of a finite covering f : X → P1.
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1. The Interpolation Game

Let K be an algebraically closed field. Fix integers m > 0 and n > 0 such that
n ≥ m − 1. Set S := {1, . . . ,m} × {0, . . . , n} and fix a partial ordering < on
S such that (i, j) < (i, k) for all i, j, k such that i < k. Here we propose the
following game which in the case of the rational normal curve is related to the
classical Birkhoff interpolation problem (see [4] or [1], Chapter IV), which was
recently applied in coding theory (see [5]). For simplicity we will only explain
the case corresponding to the “existence and uniqueness” of the solution, i.e. (in
the case of a linear problem as in the classical Birkhoff interpolation problem)
when a certain square matrix as a non-zero determinant; in this case for all
data the associated linear problem has a unique solution; when the datum is
the zero-datum, in this case the only solution is the zero-solution which, in a
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projective space, corresponds to the empty set of possible solutions. It is easy
and left to the reader to modify the paramenters to look to non-empty linear
spaces of solutions in the projective space of all unknown. Fix homogeneous
coordinates x0, x1 on P1 and set t := x1/x0. Fix a smooth and connected
projective curve X and P1, . . . , Pm such that Pi 6= Pj for all i 6= j. Fix a finite
covering f : X → P1 which is unramified over each point Pi and such that
f(Pi) 6= (0, 1) for all i. Set (1, ti) := f(Pi). Hence we may see t− ti as a local
parameter for X at Pi and we may take derivatives of arbitrary orders with
respect to the local parameter t − ti and then evaluate them at Pi. Fixing a
basis z0, . . . , zn of V and taking only the derivatives appearing in the matrix
E we obtain as in the classical case an (n + 1) × (n + 1) matrix. We will say
that (P1, . . . , Pm) is a Weierstrass m-ple for (X,L, V,E, f) if this matrix is not
invertible. If this matrix is invertible, then we will say that (P1, . . . , Pm) is an
ordinary m-ple for (X,L, V,E, f).

Question 1. Fix (X,L, V,E, f). Under what assumptions (perhaps on
char(K)) a general (P1, . . . , Pm) ∈ Xm is an ordinary m-ple for (X,L, V,E, f)?

Question 2. Fix X,L, V such that X ≇ P1. Under what assumptions
on E there exists a Weierstrass m-ple for (X,L, V,E, f)? Here we require
the existence of some f unramified at the Weierstrass m-ple. Assume either
char(K) = 0 or char(K) > deg(L). Assume that either X ∼= P1 or V 6=
H0(X,L). Under what assumptions on E there exists a Weierstrass m-ple for
(X,L, V,E, f)?

The classification of all triples (X,L, V ) without ramification points in the
sense of [3] due to M. Homma (see [2]) explains our assumption on char(K)
made in Question 2.

If X,L and V are defined over a subfield K of K, it would be nice to have
good conditions which assure the existence of P1, . . . , Pm, all defined over K,
such that (P1, . . . , Pm) is a Weierstrass m-ple for (X,L, V,E) (for a choice of a
suitable f defined over K).

Theorem 1. Fix integers n,m, g, d such g ≥ n ≥ m − 1 > 0, 2n ≤
d ≤ 2g − 2, and an abstract Birkhoff matrix E of type (n,m) satisfying Pólya

condition. Let Y be a smooth genus g hyperellitic curve and Q1, . . . , Qd−2n

general in Y . Let R ∈ Pic2(Y ) be the hyperelliptic line bundle and f : X → P1

the degree 2 morphism associated to f . Set M := R⊗n(Q1, . . . , Qd−2g). Then

h0(Y,M) = n + 1 and the abstract Birkhoff problem of type E for H0(Y,M)
with repect to f is solvable at (P1, . . . , Pm).

Proof. Since R is spanned by its global sections, R⊗n is spanned by its
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global sections and hence it induces a morphism ψ : Y → Pr, r := h0(Y,R⊗n).
Since n ≤ g−1 we have h0(Y,R⊗n) = n+1. Hence ψ factors through φ, R⊗n ∼=
φ∗(OP1(n)) and the last isomorphism gives φ∗(H0(Y,R⊗n)) ∼= H0(P1, φ∗(OP1(n))).
Since E satisfies Pólya condition, the classical Birkhoff problem for degree ≤ n
polynomials and of type E is generically solvable ([1], Theorem IV.10.3). Hence,
taking the pull-back of a solution of the generic Birkhoff problem of type E
on P1, we obtain the generic solvability of the abstract Birkhoff problem of
type E for H0(Y,R⊗n). Since d ≤ 2g − 2, the classical elementary theory of
special divisor and the generality of the points Q1, . . . , Qd−2n (we only need
that no two of them are on the same fiber of φ) on a hyperelliptic curve gives
h0(Y,M) = n + 1, i.e. Q1 + · · · + Qd−2n is the base divisor of M . Thus
any generic abstract Birkhoff problem for H0(Y,M) is equivalent to the cor-
responding generic abstract Birkhoff problem for H0(Y,R⊗n), concluding the
proof.
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Ann. Scient. École Norm. Sup., 17 (1984), 565-579.

[4] G.G. Lorentz, M. von Golitshek, Y. Makovoz, Constructive Approximation.

Advanced Problems, Grundlehren der Mathematischen Wissenshaften,
304, Springer-Verlag, Berlin (1996).

[5] T. Tassa, Hierarchical threshold secret sharing, In: The proceedings of the

First Theory of Cryptography Conference, TCC 2004, MIT, Cambridge
(February 2004), 473-490.



322


