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Abstract: In this paper we define a fuzzy compact covering map and prove
that a fuzzy continuous closed map from an induced fuzzy paracompact in to
an arbitrary induced fuzzy topological space is fuzzy covering compact. We
also define the fuzzy countable compact by using the open cover in the sense of
Lowen and it is proved that induced fuzzy topological space is fuzzy countable
compact and fuzzy paracompact if and only if it is fuzzy compact in the sense
of Lowen.

Morever we investigate different spaces such as fuzzy compactness, Lindelöf
space, separable space, non-archimedeam fuzzy topological space and some new
properties of these concepts are obtained.
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1. Introduction

An important concepts in general topology are compactness, countable com-
pact, covering compact map, paracompactness, CII , Lindelöf space, separable
space and others see [5, 14, 15].

In 1965 Zada [19] introduced the theory of fuzzy sets and in 1968 Chang
[3] defined the fuzzy topology. Several authors have tried to extend to fuzzy
set theory the main notations of general topology see [1, 2, 4, 6-13], [16-18] and
others.
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In this paper we define for fuzzy topological space a notation corresponding
to compact covering map studied by E. Michael [14, 15] and prove that a fuzzy
continuous closed map from an induced fuzzy paracompact in to an arbitrary
induced fuzzy topological space is fuzzy covering compact. We also define the
fuzzy countable compact by using the finite open cover in the sense of Lowen
[9] and it is proved that induced fuzzy topological space (X, ω(τ)) is fuzzy
countable compact and fuzzy paracompact if and only if it is fuzzy compact in
the sense of Lowen.

In addition we investigate different spaces such as, fuzzy Lindelöf space [1],
fuzzy separable space [18], fuzzy paracompactness [1], S-paracompactness, α-
Lindelöf [10], non-archimedeam fuzzy topological space [12] and some properties
of these concepts are obtained such as:

(1) Every locally family of fuzzy subsets of fuzzy α-Lindelöf is countable.

(2) Fuzzy paracompact separable topological space is Lindelöf fuzzy.

(3) Every subspace of CII fuzzy topological space (X,T ) is separable. (4)
Every fuzzy compact in the sense of Lowen non-archimedean fuzzy topological
space is metrizable.

(5) The continuous image of closed subset of N-compact space is *-fuzzy
paracompact, (S*-paracompact).

2. Basic Definition

The following definitions have been used to obtain the results and properties
developed in this paper.

Definition 1. (see [10]) Let α ∈ (0, 1) and µ be a set in a fuzzy topological
space (X,T ). The set µ is said to be α-paracompact (resp. α∗-paracompact)
if for every α-open Q-cover of µ has an open refinement of it which is both
locally finite (*-locally finite) in µ and an α − Q-cover of µ. µ is called S-
paracompact (S ∗-paracompact) if for every α ∈ (0, 1], µ is α-paracompact
(resp. α∗ -paracompact).

Definition 2. (see [1]) Let µ be a fuzzy set in a fuzzy topological space
(X,T ) . µ is said to be fuzzy paracompact (resp.*-fuzzy paracompact) if for
every open cover in the sense of Lowen U of µ and for every ε ∈ (0, 1], there
exists an open refinement V of U which is both locally finite (resp.*-locally
finite) in µ and cover of µ − ε in the sense of Lowen.

Definition 3. (see [8]) Let (X,T ) be a fuzzy topological space.

The set [T ] = {A ⊂ X : χA ∈ T} is called the original topology of X such
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that χA is the characteristic function of A, and the crisp topological space
(X, [T ]) is called original topological space of (X,T ).

Definition 4. (see [13]) A fuzzy topological space (X,T ) is called a week
induction of the topological space (X,T0) if [T ] = T0 and each element of T is
lower semi-continuous from (X,T0) to [0, 1] .

Definition 5. (see [8]) Let (X, τ) be a topological space and ω (τ) be
the set of all semicontinuous function from (X, τ) to the unit interval I =
[0, 1] equipped with the usual topology, then (X,ω (τ)) is called induced fuzzy
topological space by (X, τ).

Definition 6. (see [8]) A fuzzy extension of a topological property is said
to be good when it is possessed by (X,ω (τ)) if and only if, the original property
is possessed by (X, τ) .

Definition 7. (see [6]) A fuzzy set A in a fuzzy topological space (X,T )
is said to be N -compact if each α- net contained in A has at least in A a cluster
point with value α such that α ∈ (0, 1].

Definition 8. (see [10]) Let α ∈ (0, 1]. A set A in a fuzzy topological space
(X,T ) is said to be α-Lindelöf if every α -open Q-cover of A has a countable
subfamily which is a Q-cover of A also. We say that A is S-Lindelöf if A is α-
Lindelöf for every α ∈ (0, 1], then (X,T ) is called α -Lindelöf (resp. S-Lindelöf)
if a set X is α-Lindelöf (resp. S-Lindelöf).

Definition 9. (see [1]) A fuzzy topological space (X,T ) is said to be
fuzzy Lindelöf, if for each family B ⊂ T and for each α ∈ I such that ∨B

B∈B

≥ α, there exists for each ε ∈ (0, α] a countable subset B 0 of B such that ∨B
B∈B0

≥ α − ε.

Definition 10. (see [18]) An fuzzy topological space (X,T ) is said to be
separable iff there exists a countable sequence of fuzzy points {pi,i=1,2,.. } such
that for every member µ 6= 0 of T there exist a pi such that pi ∈ µ.

Definition 11. (see [9]) A fuzzy set µ in (X,T ) is fuzzy compact in the
Lowen’s sense if for all family of fuzzy open sets cover { µj | j ∈ J} such that
µ ≤ ∨{ µj | j ∈ J } and for all ε > 0 there exist a finite subfamily { µj | j ∈ J0

} such that µ − ε ≤ ∨ { µj | j ∈ J0 }.

Definition 12. (see [18]) A fuzzy topological space (X,T ) is said to be
CII , if there exists a countable base for T.

Definition 13. En a fuzzy topological space (X,T), µ is fuzzy countably
compact if every countable open cover { µi | i = 1, 2, 3, . . . } of µ and for each



420 Q.E. Hassan

ε > 0 there exist a finite subcover { µi | i = 1, 2, 3, . . . , i
0
} such that µ − ε ≤ ∨

{ µi | i = 1, 2, 3, .., i
0
}

3. Fuzzy Lindelöf Spaces

In this section we study two kinds of Lindelöf space (α-Lindelöf introduced by
[10] and fuzzy Lindelöf introduced by [1]) which are good extension of Lin-
delöf topological space. We get some additional properties for these spaces
corresponding to the same results obtained in general topology. In addition to
that we give relations between these concepts and other spaces such as fuzzy
paracompact, fuzzy separable, α-paracompact, and C11.

Theorem 3.1. Every locally finite family of non empty fuzzy subsets A

of α -Lindelöf space (X,T ) is countable.

Proof. Let α ∈ (0, 1] and let A be a locally finite family of fuzzy subsets
of X. Let β = min {α, 1 − α}, then β ∈ (0, 1). Take Ux ∈ Q (xβ) such that
A is quasi-coincident with Ux ( A qUx for short ) for at most finitely many
members At of A.

Let U∗
x = (Ux)1− α ∧ Ux. Then U = {U∗

x : x ∈ X} is Q-open-cover of 1α

and has a countable Q-open-subcover U∗ of 1α. Since every member of A is
quasi-coincident with u ∈ U∗. There for | A |≤ ℵ

0
(aleph zero) such that ℵ

0
is

the cardinal number of the set of all integers.

Theorem 3.2. Let (X,T ) be an α -paracompact regular fuzzy topological
space such that for each α-open Q-cover {ui}i∈I of X, ∨

i∈I
ui ⊂ X. If

X contains a dense subspace A which has α -Lindelöf property then X is α

-Lindelöf.

Proof. Let U = {ui}i∈I be an open Q- cover of 1α. By [10, Theorem 2.32]
there exists a locally finite V = {vi}i∈I which is open Q-cover of 1α such that
vi < ui for every i ∈ I. The set I

0
= {i ∈ I : Aqvi} is countable by the above

theorem. Since A = ∨i∈Io
{A ∧ vi} then A = ∨i∈Io

{A ∧ vi} and A (x) = sup
i∈Io

{A ∧ vi} (x) < sup
i∈Io

{vi(x)} < sup
i∈Io

{ui (x)} = 1. Thus X = A has a countable

Q-cover and X is α-Lindelöf.

Theorem 3.3. Let f be a F-continuous surjection map between fuzzy
topological spaces (X,T ) and (Y, S). If (X,T ) is fuzzy Lindelöf then
(Y, S) is verifies the same property.
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Proof. Let α be a constant fuzzy set in Y . Let B ⊂ S such that ∨ B
B∈B

≥ α

and let ε ∈ (0, α], since f is F -continuous, then U = {f −1 (B) : B ∈ B} is
an L-cover of the constant fuzzy set δ in X such that f ( δ ) = α. Since
X is Lindelöf, then there exists an open countable subset U0 of U such that
∨u∈U0

u ≥ δ − ε. Then B0 = {f (u) : u ∈ U0} is an open countable subfamily
of B such that ∨B∈B0

B ≥ α − ε. Then (Y, S) is fuzzy Lindelöf.

Corollary 3.4. Let f be a F-continuous surjection map between weakly
induced fuzzy topological spaces (X,T ) and (Y, S) . If (X,T ) is fuzzy
Lindelöf and (Y, S) is regular then (Y, S) is fuzzy paracompact (resp.*-fuzzy
paracompact).

Proof. By above theorem and [1, Theorem 4.3].

Theorem 3.5. If a fuzzy topological space (X,T ) is CII , then it is also
fuzzy Lindelöf space.

Proof. Let A = {Ai : i ∈ I} ⊂ T such that ∨{Ai : i ∈ I} ≥ α for
each α ∈ I. Since (X,T ) is CII , then there exists a countable subfamily

B = {Bn, n = 1, 2, ··} of T such that Ai =
io
∨

k=1
Bik , where io may be infinitely.

Let Bo = {Bik} , i ∈ I, k = 1, 2, ··, io , Bo is countable because it is subfamily
of B. Let x ∈ X and since ∨{Ai : i ∈ I} ≥ α, there exist j ∈ I such that

Aj(x) ≥ α and we have Aj =
io
∨

k=1
Bj k

which implies that
io
∨

k=1
Bjk

≥ α and

then Bo is open cover. Let ε ∈ (0, 1], then
io
∨

k=1
Bi k

≥ α − ε. Finally (X,T ) is

fuzzy Lindelöf.

Theorem 3.6. Let (X,T ) be a fuzzy paracompact separable topological
space, then (X,T) is Lindelöf fuzzy.

Proof. Let B ⊂ T be a family such that ∨
B∈B

B ≥ α for each α ∈ I. Let

B∗ be a T -open refinement of B which is locally finite and ∨
B∗∈B∗

B∗ ≥ α − ε,

ε ∈ (0, α]. X has countable sequence of fuzzy points {pi, i = 1, 2, ··} such that
for every B∗ 6= φ there exists a pi ∈ B∗. The family {B∗ : B∗ ∈ B∗} is at
most countable, otherwise since each B∗ contains at least one pi. This implies
that there would be some pn contained in uncountable many B∗ ∈ B which
would contradiction locally finite.

Choose for each B∗
i ∈ B∗ an element Bi ∈ B such that B∗

i < Bi, then,
∨u∈U0

u ≥ α − ε. There for (X,T ) is Lindelöf fuzzy.
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Theorem 3.7. Let (X,T ) be a weakly induced regular CII fuzzy
topological space, then (X,T ) is fuzzy paracompact (*-fuzzy paracompact).

Proof. By [2, Theorem 3.2] and [1, Theorem 2.1 (d)] we obtain (X, [T ])
is regular and CII . Then (X, [T ]) is paracompact. From [1, Theorem (3.8)]
(X, [T ]) is fuzzy paracompact (*-fuzzy para-
compact).

4. Fuzzy Compact Covering Maps

In this section we define a notation corresponding to compact covering map
studied by [14, 15] for fuzzy topological space. This definition will be used to
suggest new theorems as will be shown below.

Definition 4.1. A fuzzy continuous mapping f from a fuzzy topological
space (X,T ) into (Y, S) is called fuzzy compact covering if for every fuzzy
compact δ in Y there exist a fuzzy compact µ in X such that f (µ) = δ.

Theorem 4.2. Let f : (X,T ) −→ (Y, S) be a continuous onto mapping.
If f is compact covering then f : (X,ω (τ)) −→ (Y, ω (S)) is fuzzy compact
covering.

Proof. For every compact B in (Y, S) there exists a compact A in (X, τ)
such that f(A) = B. Let µ be a fuzzy compact in (Y, ω (S)) such that
f (µ∗) = µ, where µ∗ is fuzzy subset of (X,T ) and let

{ f−1 (u) : µ ≤ ∨
u∈U

u}, U ⊂ ω (S)

be an open cover of µ∗. To prove that µ∗ is fuzzy compact, that is mean to
find a finite subfamily U0 of U such that { f−1 (u) : µ ≤ ∨

u∈U0

u} is subcover

of µ∗. Then {(u)1−r : u ∈ U} is open cover of B and {f−1 (u)1−r : u ∈ U}
is open cover of A and this implies that there exists U0 ⊂ U such that { f
−1 (u)1−r : u ∈ U0} is subcover of A. There for

{f−1 (u) : µ ≤ ∨
u∈U

u} ∧ {χf−1(u)
1− r

: u ∈ U0}

is subcover of µ∗. Thus f is fuzzy compact covering

Theorem 4.3. Every F-continuous closed mapping f : (X,ω (τ)) −→
(Y, ω (S)) of a fuzzy paracompact space X onto an arbitrary induced fuzzy
topological space is fuzzy compact covering.
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Proof. Since f : (X,ω (τ)) −→ (Y, ω (S)) is F-continuous and closed then
f : (X, τ) −→ (Y, S) is continuous and closed [11, Lemma 2.1 and Lemma 2.2].
From the good extension of paracompactness implies (X, τ) is paracompact.
There for f is compact covering [14, Corollary 1.2], and by above theorem f is
fuzzy compact covering.

5. Additional Results in Fuzzy Topological Space

In this section we define the fuzzy countable compact by used the finite open
cover in the sense of Lowen.and it is proved that induced fuzzy topological space
(X, ω(τ)) is fuzzy countable compact and fuzzy paracompact if and only if it
is fuzzy compact in the sense of Lowen.

This new concept with fuzzy compact in the sense of Lowen and the concept
of CII have been used. Some new results corresponding to the same concepts
in general topology have been reached. We also study some others spaces such
N-compact [6], fuzzy esparable space [18], fuzzy paracompact space [1] non-
archimedean fuzzy [12] and we analyze the relation between these spaces and
the above concepts which give new properties and notations.

Theorem 5.1. If (X,ω (τ)) is fuzzy countable compact then (X, τ) is
countable compact.

Proof. Let {Bn : n = 1, 2, ··} be a countable open cover of (X, τ), i.e.
∨{Bn : n = 1, 2, ··} = X. Then ∨{χBn

: n = 1, 2, ··} = sup{χBn
: n = 1, 2, ··} =

1 and {χBn
: n = 1, 2, ··} is a countable open Lowen’s cover of (X,ω (τ)). By

the assumption of the fuzzy countable compactness of (X,ω (τ)), choose ε > 0,
then there exists a finite open Lowen’s subcover χB1

, χB2
, χB3

, . . . χBm
such

that sup{χBn
: n = 1, 2, ··,m} ≥ 1 − ε. Since ε is arbitrary then X = ∨m

n=1
Bn

and implies that (X, τ) is countable compact.

Theorem 5.2. The induced fuzzy topological space (X,ω(τ)) is fuzzy
countable compact and fuzzy paracompact iff (X,ω(τ)) is fuzzy compact in
the sense of Lowen.

Proof. It is clear that every fuzzy compact in the sense of Lowen is fuzzy
countable compact. By [1] the concept of fuzzy compactness in the sense of
Lowen implies the concept of fuzzy paracompactness. Let (X,ω(τ)) be a fuzzy
countable compact and fuzzy paracompact, then (X, τ) is paracompact [1,
Theorem 3.8], and by above theorem (X, τ) is countable compact. From [5,
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Theorem 5.1.20] we have (X, τ ) is compact, and finally (X,ω(τ)) is fuzzy
compact by [9, Theorem (4.1)].

Lemma 5.3. Every subspace of CII fuzzy topological space (X,T ) is
CII .

Proof. By assumption T has a countable base B = {Bi}, i = 1, 2, 3, . . . ,
then {Y ∧ Bi} ⊂ TY , i = 1, 2, 3, . . . be a countable base for TY such that (Y, TY )
is subspace of (X,T ), then (Y, TY ) is CII .

Theorem 5.4. In a CII fuzzy topological space (X,T ), every subspace is
separable.

Proof. By above lemma and [18, Theorem (3.4)].

Corollary 5.5. Let (X,T ) be a CII fuzzy topological space, then the
continuous image of fuzzy paracompact (*-fuzzy paracompact) is Lindelöf fuzzy.

Proof. Let f : (X,T ) −→ (Y, S) be F -continuous and let A be a fuzzy
paracompact subset of X. By the above theorem A is separable. Then by
Theorem 3.6 A is Lindelöf fuzzy, and finally f(A) is Lindelöf fuzzy, see Theorem
3.3.

Theorem 5.5. Every fuzzy compact in the sense of Lowen non-archimedean
fuzzy topological space is metrizable.

Proof. Let (X,T ) be a fuzzy compact non-archimedean fuzzy topological
space. Then (X,T ) is *-fuzzy paracompact [1, Theorem 4.2] and has a uniform
base. There for (X, [T ]) is paracompact and has a uniform base. Thus by
theorem of Alexanderoff (X, [T ]) is metrizable and finally (X,T ) is metrizable
fuzzy, see [4].

Theorem 5.6. The continuous image of closed subset of N-compact space
is *-fuzzy paracompact, S*-paracompact.

Proof. Let f : (X,T ) −→ (Y, S) and let A be a fuzzy closed subset of
N -compact (X,T ). Then A is N -compact [6, Theorem 3.1]. By [6, Theorem
3.8], f(A) is N -compact, and then by [1, Theorem 3.1] and [10, Theorem 2.7]
f(A) is *-fuzzy paracompact (S*-paracompact) respectively.
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