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1. Introduction

There is a growing interest in the literature to study scheduling problems of
deteriorating jobs, i.e., jobs whose processing time is an increasing function of
their starting time. Such deterioration appears e.g. in scheduling maintenance
jobs or cleaning assignments, where any delay in processing a job is penal-
ized and often implies additional time for accomplishing the job. An extensive
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survey of different models and problems concerning start time dependent job
processing times can be found in [1], [4]. Browne and Yechiali [2] consider a
scheduling problem in which the processing times of the jobs are not constants
over time. n jobs have to be processed on a single machine to minimize the
makespan. Job i is characterized by: 1) a “basic” processing time pi, the length
of time required to complete the job if it is scheduled first, i.e., at t = 0, and
2) a parameter bi that jointly with pi, determines the job’s (actual) process-
ing time at t > 0, bi can be interpreted as the growth rate of the processing
time of job i. Assuming linear deterioration, i.e., the processing time of the
job increases linearly with its starting time t, the actual processing time is
pi(t) = pi + bit. This problem can be solved optimally by scheduling jobs in
an increasing order of pi/bi. Mosheiov [5] considers the problem that all jobs
are characterized by a common positive basic processing time. Using this basic
assumption, Mosheiov proves that the optimal schedule to minimize flowtime
is symmetric and has a V-shaped property with respect to the increasing rates.
Mosheiov [6] considers the following objective functions: the makespan, the
total flow time, the sum of weighted completion times, the total lateness, the
maximum lateness and the maxmum tardiness, and the number of tardy jobs.
When the values of the normal processing time equal zero, i.e. pi(t) = bit, all
these problems can be solved polynomially. Wang et al [10] consider the single
machine scheduling problems under the condition that the job processing time
is a linear deterioration function of its start time. The makespan problems
on the simple linear deterioration and on the general linear deterioration are
considered respectively. Zhao et al [11] consider a special type of the actual
processing time, which is pi(t) = pi(a + bt), where a and b are positive con-
stants. They prove that the single machine scheduling problem of minimizing
makespan, sum of weighted completion times, maximum lateness and maxi-
mum cost is polynomially solvable, respectively, and the two-machine flow shop
scheduling to minimize the makespan, for this case the optimal solution can
be obtained by Johnson’ rule. Chen [3] and Mosheiov [7] consider scheduling
deteriorating jobs in a multi-machine setting. They assume a linear deteriora-
tion and parallel identical machines. Chen considers minimum flow time and
Mosheiov studies makespan minimization. Mosheiov [8] considers makespan
minimization on the complexity of flow shop, open shop and job shop prob-
lems. Mosheiov introduces a polynomial-time algorithm for the two-machine
flow shop and proves NP-hardness when an arbitrary number of machines (three
and above) is assumed.

Recently, an important class of scheduling problem is characterized by the
group technology assumption, i.e. the jobs are classified into groups by the
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similar production requirements, no machine setups are needed between two
consecutively scheduled jobs from the same group, although an independent
setup is required between jobs of different groups. In group technology, it is
conventional to schedule continuously all jobs from the same group. Group tech-
nology that groups similar products into families helps increase the efficiency of
operations and decrease the requirement of facilities. Hence, the scheduling in
group technology environment results in a new stream of research (Potts and
Van Wassenhove [9]).

In this paper we study single machine scheduling problems with deteriorat-
ing jobs under the group technology assumption. The objective function is to
minimize makespan.

2. Linear Deterioration under the Group

Technology Assumption

Assume that there are n jobs [J1, J2, . . . , Jn] which are grouped into f groups,
and these n jobs are to be processed on a single-machine. Each of which is
available at time t0 ≥ 0, jobs are processed one by one in groups on the machine
and a setup time is required if the machine switches from one group to another,
we assume that the setup times are sequence independent, and the processing
of a job may not be interrupted. We let ni be the number of jobs belonging
to group Gi. Thus, n1 + n2 + . . . + nf = n. In addition, pi,j(t) = pi,j(a + bt)
denotes the actual processing time of job Ji,j in group Gi if its starting time
is t, where a and b are positive constants, Ji,j denotes the j-th job in group
Gi, i = 1, 2, . . . , f ; j = 1, 2, . . . , ni, and si denotes the setup time required to
process a job in group Gi following a job in some other group, Ci,j denotes
the completion time of job Ji,j in group Gi. The basic processing time of job
Ji,j is pi,j and the deterioration function is d(x) = a + bx. The objective is to
minimize makespan. The problem is denoted as

1|S,GT, pij(a + bt)|Cmax, (1)

where Cmax denotes makespan, S denotes setup times, GT denotes group tech-
nology. When f = 1, the problem contains only a single group, and the basic
single-machine results can be applied. Unless otherwise noted, we assume that
f > 1.

For the single machine problem without the group technology assumption,
Zhao et al. [11] have proved the following lemma.



226 A.-X. Guo, J.-B. Wang

Lemma 1. For the problem 1|pi(t) = pi(a + bt)|Cmax, the makespan is

sequence independent. If the starting time of the first job is t, the makespan is

Cmax(t|J1, J2, . . . , Jn) = t + (a + bt)

n∑

i=1

bi−1Ci
n(p1, p2, . . . , pn),

where pi denotes basic processing time of job Jj , Ci
n(p1, p2, . . . , pn) is sum of

Ci
n items, each item is the product of i numbers of p1, p2, . . . , pn.

Lemma 2. The sum
∑n

i=1
µi

∏n
k=i γk is minimized when calculated over

the permutation ordered by increasing order of µiγi/(γi − 1).

Proof. The proof can be obtained by the method of adjacent pairwise
interchange. �

From the classical group technology assumption, problem (1) can be solved
by the following algorithm.

Algorithm 1. Step 1. Jobs in each group scheduled in any order of pi,j,
i = 1, 2, . . . , f ; j = 1, 2, . . . , ni.

Step 2. Calculate Ai =
∑ni

k=1
bk−1Ck

ni
(pi1, pi2, . . . , pini

),
i = 1, 2, . . . , f .

Step 3. Groups scheduled in increasing order of si(1 + bAi)/(bAi).

Theorem 1. For the problem 1|S,GT, pij(a + bt)|Cmax, Algorithm 1 gen-

erates an optimal solution.

Proof. Without loss of generality, we assume for some permutation, group
Gi processing in i-th group, job Ji,j processing at j-th position in group Gi.
Hence, the completion time of all jobs is as follows:

The first group G1:
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C1,1 = t0 + s1 + p11(a + b(t0 + s1)),

C1,2 = t0 + s1 + p11(a + b(t0 + s1))

+p12[a + b(t0 + s1 + p11(a + b(t0 + s1)))]

= t0 + s1 + (a + b(t0 + s1))(
2∑

j=1

p1j + bp11p12)

= t0 + s1 + (a + b(t0 + s1))

2∑

k=1

bk−1Ck
2 (p11, p12),

. . . . . .

C1,n1
= t0 + s1 + (a + b(t0 + s1))

n1∑

k=1

bk−1Ck
n1

(p11, p12, . . . , p1n1
)

= t0 + s1 + (a + b(t0 + s1))A1

= (t0 + s1)(1 + bA1) + aA1.

The second group G2:

C2,1 = [(t0 + s1)(1 + bA1) + aA1 + s2]

+p21[a + b((t0 + s1)(1 + bA1) + aA1 + s2)],

. . . . . .

C2,n2
= [(t0 + s1)(1 + bA1) + aA1 + s2]

+[a + b((t0 + s1)(1 + bA1) + aA1 + s2)]A2

= (t0 + s1)(1 + bA1)(1 + bA2) + s2(1 + bA2)

+a(A1 + A2 + bA1A2)

= (t0 + s1)

2∏

i=1

(1 + bAi) + s2(1 + bA2) + a

2∑

k=1

bk−1Ck
2 (A1, A2).

The third group G3:

C3,n3
= (t0 + s1)

3∏

i=1

(1 + bAi) + s2

3∏

i=2

(1 + bAi) + s3(1 + bA3)

+a

3∑

k=1

bk−1Ck
3 (A1, A2, A3).

. . . . . .
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The last group Gf :

Cf,nf
= (t0 + s1)

f∏

i=1

(1 + bAi) + s2

f∏

i=2

(1 + bAi) + . . . + sf (1 + bAf )

+ a

f∑

k=1

bk−1Ck
f (A1, A2, . . . , Af )

= t0

f∏

i=1

(1 + bAi) +

f∑

i=1

si

f∏

k=i

(1 + bAk) + a

f∑

k=1

bk−1Ck
f (A1, A2, . . . , Af ).

Obviously, Ai =
∑ni

k=1
bk−1Ck

ni
(pi1, pi2, . . . , pini

) is independent of permuta-

tion of jobs in group Gi (Lemma 1). The first item t0
∏f

i=1
(1 + bAi) is inde-

pendent of permutation of groups and jobs in each group. The second item∑f
i=1

si

∏f
k=i(1+bAk) is minimized by the increasing order of si(1+bAi)/(bAi)

(Lemma 2). The last term a
∑f

k=1
bk−1Ck

f (A1, A2, . . ., Af ) is independent of
permutation of groups and jobs in each group (Lemma 1). Therefore, Algo-
rithm 1 is an optimal permutation for the problem 1|S,GT, pij(a + bt)|Cmax.
�

Obviously, the total time for Algorithm 1 is O(nlogn).

3. Conclusions

In this paper, we investigated the problem of scheduling jobs with start time
dependent processing times (deterioration) for the makespan minimization. Un-
der the group technology assumption, this problem is proved to be polynomial
time solvable.
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