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Abstract: The input-output analysis together with the Laplace transforms
has been applied to multi-level, multi-period MRP-DRP systems in number of
recent papers. Laplace transforms were introduced also for taking care of lead
time perturbations in a compact way, considered particularly in the case when
feedback is essential. In these cases an important question is the following:
which states of inventories distributed in a global supply chain are feasible?
The paper gives an answer to the question above when certain conditions are
satisfied in L2 space, in general presented in Bogataj [3]. The moment of re-
flection inspires us to find out that the proper characterisation of state space
of MRP DRP logistic model is the Lebesgue measurable space L2([0,∞),ℜm)
of square integrable functions. The introduction of such a space is necessary
to get a proper mathematical foundation of the MRP-DRP model of logistic
chain, because by such an approach the one-to-one correspondence of functions
in Laplace transforms is assured.

AMS Subject Classification: 93A25, 93B15, 44A10
Key Words: input-output analysis, Laplace transforms, value chain, material
requirements planning, logistics, controllability, Lebesgue measure, L2-space

Received: November 10, 2004 c© 2005, Academic Publications Ltd.

§Correspondence author



298 L. Bogataj, M. Bogataj, L. Ferbar

1. Introduction

Logistics network management is the process of planning, implementing and
controlling the efficient, effective flow and storage of goods, services and related
information from one or more points of origin to the points of production,
distribution and consumption in order to meet customers’ requirements on a
worldwide scale. It is the process of integrating the existing business activities
along the value chains, where more suppliers of some raw materials or more
production cells of some semi-products can appear in order to create the value
for the end user.

In oder to benefit from location and cost advantages, companies need to op-
erate globally with strong support of modern communication and information
technologies. The modern corporate strategy is focused on strategic alliances,
coordination among network members and integration of systems through in-
formation technology. When we are developing the structure, various functional
activities are significant in scale and scope for the enterprise. These activities
have several characteristics: delivery time, service level, labor intensity, ratio
of outsourcing and others. The cornerstone characteristics in the company
policy are: quick response manufacturing, lean production and just-in-time
services. Developing a process includes production planning, scheduling, in-
ventory control and transportation. The growth of outsourcing activities and
global competition reduce the visibility of the goods flow. In the global econ-
omy, global supply networks are less controllable or visible in comparison with
regional economies, if strong information support is not available. Cross –
country supply chains should solve the gaps in the regulations of the legal sys-
tems, in currency, in different national economic policies, in business cultural
differences, in technical standards and in infrastructure. All these influence un-
certainty of material, information and financial flows, their quantity and their
time accuracy. The result of all these disturbances could be sub-optimal net
present value (NPV) of all activities in the logistic network, which is considered
here.

To reduce the response time, businesses of all sizes and industries of all
kinds are entering into electronic commerce and other electronic activities. It is
changing many market conventions for markets of raw materials, parts (semi-
products) or final products distributed all over the world. Supply chains are
getting more and more competitive members (activity cells). The time dis-
tances between producers, wholesalers, distributors, retailers and customers
are reduced significantly. Remodelling of supply chains is becoming daily busi-
ness. The response time is becoming shorter, but often less predictable (because
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the coefficient of variation is growing). The question arises what can be im-
proved in this new environment? Detailed research and analysis of the partners’
operations and business activities, understanding the core competencies and re-
sponsibilities of partners, and development of their relationships, can help to
avoid the losses of market share, the losses of profitability when staying in a
certain supply chain, and especially the diminishing of their service level and
their reputation. Input-output analysis of the total supply chains in the fre-
quency space, using MRP methodology, enables to make logistic processes and
disturbances in it more visible and controllable, especially when we study the
perturbations. Therefore we hope that in near future MRP-DRP – computer
assisted decision models in frequency space will become a useful tool for analysis
of sensitivity results in the chains of global logistics.

2. Compound Processes in the Global Supply Chains

Computer aided manufacturing as a computer process of monitoring and control
has been successful in global production for more than 20 years. After intro-
duction of GPS and GIS in transportation networks and with development and
implementation of internet applications, this approach can easily be extended
to the distribution part of any supply network.

A subject closely tied with production and inventory control but often con-
sidered as a separate topic is material requirements planning (MRP). It consists
of a set of logically related procedures, decision rules and records designed to
translate a master production schedule into time phased net requirements. To
fulfil the planned coverage of all these requirements, a schedule needs to be
implemented for each component of inventory items. A modern approach using
input-output analysis and Laplace transforms has been introduced by Grubb-
ström [15], [16] and his Linköping School [18], [17], [19], [20] which gives us
good theoretical and practical results also for the extension of the analysis to
the distribution part of the logistic network.

Various operating stages in the logistic chain (nodes of the chain) can be
represented by a simple model of a material – transformations or location –
transformations processing cell. In each processing cell a value is added and
some costs are incurred. At each processing cell there is a supply and a demand
and often both are stochastic by nature. Inventories are insurance against the
risk of shortage of goods in each cell of logistic chain. They are limited by the
capacity of each processing node of the chain and transportation capability of
input and output flows. Ordering goods (input flow) in distribution centres can
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be studied as a multi-period dynamic problem. The demand (output flow) dur-
ing each period has to be considered as a stochastic variable. The distribution
of this variable is often described with a certain probability function.

The flows of items in supply chains influence transportation costs and costs
of activities in logistic nodes of global economy and consequently the net present
value (NPV) of all activities that have to be performed in such logistic net-
works. The costs of item flows between two cells depend on their location
which can have advantages or disadvantages, as discussed in Bogataj, Bogataj
and Vodopivec [9] and many other papers, like M. Bogataj [6], [7].

An integrated supply chain includes the purchasing of raw materials, man-
ufacturing with assembly and the distribution of produced goods to the final
clients. In a supply chain the key variables that have to be considered are in-
ventories and lead times between the order time and the moment of the arrival
of items in the required production cell or the moment of the arrival of items
on the shelves. The managers of a supply chain have two main goals:

(1) To keep the level of inventory in the supply chain as low as possible;

(2) To move the inventory in its continually changing form from raw material
to final product and its delivery through the physical distribution part of the
supply chain to the final consumer as fast as possible.

For integrated supply chain management the final goal is to achieve the
maximal net present value of all activities in the supply chain.

Raw materials or parts of suppliers are delivered and stored in the raw
material warehouses at the production centres. From there, raw material and
parts are withdrawn as much as they are needed by the production centres.
There the raw materials are transformed into subassemblies. The subassemblies
are transformed in semi-finished goods and so on to the last production centre
where final products are produced. From there finished goods are put into
final product storage. From storage the finished goods are delivered to the
distribution centres all over the world, or to their own warehouses or directly
from there to retail outlets. There the goods are available to the final consumer.
The concept of two main parts of an integrated logistic chain can be illustrated
as in Figure 1.

In available inventory literature it is shown how the input and output matri-
ces as well as the Leontief inverse can be generalised to include timing properties
for the requirements (inputs) by means of the Laplace transform. Furthermore,
the advantages of combining input-output analysis and the Laplace transform
method are exemplified in different simple production models, treating for in-
stance capacity requirements and safety stock concerning optimal production
decisions in multi-level systems. Grubbström and Lundquist [18] discussed
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Figure 1: The presentation of an inner structure in logistic chain

relationships between input-output analysis, MRP and production functions.
They concluded that there is an obvious relationship between master produc-
tion scheduling, material requirements planning, the bill of material, MRP,
and a general linear production-economic system interpreted in terms of an
input-output model. As a result, an input-output analysis model presents the
opportunity to transform one set of resources into another set using an efficient
mathematical language. The Laplace transform has been used for describing
time developments and lags of the relevant production, demand and inventory
variables in a compact way including effects of order flows and lead times.
Secondly, the transform has functioned as a moment-generating function, and
thirdly, the transform has been applied for assessing cash flows adopting the
net present value principle. This has made the analysis compact and distinct
(Bonney and Popplewell [12], [13]). Recently the model has been extended
to include sensitivity study in Bogataj and Horvat [5], Ferbar and Bogataj [14]
and extended perturbations approach has been studied by Bogataj and Bogataj
[8] with application to analysis of deep see shipping by Bogataj, Bogataj and
Vodopivec [9]. A real production-inventory system usually faces uncertainty
in its external demand. This amount of uncertainty depends on market area
as is described in M. Bogataj [6], [7]. Uncertainty can be described by letting
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demand follow a renewal process, in which the demand is created by unit events
separated by independent stochastic time intervals having the same but inde-
pendent probability density functions. In two previous papers of Andersson and
Grubbström [1], Ferbar and Bogataj [14] efforts have been made to study the
stochastic properties in terms of the Laplace transform. Stochastic considera-
tions can also be found in Bogataj and Horvat [4], the study of multi-echelon
inventory systems with exponentially distributed external demand, in Horvat
and Bogataj [22] and multi-attribute decision making upgrading in Horvat and
Bogataj [23]. The relation between current developments and control-theoretic
approaches should be investigated further. Some work has already been done by
Hennet [21] to study multi-item feedback systems using input-output analysis
in combination with Petri-net methodology.

The controllability questions seem to be unexplored in previous studies on
the Grubbström-Molinder model mentioned above and some answers to this
problem are given in our investigation. Supply chain managers over the world
would desperately like to be able to control their total supply chain. In fact
the first question to be asked is: Can the results we wish to obtain be actu-
ally achieved by altering the factors we have selected? Can total or available
inventory be controlled by effects of order flows and lead times? These are the
questions of controllability; can a system be compelled to behave in a certain
way by altering the production, transportation and warehousing variables that
we have selected as the inputs? If the answer is ‘yes’ then we can go about
devising suitable control schemes which will do the job; but if the answer is
‘no’ then any hope of constructing a successful strategy for control is doomed
to failure.

3. Input-Output Analysis and MRP-DRP Model

of a Supply Chain

According to MRP literature of Grubbström and his IPE School a production
system is made up of a finite number of processes, m, and it contains a finite
number of stages of components, semi-products, assemblies and n, inputs as well
as outputs. A process is run on a certain activity – distribution level, which
may be varied. The activity – location levels, one for each process, are collected
into m-dimensional column vector x. For isolated production part of Supply
chain the input volumes of each product to each process are described by a set
of constant input coefficients, which are collected in n×m input matrix H, its
element hij being the quantity of item i required for the j-th process running
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on unit activity level of a particular location. Similarly, all output volumes of
each product from each production part of process compose an n × m output
matrix G. The net production y of the system, s then determined by

y = (G − H)x = Tx.

In case of extension to MRP-DRP model, we will write:

y = (Gtot − Htot)x = Ttotx ,

where Ttot = Gtot −Htot is the technology-location matrix. When each process
produces a unique product, which does not change the location, we obtain an
elementary system: Gtot = I.

We obtain

x = (I − Htot)−1
y = Htot,∗y,

where Htot,∗ is well-known as the Leontief inverse in input-output analysis,
extended for distribution logistics.

In terms of MRP-DRP terminology Grubbström and Tang [20] and Bo-
gataj and Bogataj [8] the vector x corresponds to spatially distributed gross
requirement, which consist of external demand for final products and spare
parts, distributed at different locations. The net production vector y is gen-
erated from the master production and distribution schedule. The extended
input matrix Htot contains the quantity relationships of the product-location
structure. If all product-location structures are hierarchical, means that there
is no feedback of some higher-level item entering into a lower-level item and no
product being part of itself, then the items may be numbered in such a way
that items on lower levels of production or distribution have indices taking on
higher values. This makes H triangular with zeros in its main diagonal and
above for assembly system, but it is more complicated in MRP-DRP systems
describing supply chain. The triangular nature of the input matrix is valid for
assembly and pure arborescent systems only (if there is any form of distribution
or feedback this property fails).

If the number of levels in the product structure and the number of items
are large, it is laborious to calculate the inverse of (I−H). Since all eigenvalues
of triangular matrix H are zero, the following Neumann series for H∗ converges

H∗ = (I − H)−1 = I + H + H2 + · · ·

and this series expansion will provide an exact value of H∗ after a finite number
of steps.
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The distribution part and the production part can be presented in compact
and connected form as compound, production – distribution matrix, Htot, where
each of sub-matrices H,HD

M ,HD
D have different triangularities (lower, upper,

and upper, respectively):

Htot =

[

H HD
M

0 HD
D

]

.

We assume that in this context production on different levels takes place
in batches of possibly different sizes at different points in time. Let there be
n activity cells in the system altogether. Spatially distributed demand Dtot,

stock Stot and production extended with distribution PD are presented by n-
dimensional column vectors each being a function of time. These vectors are
rates with the dimension product units per time unit and they are turned into
Laplace transforms denoted by £{.}.

For the production (assembly) of one unit of item j, there is a need in the
amount of hkj of item k, and there is a lead time τj ahead of the completion of
the production at which the components are needed. The hkj are arranged into
the square input matrix Htot describing the product structures of all relevant
products. The lead times τi, i = 1, . . . , n, are represented by a diagonal matrix
τ̃ , the lead time matrix, having esτj in its j-th diagonal position. The matrix
H̃tot = Htotτ̃ is the generalized input matrix.

Total, spatially distributed inventory S̃D(s) is the vector accounting for all

items in the system having initial stock SD(0)
s

plus cumulative net production

or distribution
(I−H

tot)P̃D

s
less cumulative spatially distributed deliveries from

the system F̃D(s)
s

(for details see [16]):

S̃D(s) =
SD(0) + (I − Htot)P̃D(s) − F̃D(s)

s
. (1)

Available spatially distributed inventory R̃D(s) is initial available spatially

distributed inventory RD(0)
s

plus cumulative of production and distribution P̃(s)
s

less cumulative spatially distributed deliveries F̃(s)
s

and cumulative internal dis-

tributed demand HP̃(s)
s

, which evaluated at the time the components are re-

served is Htotτ̃P̃D(s)
s

and R̃D(s) must never be negative:

R̃D(s) =
RD(0) + (I − Htotτ̃)P̃D(s) − F̃D(s)

s
; £−1{R̃D(s)} ≥ 0. (2)
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Internal demand must always be met, but if external demand cannot be
met, we assume that this demand is either backlogged and satisfied at the time
available inventory starts to become positive once again or that the sales are
lost.

Spatially allocated component stock ÃD(s) is defined as the difference be-
tween (total) inventory and available inventory:

ÃD(s) = S̃D(s) − R̃D(s) =
AD(0) + Htot(τ̃ − I)P̃D(s)

s
, (3)

where AD(0) = SD(0) − RD(0).

Backlogs, available from all different locations B̃D(s), which are necessarily
non-negative, only concern external demand and are given by initial backlogs
plus cumulative external demand less cumulative deliveries:

B̃D(s) =
BD(0) + D̃D(s) − F̃D(s)

s
. (4)

4. Controllability in Linear Differential System

For the beginning, let us shortly repeat our knowledge of linear systems. Usu-
ally, the development of the state of the system is described by a set of first-order
differential equations in terms of state variables and the response is also linearly
related to state variables [2]. Therefore, the linear production systems without
delay are usually studied in the form:

dx(t)

dt
= Πx(t) + Θu(t) , (5)

with initial condition

x(0) = x0, x(t) ∈ ℜn, u(t) ∈ ℜm, Π ∈ L(ℜn,ℜn), Θ ∈ L(ℜm,ℜn)

and output relation

y(t) = Γx(t) , (6)

y(t) ∈ ℜr, Γ ∈ L(ℜ,ℜ) ,

where L(ℜm,ℜn) denote the real Banach space of all continuous linear maps
Λ : ℜm → ℜn.
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The unique solution of equation (5) is

x(t) = ϕ(t, 0)x0 +

t
∫

0

ϕ(t, τ)Θu(τ)dτ , (7)

where the transition matrix ϕ(t, τ) can be immediately determined as

ϕ(t, τ) = eΠ(t−τ). (8)

The matrix exponential is defined as

eΠt = I + Πt +
Π2t2

2!
+

Π3t3

3!
+ · · · (9)

and this series converges uniformly and absolutely on any finite interval. Con-
sidering equation (7) and (8) we can write the state as

x(t) = eΠtx0 +

t
∫

0

eΠ(t−τ)Θu(τ)dτ . (10)

Thus, x0 at time t0 = 0 can be transferred to xf at time tf if and only if
there exists some input u(t) on the interval [0, tf ] such that

xf − eΠ tf x0 =

tf
∫

0

eΠ(tf−τ)Θu(τ)dτ .

We define the n × n controllability Gramian as

W(0, tf ) =

tf
∫

0

eΠ(tf−τ)ΘΘT (eΠ(tf−τ))T dτ . (11)

If there exists some vector η ∈ ℜn such that equation

xf − eΠ tf x0 = W(0, tf )η

holds (see [21]), and then the control u(t) = ΘT (eΠ(tf−t))T η implies that x0

can be transferred to xf . In general the matrix equation W(0, tf )η = y has a
solution for any y if and only if the number of independent columns of W(0, tf )
equals the dimension of y. Thus, a necessary and sufficient condition for state
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controllability is that W(0, tf ) be nonsingular, which means that it must be of
rank n. It then follows directly that, if the system is controllable, the control

u(t) = ΘT (eΠ(tf−t))T W−1(0, tf )
[

xf − eΠtf x0

]

transfers x0 to xf .

Now we use the Cayley-Hamilton Theorem (see [20]): for any matrix Π ∈
ℜn×n, the matrix Πn+p (p > 0) is a linear combination of I, Π,Π2, . . . ,Πn−1.
Since

eΠt =
n−1
∑

i=0

αi(t)Π
i, (12)

we can write equation (10) as

x(t) =
n−1
∑

i=0

αi(t)Π
ix0 +

t
∫

0

(

n−1
∑

i=0

αi(t − τ)Πi

)

Θu(τ)dτ

and the controllability Gramian will be

W(0, tf ) =

tf
∫

0

(

n−1
∑

i=0

αi(tf − τ)Πi

)

ΘΘT

(

n−1
∑

i=0

αi(tf − τ)Πi

)T

dτ .

So, instead of calculating series with arbitrarily large powers of Π we only
need to compute powers of Π up to n − 1, at most. For example, if Π ∈ ℜ2×2,
we compute the controllability Gramian as

W(0, tf ) =

tf
∫

0

(α0(tf − τ)I + α1(tf − τ)Π)ΘΘT (α0(tf − τ)I + α1(tf − τ)Π)T dτ

= ΘΘT

tf
∫

0

α2
0(tf − τ)dτ +

(

ΘΘTΠT + ΠΘΘT
)

tf
∫

0

α0(tf − τ)α1(tf − τ)dτ

+ ΠΘΘT ΠT

tf
∫

0

α2
1(tf − τ)dτ .
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We will now consider the output controllability problem (which reduces to
the state controllability problem, when: Γ = I). For equation (6) which can be
written as

y(t) = ΓeΠtx0 +

t
∫

0

ΓeΠ(t−τ)Θu(τ)dτ , (13)

we define the r × r matrix

M(0, tf ) =

tf
∫

0

ΓeΠ(tf−τ)ΘΘT (eΠ(tf−τ))T ΓT dτ

as controllability Gramian. The equation (13), for some specified value yf and
ζ ∈ ℜr, may be written as

yf − ΓeΠtf x0 = M(0, tf ) · ζ. (14)

If, in equation (14), we let

u(t) = ΘT (eΠ(tf−t))T ΓT ζ,

then we have

u(t) = ΘT (eΠ(tf−t))T ΓTM−1(0, tf )
[

yf − ΓeΠtf x0

]

.

So, like before, a necessary and sufficient condition for output controllability
is that matrix M(0, tf ) must be non-singular, which means that it must be of
rank r. If we consider the equation (12), the output controllability Gramian
can be calculated as

M(0, tf ) =

tf
∫

0

Γ

(

n−1
∑

i=0

αi(tf − τ)Πi

)

ΘΘT

(

n−1
∑

i=0

αi(tf − τ)Πi

)T

ΓT dτ.

5. Controllability and Laplace Transformed Systems

Before we use Laplace transform of (5)-(6), let us consider the procedures (5)-
(14) in L2([0,∞), ℜn) space which is the proper state space for Laplace trans-
formed production functions which take place in fundamental equations, pre-
sented by (1)-(4). In L2 space all properties which follow from (5)-(14) are still
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valid, if we assume: x ∈ ℜn, x(.) ∈L2([0,∞), ℜn), u ∈ ℜm, u(.) ∈ L2([0,∞),
ℜm), Π ∈ L(ℜn,ℜn), Θ ∈ L(ℜm,ℜn) and output relation

y(t) = Γx(t), y ∈ ℜr, y(.) ∈ L2([0,∞) ,ℜr), Γ ∈ L(ℜn,ℜr),

where L(ℜm,ℜn) denote the real Banach space of all continuous linear maps
Λ : ℜm → ℜn.

From the basic properties of L2 functions [3] it follows that Laplace trans-
form of L2 functions has one-to-one property. It follows: if the functions in
fundamental equations (1) to (4) are L2 functions, uniqueness is assured and
the mapping f 7→ £{f} is one-to-one.

Using Laplace transform of functions in L2 space, we obtain (from (5) and
(6))

£{ẋ(t)} = Π£{x(t)} + Θ£{u(t)}, (15)

£{y(t)} = Γ£{x(t)}. (16)

Considering £{ẋ(t)} = −x(0) + s£{x(t)} and notation £{x(t)} = x̃(s), we
obtain

x̃(s) = (sI − Π)−1x(0) + (sI − Π)−1Θũ(s),

ỹ(s) = Γ(sI − Π)−1x(0) + Γ(sI− Π)−1Θũ(s).

If we use Laplace transform for equation (10) and (13), we obtain

x̃(s) = £{eΠt}x0 + £{eΠt}Θũ(s), (17)

ỹ(s) = Γ£{eΠt}x0 + Γ£{eΠt}Θũ(s), (18)

where

£{f1 ∗ f2} = £{
∫ t

0 f1(τ)f2(t − τ)dτ}= £{f1(t)}£{f2(t)}.

Thus, the Laplace transform of the state transition matrix eΠt is seen to be
the matrix (sI−Π)−1. We can prove this, if we consider the expression (9) for
matrix exponential

£{eΠt} = £

{

∞
∑

k=0

(Πt)k

k!

}

=
∞
∑

k=0

Πk

k!
£
{

tk
}

=
∞
∑

k=0

Πk

k!
·

k!

sk+1

=
1

s

∞
∑

k=0

(

s−1Π
)k

= s−1(I − s−1Π)−1 = (sI − Π)−1.
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Now we calculate the Laplace transform of controllability Gramian (11)

£











W(0, tf ) =

tf
∫

0

eΠ(tf−τ)ΘΘT (eΠ(tf−τ))T dτ











= 1
s
W(0, tf ).

As we can see, the necessary and sufficient condition for the controllability
of the system described by equations (5) and (6) (after we use the Laplace
transform) is that matrix W(0, tf ) has a full rank (n). In the similar way, we
can find the necessary and sufficient condition for the output controllability,
which is that the matrix M(0, tf ) has a full rank (r).

An alternative necessary and sufficient condition for controllability we can
derive in the following way. If we use the equation (12) and (17), we obtain

x̃(s) = £{
n−1
∑

i=0

αi(t)Π
i}x0 + £{

n−1
∑

i=0

αi(t)Π
i}Θũ(s)

=

n−1
∑

i=0

α̃i(s)Π
ix0 +

n−1
∑

i=0

α̃i(s)Π
iΘũ(s).

If there exists some vector η ∈ ℜnsuch that equation

xf −
n−1
∑

i=0

α̃ifΠix0 = W̃η

holds, then the control ũ(s) = ΘT (
n−1
∑

i=0
α̃i(s)Π

i)T η implies that x0 can be trans-

ferred to xf . The matrix equation W̃η = z has a solution for any z if and only
if the number of independent columns of W̃ equals the dimension of z. Thus,
a necessary and sufficient condition for state controllability is, that matrix

W̃ =





n−1
∑

i=0

α̃i(s)Π
i



ΘΘT





n−1
∑

i=0

α̃i(s)Π
i





T

(19)

must be of rank n. In the similar way we get the necessary and sufficient
condition for the output controllability, which is: the matrix

M̃ = Γ





n−1
∑

i=0

α̃i(s)Π
i



ΘΘT





n−1
∑

i=0

α̃i(s)Π
i





T

ΓT (20)

must be of rank r.
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6. Conditions for Controllability of a Supply Chain

We can proof the following theorems for the systems described by (1)-(3) when
the condition (2) is valid.

Theorem a. The necessary and sufficient condition for “total controllabil-
ity of a logistic chain” developed in frequency space by MRP-DRP model (17)
and (18) is the condition that matrix

Jtot =2I − Htot − Htot T + HtotHtot T (21)

is of rank n.

Theorem b. The necessary and sufficient condition for “available spatially
distributed inventory controllability” in logistic chains developed in frequency
space by MRP-DRP model (17) and (18), is the condition that sum of matrices
from the equations (1)-(3):

Ktot=2I −Htotτ̃ − τ̃Htot T + Htotτ̃2Htot T (22)

is of rank n.

Theorem c. For “spatially allocated component stock controllability” of
logistic chains developed in frequency space by MRP-DRP model (17) and (18),
the matrix

Ltot=HtotHtot T − 2Htotτ̃Htot T + Htotτ̃2Htot T (23)

must be of rank n.

Theorem d. The logistic chains with backlogs are always controllable.

Let us follow the fundamental equations (1) to (4).
The total inventory S̃D (from equation (1)) can be written in frequency

space as
S̃D(s) · s − SD(0) = (I − Htot)P̃D(s) − F̃D(s) (24)

and further
˜̇
SD(s) = (I − Htot)P̃D(s) − F̃D(s). (25)

We can write this equation in the matrix form

˜̇
SD(s) =

[

(I − Htot) −I
]

[

P̃D(s)

F̃D(s)

]

, (26)

or (with terms and notations of the system (15))

˜̇
SD(s) = ΠS̃D(s) + Θũ(s),



312 L. Bogataj, M. Bogataj, L. Ferbar

where Π = 0n×n, Θ =
[

(I − H) −I
]

n×2n
,

ũ(s) =

[

P̃D(s)

F̃D(s)

]

2n×1

.

Considering this notations in controllability Gramian (equation (19)) we
get

W̃1 = α̃2
0(s)ΘΘT = s−2ΘΘT

= s−2
[

(I − Htot) −I
]

[

(I − Htot)T

−I

]

= s−2
[

(I − Htot)(I − Htot)T + I
]

= s−2
[

2I −Htot − Htot T + HtotHtot T
]

.

(27)

(Theorem a) Thus, a necessary and sufficient condition for “total control-
lability of a supply chain” described by MRP-DRP logistic model in frequency
space is that matrix

Jtot=2I − Htot − Htot T + HtotHtot T

must be of rank n!
For available spatially distributed inventory R̃D(s) we got

R̃D(s) · s − RD(0) = (I − Htotτ̃)P̃D(s) − F̃D(s)

or
˜̇
RD(s) = (I − Htotτ̃)P̃D(s) − F̃

(
Ds) .

We can write this expression in the following form

˜̇
RD(s) =

[

(I − Htotτ̃) −I
]

[

P̃D(s)

F̃D(s)

]

,

and the controllability Gramian is

W̃2 = s−2
[

(I −Htotτ̃ ) −I
]

[

(I − Htotτ̃)T

−I

]

= s−2
[

(I − Htotτ̃)(I − Htotτ̃)T + I
]

= s−2
[

2I − Htotτ̃ − τ̃Htot T + Htotτ̃2Htot T
]

.
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(b) A necessary and sufficient condition for “available spatially distributed
inventory controllability” is that sum of matrices:

Ktot=2I −Htotτ̃ − τ̃Htot T + Htotτ̃2Htot T

must be of rank n!

In a similar way we get for spatially allocated component stock ÃD(s)

˜̇
AD(s) = Htot(τ̃ − I)P̃D(s)

and the Gramian is

W̃3 = s−2
[

Htot(τ̃ − I)(τ̃ − I)Htot T
]

= s−2
[

HtotHtot T − 2Htotτ̃Htot T + Htotτ̃2Htot T
]

.

(c) So, for “spatially allocated component stock controllability” the matrix

Ltot = HtotHtot T − 2Htotτ̃Htot T + Htotτ̃2Htot T

must be of rank n.

For backlogs B̃D(s) determined as

˜̇
BD(s) = D̃D(s) − F̃D(s)

and the Gramian is

W̃4 = s−2
[

I −I
]

[

+I

−I

]

= s−22I.

(d) We can see that the systems with backlogs are always controllable, when
s is greater than zero.

7. Numerical Example

Let us take for example: the production part presented in Figure 2 and the
distribution part presented in Figure 3 are studied in compact and connected
form as compound production – distribution matrix, Htot in MRP-DRP logistic
model (see Figure 2 nad Figure 3).
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Figure 2: An example of a sim-
ple assembly product structure
which is under production man-
agement. Its production matrix
is H.

Figure 3: An example of a sim-
ple arborescent product struc-
ture. 100 units of product A are
packed in one unit of A 1, A1 is
packed in 2 units of A21 and in
two nits of A22.

Htot =

[

H HD
M

0 HD
D

]

=

A C B A1 A21 A22

















0 0 0 100 0 0
2 0 0 0 0 0
4 3 0 0 0 0

0 0 0 0 1
2

1
2

0 0 0 0 0 0
0 0 0 0 0 0

















A
C
B

A1

A21

A22

.

(a: Condition 21) A necessary and sufficient condition for “total controlla-
bility of a supply chain” developed by MRP-DRP logistic model, is that matrix

Jtot=2I − Htot − Htot T + HtotHtot T ,
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which is here equal to:

Jtot =
















2 + 104 −2 −4 −100 0 0
−2 2 + 4 8 − 3 0 0 0
−4 8 − 3 2 + 16 + 9 0 0 0
−100 0 0 2 + 0, 25 0, 25 − 0, 5 −0, 5
0 0 0 −0, 5 2 0
0 0 0 −0, 5 0 2

















.

It is easy to see that Jtot in our case is of rank 6!

(b: Condition 22) A necessary and sufficient condition for “available spa-
tially distributed inventory controllability” of MRP-DRP logistic model is that
sum of matrices:

Ktot=2I −Htotτ̃ − τ̃Htot T + Htotτ̃2Htot T

is of rank 6, where

Htotτ̃ =

















0 0 0 100eτ4s 0 0
2eτ1s 0 0 0 0 0
4eτ1s 3eτ2s 0 0 0 0
0 0 0 0 0, 5eτ5s 0, 5eτ6s

0 0 0 0 0 0
0 0 0 0 0 0

















= (τ̃Htot T )T ,

Htotτ̃2Htot T

=

















104e2τ4s 0 0 0 0 0
0 4e2τ1s 8e2τ1s 0 0 0
0 8e2τ1s 16e2τ1s + 9e2τ2s 0 0 0
0 0 0 0, 25e2τ5s 0, 25e2τ6s 0
0 0 0 0 0 0
0 0 0 0 0 0
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from where it follows

Ktot =

















2 + 104e2τ4s −2eτ1s −4eτ1s

−2eτ1s 2 + 4e2τ1s 8e2τ1s − 3eτ2s

−4eτ1s 8e2τ1s − 3eτ2s 2 + 16e2τ1s + 9e2τ2s

−100eτ4s 0 0
0 0 0
0 0 0

−100eτ4s 0 0
0 0 0
0 0 0
2 + 0, 25e2τ5s 0, 25e2τ6s − 0, 5eτ5s −0, 5eτ6s

−0, 5eτ5s 2 0
−0, 5eτ6s 0 2

















,

Ktot must be of rank 6!.

(c: Condition 23) For “spatially allocated component stock controllability”
of MRP-DRP logistic model, the matrix

Ltot=HtotHtot T − 2Htotτ̃Htot T + Htotτ̃2Htot T ,

must be of rank 6. For the system without lead times Ltot is always of rank 0.

8. Conclusion

We conclude this paper with two observations about the obtained results.

If we suppose that the lead time matrix is the identity matrix (zero lead
times), the results for total and available inventory controllability are identical
(expression (21) and (22)), as we expect. In this case, we don’t have allocated
component stock. It follows that this variable can not be controllable, and indeed
its Gramian matrix (23) is of rank 0.

For assembly or pure arborescent system (supply chain consist only by pro-
duction part), all elements of matrix H on the main diagonal and above are
equal to zero, and hence the rank of corresponding Gramian matrix for allocated
component stock will be at most n − 1, which implies that allocated component
stock is not controllable. This can be explained by the fact that the values of al-
located component stock Ã(s) are not independent because they are determined
by the difference between the total inventory S̃(s)of production part and the
available inventory R̃(s).
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In global supply chain results can be different because of different construc-
tion of business logistics and it’s infrastructure, but they could be construct to
be able to follow controllability conditions for total supply chain.

The concept of controllability is concerned with whether or not a control
exists that can cause the state or output of a system to follow some desired
path. This concept is important for inventory systems, particularly MRP-DRP
logistic model described by input-output analysis and Laplace transforms. The
main question answered in this paper is under what conditions are supply chains
controllable. We have found that total and available distributed inventories are
controllable under certain conditions but that allocated component stock cannot
be controllable in L2 space.
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