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Abstract: Few scholar discussed the Perron-type integral of fuzzy-valued
functions in the fuzzy mathematics, because it is concerned with the supremum
and infimum of fuzzy-number sets. In this paper, the Perron integral of fuzzy-
valued functions is defined and characterized by using the support function. In
addition, the conditions of Perron integrability for fuzzy-valued functions and
the properties are discussed.
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1. Introduction

The integrals of fuzzy-valued functions have been discussed in recent papers. It
is well known, there are three kinds of definitions on fuzzy integrals based on the
corresponding backgrounds in integral theory of fuzzy analysis, i.e., Riemann
integral, defined by division, sum and limit [7], [14], [16], [5], [6]; as an extension
of Auman integral for the set-valued functions [1], the integral of fuzzy-valued
functions was defined and discussed by Kaleva [8], as an approximation of upper
integral and lower integral, the integral was defined by Nanda [11]. However,
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there exist some drawbacks in Nanda’s paper, main reason is it concerned with
the supremum and infimum of fuzzy-numbers set [11]. In 1987, Motloka [10]
defined a integral used division, sum, upper integral and lower integral, i.e.
(M) integral; Nanda [11] characterized Riemann-Stieltjes integral by the same
way in 1989. He used the result that ‘Bounded fuzzy-number sets have the
supremum and infimum, furthermore they could be approached arbitrarily and
for continuous functions, they are attainable’. In 1997, Wu Congxin [4] pointed
out the mistakes above and proved that the level set of the supremum (infimum)
of bounded fuzzy numbers set does not equal to the supremum (infimum) of
their level sets. In this paper, the Perron integral of fuzzy-valued functions
is defined and characterized by using the support functions. In addition, the
properties of fuzzy Perron integral are discussed.

2. Preliminary

Fuzzy set ũ ∈ En is called fuzzy number if ũ is a normal, convex fuzzy set, and
it is upper semi-continuous and suppu = {x ∈ Rn|u(x) > 0} is compact, where
Ā denotes the closure of A. We use En to denote the fuzzy number space.

Let ũ ∈ En, for each r ∈ (0, 1], set [u]r = {x ∈ Rn|u(x) ≥ r} is called
the level set of ũ, and it is a nonempty compact convex subset of Rn, and
[u]0 =

⋃

r∈(0,1]

[u]r denotes the support set of ũ.

Let ũ, ṽ ∈ En be arbitrary, k ∈ R, the partial order on En is: ũ ≤ ṽ if and
only if [u]r ⊂ [v]r, r ∈ [0, 1] (see [15]); [u+v]r = [u]r +[v]r and [ku]r = k[u]r, r ∈
[0, 1] is satisfied; D : En × En −→ [0,+∞) is defined by

D(ũ, ṽ) = sup
r∈[0,1]

d([u]r, [v]r),

where d stands for the Hausdorff metric (see [3]).

Lemma 2.1. (see [3]) If ũ ∈ En, then:

(1) [u]r is nonempty compact convex subset, i.e., [u]r ∈ Pk(R
n) for all

r ∈ [0, 1];

(2) for 0 ≤ r1 ≤ r2 ≤ 1, [u]r1 ⊃ [u]r2 ;

(3) if {rm} is a nondecreasing sequence converging to r ∈ (0, 1], then

∞
⋂

m=1

[u]rm = [u]r.
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Conversely, if for all r ∈ [0, 1], there exists Ar ⊂ Rn satisfying (1)-(3),
then there exists a unique ũ ∈ En such that [u]r = Ar, for r ∈ (0, 1] and
[u]0 =

⋃

r∈(0,1]

[u]r ⊂ A0.

The symbol Pk(R
n) denotes the family of all nonempty compact convex

subsets of Rn, defining the addition and scalar multiplication in Pk(R
n) as

following: for A,B ∈ Pk(R
n), a ∈ R,

A + B = {x + y : x ∈ A, y ∈ B}, aA = {ax : x ∈ A}.

For every A,B ∈ Pk(R
n), we define the Hausdorff metric of A and B by the

equation
d(A,B) = max{sup

a∈A

inf
b∈B

‖a − b‖, sup
b∈B

inf
a∈A

‖a − b‖}.

Definition 2.1. (see [3]) Let Sn−1 be the unit sphere of Rn, i.e.,

Sn−1 = {x ∈ Rn : ‖x‖ = 1}.

If x ∈ Sn−1, r ∈ [0, 1], then the support function u∗(r, x) of ũ is defined by

u∗(r, x) = sup
a∈[u]r

〈a, x〉, x ∈ Sn−1;

and if A ∈ Pk(R
n), the support function is defined by

σ(x,A) = sup
y∈A

〈y, x〉, x ∈ Sn−1,

here 〈., .〉 is the inner production in Rn.

Obviously, under the partial order above, ũ ≤ ṽ if and only if u∗(r, x) ≤
v∗(r, x).

Lemma 2.2. (see [3], [12]) If ũ, ṽ ∈ En, x ∈ Sn−1, r ∈ [0, 1], then:

(1) u∗(r, x) is uniformly bounded whenever x ∈ Sn−1, r ∈ [0, 1], and

|u∗(r, x)| ≤ sup
a∈[u]0

‖a‖;

(2) for each fixed x ∈ Sn−1, u∗(., x) is nonincreasing and left continuous
function in r ∈ (0, 1], and it is right cintinuous at r = 0;

(3) for each r ∈ [0, 1], u∗(r, .) is a uniformly Lipschitz continuous function
in x :

|u∗(r, x) − u∗(r, y)| ≤ ( sup
a∈[u]r

‖a‖)‖x − y‖;
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(4) if ũ, ṽ ∈ En, r ∈ [0, 1], then

d([u]r, [v]r) = sup
x∈Sn−1

|u∗(r, x) − v∗(r, x)|,

and

D(ũ, ṽ) = sup
r∈[0,1],x∈Sn−1

|u∗(r, x) − v∗(r, x)|;

(5) (u + v)∗(r, x) = u∗(r, x) + v∗(r, x);

(6) k ≥ 0, (ku)∗(r, x) = ku∗(r, x).

Since Hausdorff metric is a kind of stronger metric, much problems could
not be characterized. It is well known, the supremum (infimum) is a main
concept in analysis, and how to characterized the supremum (infimum) of fuzzy
number is an important problem in fuzzy analysis. Refer to (see [4]), if {ũn} is
a bounded fuzzy number sequence, then it has supremum and infimum and if
ũ is supremum (infimum) of {ũn}, D(ũn, ũ) → 0 is not correct generally. The
integral metric between two fuzzy numbers by using support functions of fuzzy
numbers is defined by Gong (see [15]),

D∗(ũ, ṽ) =

√

sup
x∈Sn−1,‖x‖=1

∫ 1

0
(u∗(r, x) − v∗(r, x))2dr .

(En,D∗) is a metric space, and for each fuzzy number sequence {ũn} ⊂ En

and fuzzy number ũ ∈ En, if D(ũn, ũ) → 0, then D∗(ũn, ũ) → 0. The converse
result does not hold.

3. The Perron Integral of Fuzzy-Valued Function

Definition 3.1. (see [9]) Real-valued function H(x) is said to be a major
function of f(x) on [a, b] if DH(x) ≥ f(x) for each x ∈ [a, b], where D is lower
derivative; and G(x) is said to be a minor function of f(x) on [a, b] if −G(x) is
a major function of −f(x) on [a, b]. f(x) is said to be Perron integrable on [a, b]
(i.e., (P) integrable) if sup

G

{G(b)−G(a)} = inf
H
{H(b)−H(a)}, and the common

value is defined to be the Perron integral of f(x) on [a, b]. It is denoted by

(P )
∫ b

a
f(x)dx.
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Definition 3.2. Let H̃, F̃ : [a, b] → En be fuzzy-valued functions. H̃ is
said to be a major function of F̃ if H̃ has H-difference property (i.e., for any
t1, t2 ∈ [a, b] satisfying t1 ≤ t2, there exists a fuzzy number ũ ∈ En, such that
H̃(t2) = H̃(t1) + ũ), ũ is called H-difference of H̃(t2) and H̃(t1). In addition, it
is denoted by H̃(t2) − H̃(t1) = ũ and for each ξ ∈ [a, b], there exists δ(ξ) > 0,
such that

F̃ (ξ) ≤
H̃(v) − H̃(u)

v − u
,

whenever ξ ∈ [u, v] ⊂ (ξ − δ(ξ), ξ + δ(ξ)). Similarly, G̃ : [a, b] → En is said to
be a minor function of F̃ on [a, b] if G̃ has H-difference property and for each
ξ ∈ [a, b], there exists δ(ξ) > 0, such that

F̃ (ξ) ≥
G̃(v) − G̃(u)

v − u
,

whenever ξ ∈ [u, v] ⊂ (ξ − δ(ξ), ξ + δ(ξ)).

It is obvious that if H̃ and G̃ are major function and minor function of F̃

on [a, b] respectively, then for each ξ ∈ [a, b], there exists δ(ξ) > 0, such that

H̃(v) − H̃(u)

v − u
≥ F̃ (ξ) ≥

G̃(v) − G̃(u)

v − u
,

i.e.,

H̃(v) − H̃(u) ≥ G̃(v) − G̃(u),

whenever ξ ∈ [u, v] ⊂ (ξ − δ(ξ), ξ + δ(ξ)). Applying the Heine-Borel Finite
Covering Theorem, we have H̃(b) − H̃(a) ≥ G̃(b) − G̃(a).

F̃ (t) is said to be fuzzy Perron integrable on [a, b] (i.e., (FP)integrable) if

sup
G̃

{G̃(b) − G̃(a)} = inf
H̃

{H̃(b) − H̃(a)} = Ã,

where the infimum is over all major functions of F̃ on [a, b] and the supremum
over all minor functions of F̃ on [a, b]. The common value is defined to be

the fuzzy Perron integral of F̃ on [a, b] and we write (FP )
∫ b

a
F̃ (t)dt = Ã or

F̃ (t) ∈ FP [a, b].

Remark 3.1. If H̃ and G̃ are major function and minor function of F̃ on
[a, b] respectively, then H∗(t)(r, x) and G∗(t)(r, x) are the major function and
the minor function of F ∗(t)(r, x) on [a, b] respectively, where F ∗(t)(r, x) stands
for the support function of F̃ (t) on [a, b].
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The proof is obvious. In fact, by the H-difference property of H̃ and G̃, we
have H̃(b) + G̃(a) ≥ G̃(b) + H̃(a), hence,

H∗(b)(r, x) + G∗(a)(r, x) ≥ G∗(b)(r, x) + H∗(a)(r, x).

That is,
H∗(b)(r, x) − H∗(a)(r, x) ≥ G∗(b)(r, x) − G∗(a)(r, x).

It follows that

(H̃(b) − H̃(a))∗(r, x) = H∗(b)(r, x) − H∗(a)(r, x),

(G̃(b) − G̃(a))∗(r, x) = G∗(b)(r, x) − G∗(a)(r, x).

In addition, for ξ ∈ [a, b], δ(ξ) > 0 and interval [u, v] satisfying ξ ∈ [u, v] ⊂
(ξ − δ(ξ), ξ + δ(ξ)), we also have

H∗(v)(r, x) − H∗(u)(r, x)

v − u
≥ F ∗(ξ)(r, x) ≥

G∗(v)(r, x) − G∗(u)(r, x)

v − u
,

thus, H∗(t)(r, x) and G∗(t)(r, x) are the major function and the minor function
of F ∗(t)(r, x) on [a, b] respectively, where F ∗(t)(r, x) stands for the support
function of F̃ (t) on [a, b].

4. Support Function Characterizations of Perron Integral

for Fuzzy-Valued Functions

Lemma 4.1. (see [15]) Let fuzzy-number set E be bounded. Then it has
supremum and infimum, and

(supE)∗(r, x) =

{ sup
ũ∈E

u∗(r, x), r ∈ [0, 1]\{r∗k},

lim
r→r∗

k
−0

sup
ũ∈E

u∗(r, x), r ∈ {r∗k},

(inf E)∗(r, x) =

{

inf
ũ∈E

u∗(r, x), r ∈ [0, 1]\{r∗l },

lim
r→r∗

l
−0

inf
ũ∈E

u∗(r, x), r ∈ {r∗l },

where {r∗k}(k = 1, 2, 3, ...) is the family of all discontinuous points of sup
ũ∈E

u∗(r, x)

and {r∗l }(l = 1, 2, 3, ...) is the family of all discontinuous points of inf
ũ∈E

u∗(r, x).

And for almost everywhere r ∈ [0, 1], we have

(sup E)∗(r, x) = sup
ũ∈E

u∗(r, x),



THE PERRON INTEGRAL OF FUZZY-VALUED... 327

and

(inf E)∗(r, x) = inf
ũ∈E

u∗(r, x).

Lemma 4.2. (see [15]) Let {ũt : t ∈ T} ⊂ En (T is the indexed set) be
a bounded fuzzy number set, if ũ ∈ En is the upper bound (lower bound) of
{ũt : t ∈ T} ⊂ En and for each ε > 0, there exists t0, such that D∗(ũ, ũt0) < ε,

then ũ = sup
t∈T

{ũt}(ũ = inf
t∈T

{ũt}).

Theorem 4.1. Let F̃ : [a, b] → En be a fuzzy-valued function. Then F̃

is fuzzy Perron integrable on [a, b] if and only if for each ε > 0, there exists a
major function H̃(t) and a minor function G̃(t) of F̃ (t) on [a, b], such that for
any x ∈ Sn−1, r ∈ [0, 1], we have

D∗(H̃(b) − H̃(a), G̃(b) − G̃(a)) < ε.

Proof. Necessity. Since F̃ is Perron integrable on [a, b], there exists a fuzzy
number Ã ∈ En, such that

Ã = sup
G̃

{G̃(b) − G̃(a)} = inf
H̃

{H̃(b) − H̃(a)},

where H̃, G̃ are major function and minor function of F̃ on [a, b] respectively.
That is,

A∗(r, x) = (sup
G̃

{G̃(b) − G̃(a)})∗(r, x) = (inf
H̃
{H̃(b) − H̃(a)})∗(r, x).

By Lemma 4.1,

sup
G̃

{G∗(b)(r, x) − G∗(a)(r, x)} = inf
H̃

{H∗(b)(r, x) − H∗(a)(r, x)},

for r ∈ [0, 1] \B, where µ(B) = 0. Hence, for any ε > 0, there exist H̃1 and G̃1,

for each x ∈ Sn−1, such that

H∗
1 (b)(r, x) − H∗

1 (a)(r, x) − (G∗
1(b)(r, x) − G∗

1(a)(r, x)) < ε
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holds whenever r ∈ [0, 1] \ B. Furthermore,

D
∗(H̃1(b)− H̃1(a), G̃1(b)− G̃1(a))

=

v

u

u

u

t sup
x∈Sn−1,‖x‖=1

1
Z

0

[(H̃1(b)− H̃1(a))∗(r, x)− (G̃1(b)− G̃1(a))∗(r, x)]2dr

=

v

u

u

t

sup
x∈Sn−1,‖x‖=1

Z

[0,1]\B

[(H∗
1 (b)(r, x)−H∗

1 (a)(r, x))− (G∗
1(b)(r, x)−G∗

1(a)(r, x))]2dr

<

v

u

u

t

sup
x∈Sn−1,‖x‖=1

Z

[0,1]\B

ε2dr = ε.

This proves the necessity.

Sufficiency. Since for each ε > 0, there exists a major function H̃(t) and a
minor function G̃(t) of F̃ (t) on [a, b], such that for any x ∈ Sn−1, r ∈ [0, 1], we
have

D∗(H̃(b) − H̃(a), G̃(b) − G̃(a)) < ε.

By Lemma 4.2, we have

H̃(b) − H̃(a) = sup
G̃

{G̃(b) − G̃(a)},

and
G̃(b) − G̃(a) = inf

H̃
{H̃(b) − H̃(a)}.

Thus,
sup
G̃

{G̃(b) − G̃(a)} = inf
H̃
{H̃(b) − H̃(a)}.

i.e., F̃ is fuzzy Perron integrable on [a, b].
The proof is complete.

Lemma 4.3. (see [13]) Let Ar ∈ Pk(R
n), {Arm} ⊂ Pk(R

n), {rm} be a
nondecreasing sequence converging to r. For each x ∈ Sn−1, we have Arm ⊃
Arm+1 ⊃ Ar, and if σ(x,Arm) converges to σ(x,Ar), then

Ar =
∞
⋂

m=1

Arm .

Lemma 4.4. (see [2]) Let ũ ∈ En, x ∈ Sn−1, r ∈ [0, 1]. Then

[u]r = {y ∈ Rn|〈y, x〉 ≤ u∗(r, x), x ∈ Sn−1}.
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Theorem 4.2. Let F̃ : [a, b] → En be a fuzzy-valued function. If for each
x ∈ Sn−1, r ∈ [0, 1], the support function F ∗(t)(r, x) of F̃ on [a, b] is Perron
integrable uniformly for r ∈ [0, 1], x ∈ Sn−1, then F̃ is fuzzy Perron integrable
on [a, b]. Furthermore,

((FP )

∫ b

a

F̃ (t)dt)∗(r, x) = (P )

∫ b

a

F ∗(t)(r, x)dt.

Proof. Let H(t)(r, x), G(t)(r, x) (x ∈ Sn−1, r ∈ [0, 1]) be major function
and minor function of F ∗(t)(r, x) on [a, b] respectively. Since F ∗(t)(r, x) is
Perron integrable on [a, b] for r ∈ [0, 1] uniformly, there exists a real number
a(r, x) ∈ R, such that

a(r, x) = inf
H
{H(b)(r, x) − H(a)(r, x)} = sup

G

{G(b)(r, x) − G(a)(r, x)},

i.e., (P )
∫ b

a
F ∗(t)(r, x)dt = a(r, x).

Fixed t ∈ [a, b], then

a(t)(r, x) = (P )

∫ t

a

F ∗(s)(r, x)ds.

a(t)(r, x) is nonincreasing, left continuous with respect to r ∈ (0, 1], and it is
right continuous at r = 0. We shall prove that the set

{y ∈ Rn|〈y, x〉 ≤ a(t)(r, x), x ∈ Sn−1},

determines a unique fuzzy number whenever r ∈ [0, 1]. In fact:
(a) It is obvious that the set {y ∈ Rn|〈y, x〉 ≤ a(t)(r, x), x ∈ Sn−1} is

nonempty. Let

b, c ∈ {y ∈ Rn|〈y, x〉 ≤ a(t)(r, x), x ∈ Sn−1},

for each x ∈ Sn−1, r ∈ [0, 1], we have inequality

〈b, x〉 ≤ a(t)(r, x),

and
〈c, x〉 ≤ a(t)(r, x).

Hence, for any s ∈ [0, 1], we have

〈sb + (1 − s)c, x〉 = s〈b, x〉 + (1 − s)〈c, x〉 ≤ a(t)(r, x).
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This implies that the set {y ∈ Rn|〈y, x〉 ≤ a(t)(r, x), x ∈ Sn−1} is convex set in
Rn.

In addition, if

{ai}
∞
i=1 ⊂ {y ∈ Rn|〈y, x〉 ≤ a(t)(r, x), x ∈ Sn−1},

since a(t)(r, x) is nonincreasing, hence, we can get the inequality

〈ai, x〉 ≤ a(t)(r, x) ≤ a(t)(0, x),

i.e., {〈ai, x〉} is bounded. So it has converging subsequence denoted by {〈aik , x〉}.

Let lim
k→∞

〈aik , x〉 = bx, then, bx ≤ a(t)(r, x). Obviously, result

〈 lim
k→∞

aik , x〉 = lim
k→∞

〈aik , x〉 = bx ≤ a(t)(r, x),

fulfils and we have

lim
k→∞

aik ∈ {y ∈ Rn|〈y, x〉 ≤ a(t)(r, x), x ∈ Sn−1}.

Thus, the set

{y ∈ Rn|〈y, x〉 ≤ a(t)(r, x), x ∈ Sn−1},

is a compact set in Rn.

(b) Suppose 0 ≤ r1 ≤ r2 ≤ 1, then for each x ∈ Sn−1 we have

a(t)(r2, x) ≤ a(t)(r1, x),

and if

b ∈ {y ∈ Rn|〈y, x〉 ≤ a(t)(r2, x), x ∈ Sn−1},

i.e.,

〈b, x〉 ≤ a(t)(r2, x) ≤ a(t)(r1, x),

the direct result is

b ∈ {y ∈ Rn|〈y, x〉 ≤ a(t)(r1, x), x ∈ Sn−1}.

Thus,

{y ∈ Rn|〈y, x〉 ≤ a(t)(r1, x), x ∈ Sn−1}

⊃ {y ∈ Rn|〈y, x〉 ≤ a(t)(r2, x), x ∈ Sn−1}.
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(c) If r ∈ [0, 1] and positive sequence {rk} is nondecreasing converging to r,
then, lim

k→∞
a(t)(rk, x) = a(t)(r, x). Considering the set

Mrk
= {y ∈ Rn|〈y, x〉 ≤ a(t)(rk, x), x ∈ Sn−1},

and the set
Mr = {y ∈ Rn|〈y, x〉 ≤ a(t)(r, x), x ∈ Sn−1},

by (a) and (b), we know that they are nonempty, compact and convex sets in Rn

and Mrk
⊃ Mrk+1

⊃ Mr(k = 1, 2, 3, ...), in addition, they satisfy the conditions,

σ(x,Mrk
) = sup

y∈Mrk

〈y, x〉 = a(t)(rk, x),

and
σ(x,Mr) = sup

y∈Mr

〈y, x〉 = a(t)(r, x).

So Mrk
and Mr fulfills the assumption of Lemma 4.3, and we have

∞
⋂

k=1

Mrk
=

Mr. That is

∞
⋂

k=1

{y ∈ Rn|〈y, x〉 ≤ a(t)(rk, x), x ∈ Sn−1}

= {y ∈ Rn|〈y, x〉 ≤ a(t)(r, x), x ∈ Sn−1}.

Combining (a), (b) and (c), we can infer that the set

{y ∈ Rn|〈y, x〉 ≤ a(t)(r, x), x ∈ Sn−1}

determines a unique fuzzy number Ã(t) ∈ En, where r ∈ [0, 1] is arbitrary.
By Lemma 4.4, we have

A∗(t)(r, x) = a(t)(r, x),

i.e.,

A∗(r, x) = inf
H
{H(b)(r, x) − H(a)(r, x)} = sup

G

{G(b)(r, x) − G(a)(r, x)},

A∗(t)(r, x) = (P )

∫ t

a

F ∗(s)(r, x)ds.

Then Ã(t) is a fuzzy-valued function defined on [a, b] (Ã(t) satisfies the
H-difference property), and the support function denoted by A∗(t)(r, x). Since
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H(t)(r, x) and G(t)(r, x) (x ∈ Sn−1, r ∈ [0, 1]) are major function and minor
function of F ∗(t)(r, x) on [a, b] respectively, for each ξ ∈ [a, b], there exists
δ(ξ) > 0, for any r ∈ [0, 1], x ∈ Sn−1 we have

H(v)(r, x) − H(u)(r, x)

v − u
≥ F ∗(ξ)(r, x) ≥

G(v)(r, x) − G(u)(r, x)

v − u
,

i.e.,

H(v)(r, x) − H(u)(r, x) ≥ F ∗(ξ)(r, x)(v − u)

≥ G(v)(r, x) − G(u)(r, x), (1)

where ξ ∈ [u, v] ⊂ (ξ − δ(ξ), ξ + δ(ξ)). Hence, for ξ ∈ [a, b], δ(ξ) > 0 and [u, v]
above, we have

A∗(v)(r, x) − A∗(u)(r, x) = (P )

∫ v

u

F ∗(ξ)(r, x)dξ,

i.e.,

A∗(v)(r, x) − A∗(u)(r, x)

= inf
H
{H(v)(r, x) − H(u)(r, x)} = sup

G

{G(v)(r, x) − G(u)(r, x)} (2)

is fulfilled. Thus, for each ξ ∈ [a, b], there exists δ(ξ) > 0, such that both (1)
and (2) are satisfied whenever ξ ∈ [u, v] ⊂ (ξ − δ(ξ), ξ + δ(ξ)). It follows that

A∗(v)(r, x) − A∗(u)(r, x) = F ∗(ξ)(r, x)(v − u),

that is,
A∗(v)(r, x) = A∗(u)(r, x) + F ∗(ξ)(r, x)(v − u).

Furthermore, we have the equation

Ã(v) = Ã(u) + F̃ (ξ)(v − u),

i.e.,
Ã(v) − Ã(u)

v − u
= F̃ (ξ).

The equation above implies that Ã(t) is a major function of F̃ (t) on [a, b],
and it is also a minor function of F̃ (t) on [a, b]. Obviously, Ã(t) satisfies the
conditions of definition 3.2, F̃ (t) is fuzzy Perron integrable on [a, b] and

((FP )

∫ b

a

F̃ (t)dt)∗(r, x) = A∗(r, x) = (P )

∫ b

a

F ∗(t)(r, x)dt.

The proof is complete.
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5. The Properties of Perron Integral

Remark 5.1. Suppose F̃1(t), F̃2(t) ∈ FP [a, b], then (F̃1(t) + F̃2(t)) ∈
FP [a, b], and

(FP )

∫ b

a

(F̃1(t) + F̃2(t))dt = (FP )

∫ b

a

F̃1(t)dt + (FP )

∫ b

a

F̃2(t)dt.

Remark 5.2. Suppose F̃ (t) ∈ FP [a, b], k ∈ R is a real number, then
kF̃ (t) ∈ FP [a, b], and

(FP )

∫ b

a

kF̃ (t)dt = k(FP )

∫ b

a

F̃ (t)dt.

Remark 5.3. Suppose F̃ (t) ∈ FP [a, b] and [c, d] ⊂ [a, b] is any subinterval
of [a, b], then

F̃ (t) ∈ FP [c, d].

Remark 5.4. Suppose F̃ (t) ∈ FP [a, b] and F̃ (t) ∈ FP [b, c], then F̃ (t) ∈
FP [a, c] and

∫ c

a

F̃ (t)dt =

∫ b

a

F̃ (t)dt +

∫ c

b

F̃ (t)dt.

Remark 5.5. Suppose F̃ (t) ≡ C̃, then for any finite interval [a, b], we
have F̃ (t) ∈ FP [a, b] and

∫ b

a

F̃ (t)dt = (b − a)C̃,

where C̃ ∈ En is a fuzzy number.

Remark 5.6. Suppose F̃1(t) ≥ F̃2(t) on [a, b] and F̃1(t), F̃2(t) ∈ FP [a, b],
then we have inequality

(FP )

∫ b

a

F̃1(t)dt ≥ (FP )

∫ b

a

F̃2(t)dt.

Proof. The proof of Remarks 5.1–5.5 are easy. Here we prove only Remark
5.6.

Since F̃1(t), F̃2(t) ∈ FP [a, b], we have

(FP )

∫ b

a

F̃1(t)dt = inf
H̃1

{H̃1(b) − H̃1(a)} = sup
G̃1

{G̃1(b) − G̃1(a)}, (3)
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and

(FP )

∫ b

a

F̃2(t)dt = inf
H̃2

{H̃2(b) − H̃2(a)} = sup
G̃2

{G̃2(b) − G̃2(a)}, (4)

where the infimum are over all major functions of F̃1 and F̃2 on [a, b] respec-
tively, the supremum are over all minor functions of F̃1 and F̃2 on [a, b] respec-
tively.

On the other hand, F̃1(t) ≥ F̃2(t) on [a, b], then, for any major function H̃2

of F̃2 and each ξ ∈ [a, b], there exists δ(ξ) > 0, such that

H̃2(v) − H̃2(u)

v − u
≥ F̃2(ξ) ≥ F̃1(ξ),

whenever ξ ∈ [u, v] ⊂ (ξ − δ(ξ), ξ + δ(ξ)). i.e., H̃2 is a major function of F̃1 on
[a, b]. Hence, H̃2(b) − H̃2(a) ≥ inf

H̃1

{H̃1(b) − H̃1(a)} holds. So we have

inf
H̃2

{H̃2(b) − H̃2(a)} ≥ inf
H̃1

{H̃1(b) − H̃1(a)}. (5)

Combining (3), (4) and (5), we can get the inequality

(FP )

∫ b

a

F̃1(t)dt ≥ (FP )

∫ b

a

F̃2(t)dt.

The proof is complete.
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