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1. Introduction

We take any two bitopological vector spaces (E, ξ, ‖.‖1) and (F, η, ‖.‖2), where
(E, ξ), (F, η) are two topological vector spaces, ‖.‖1 and ‖.‖2 are two norms
defined respectively on E and F . We consider the locally convex topology η1

generated by all continuous semi-norms on (F, η) and we give some properties
of the spaces: l(Eξ, Fη1

) space of sequentially continuous linear mappings from
Eξ = (E, ξ) to Fη1

= (F, η1) and l(E,F ) space of continuous linear mappings
from E = (E, ‖.‖1) to F = (F, ‖.‖2). Those properties are very useful to estab-
lish various results related to functional analysis, as for example, the principle
of uniform boundedness in a strictly N -locally convex spaces (see [2]).
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2. Preliminaries

2.1. Introduction and Some Notations

Let E be a vector space, N the set of all nonnegative integer and R the set of
all real number.

Definition 1. Let (ℓ1,≺) be a directed set and let {pα}α∈ℓ1 be a family
of positive function on E. {pα}α∈ℓ1 is said to be a family of quasi-norms on E
iff the following conditions hold:

(Q1) ∀α ∈ ℓ1 pα(0) = 0;

(Q2) ∀λ ∈ ℓ1 ∃µ ∈ ℓ1 such that λ ≺ µ and ∀x, y ∈ E

pλ(x + y) ≤ pµ(x) + pµ(y);

(Q3) λ ≺ µ ⇒ ∀x ∈ E pλ(x) ≤ pµ(x);

(Q4) ∀λ ∈ ℓ1 ∃µ ∈ ℓ1 such that λ ≺ µ and ∀x ∈ E ∀r ∈ R

pλ(rx) ≤ |r|pµ(x).

If in addition the condition

(pλ(x) = 0 ∀λ ∈ ℓ1) ⇒ x = 0

is satisfied, then the family of quasi-norms {pα}α∈ℓ1 is said to be separating.

Assume now that (E, ξ) is a topological vector space. Then the topology
ξ can be generated by a family {pα}α∈ℓ1 of quasi-norms. This result is due to
Hyers [1], 1939 who used the term “pseudo-norms” instead of “quasi-norms”.

Let (E, ξ) and (F, η) two separated topological vector spaces, and let ‖.‖1

and ‖.‖2 two norms defined respectively on E and F . Assume that the topolo-
gies ξ and η are respectively generated by the separating families of quasi-norms
{pα}α∈ℓ1 and {qβ}β∈ℓ2 .

Let {rs}s∈ℓ3 a family of continuous semi-norms on (F, η). Denote by η1 the
locally convex topology generated by the family {rs}s∈ℓ3 . Then, η1 is coarser
than η.

Definition 2. Let Y ⊂ E. Y is said to be sequentially relatively compact
in (E, ξ) if for every sequence {xn} ⊂ Y there exists a subsequence xnk

which
converges in (E, ξ).
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Definition 3. Let Y ⊂ E. Y is said to be bounded in (E, ξ) if ∀α ∈
ℓ1 ∃c > 0 such that pα(x) ≤ c ∀x ∈ Y .

Definition 4. We say that the bitopological space (F, η, η1) is sequentially
complete, if every Cauchy sequence (xn)n in (F, η) converges in (F, η1).

Denote by B1(E) the unit ball in (E, ‖.‖1), B2(F ) the unit ball in (F, ‖.‖2),
B1(E) the system of all bounded set in (E, ‖.‖1), B2(F ) the system of all
bounded set in (F, ‖.‖2), B(Eξ) the system of all bounded set in Eξ, B(Fη1

)
the system of all bounded set in Fη1

.
Assume that F satisfies the following conditions:

(F, η, η1) is sequentially complete; (2.1.1)

B2(F ) is closed in Fη ≡ (F, η); (2.1.2)

B(Fη1
) ⊂ B2(F ) ⊂ B(Fη). (2.1.3)

In this case, B(Fη1
) = B(Fη) = B2(F ) and η1 is coarser than η which is also

coarser than the topology generated by the norm ‖.‖2.
Now let us recall some basic notations which will be used later:

C1
0(E) − Space of all sequence which converge to 0 in (E, ‖.‖1),

C2
0(F ) − Space of all sequence which converge to 0 in (F, ‖.‖2),

C0(Eξ) − Space of all sequence which converge to 0 in Eξ,
C1(E) − System of all relatively compact set in (E, ‖.‖1),
C2(F ) − System of all relatively compact set in (F, ‖.‖2),
C(Eξ) − System of all sequentially relatively compact set in Eξ,
l((E, ‖.‖1), (F, ‖.‖2)) − Space of all continuous linear mapping from

(E, ‖.‖1) to (F, ‖.‖2),
l(Eξ, Fη1

) − Space of all sequentially continuous linear mapping from Eξ

to Fη1
.

Let ‖.‖3 denote the dual norm of l((E, ‖.‖1), (F, ‖.‖2)). Assume that B1(E) ⊂
B(Eξ). Let σ ⊂ B1(E) such that

⋃

C∈σ

C = E and ∀C1, C2 ∈ σ , C1

⋃
C2 ∈ σ.

Then we have the following result.

Proposition 5. l(Eξ , Fη1
) ⊂ l((E, ‖.‖1), (F, ‖.‖2)).

Proof. Suppose that A ∈ l(Eξ, Fη1
), but A /∈ l((E, ‖.‖1), (F, ‖.‖2)). Then,

∀n ∈ N , ∃xn ∈ B1(E) , ‖Axn‖2 ≥ n2.
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Consequently, (n−1xn)n ∈ C0(Eξ). It follows then that (An−1xn)n ∈ C0(Fη1
).

Thus {An−1xn} ∈ B(Fη1
) = B2(F ), contradicting the fact that ‖Axn‖2 ≥ n2.

Thus, we achieve the proof.

∀C ∈ σ, ∀s ∈ ℓ3 define PC,s as follows:

∀A ∈ l(Eξ, Fη1
) PC,s(A) = sup

y∈C

rs(Ay).

Analogously, define LC,β as follows:

∀C ∈ σ, ∀β ∈ ℓ2, ∀A ∈ l(Eξ, Fη1
), LC,β(A) = sup

y∈C

qβ(Ay).

We define lσ(Eξ, Fη1
) to be the topological vector space (l(Eξ, Fη1

), ζ), where
ζ is the topology generated by the collection of quasi-norms {LC,β}. Denote
by ζ1 the locally convex topology on l(Eξ, Fη1

) generated by the collection of
semi-norms {PC,s}. Hence, on l(Eξ, Fη1

) are defined three topologies, the dual
norm ‖.‖3, the topology ζ and the topology ζ1. In this case, each member of
the family {PC,s} is continuous on lσ(Eξ , Fη1

). Therefore, ζ1 is coarser than ζ.
Let us now give some topological properties of l(Eξ, Fη1

).

2.2. Properties of Sequentially Continuous Linear

Mappings in Bitopological Vector Spaces

Assume that all the hypotheses of the above paragraph hold. Then we have the
following result.

Proposition 6. Let {An} ⊂ l(Eξ, Fη1
). Then the following conditions are

equivalent:

1) (An)n ∈ C0(lσ(Eξ, Fη1
));

2) ∀C ∈ σ, ∀{xn} ⊂ C, (Anxn)n ∈ C0(Fη).

Proof. It is clear that 1) implies 2). Suppose now that (An)n /∈ C0(lσ(Eξ,
Fη1

)). Then ∃ε > 0 ∃C ∈ σ ∃β ∈ ℓ2 such that

∀k ∈ N, ∃nk increasing sequence in N ∃xnk
∈ C qβ(Ank

xnk
) ≥ ε.

Let l ∈ C. Put xn = l for n /∈
∞⋃

k=1

{nk}. Then {xn} ⊂ C, but (Anxn)n /∈

C0(Fη), contradicting the assumption 2).
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Proposition 7. Suppose that C(Eξ) ⊂ σ. Then the following assumptions
hold:

1) (l(Eξ , Fη1
), ζ, ζ1) is sequentially complete;

2) The unit ball in (l(Eξ , Fη1
), ‖.‖3) denoted B3(l(Eξ , Fη1

)) is closed in
lσ(Eξ, Fη1

);

3) B(l(Eξ, Fη1
), ζ1) ⊂ B(l(Eξ, Fη1

), ‖.‖3) ⊂ B(lσ(Eξ , Fη1
)).

Proof. Suppose that (An)n is Cauchy sequence in lσ(Eξ, Fη1
). Then, ∀y ∈

E (Any)n is Cauchy sequence in Fη. Consequently, Any → Ay in Fη1
, as n → ∞.

Let us show now that A ∈ l(Eξ , Fη1
). Let (xn)n ∈ C0(Eξ). Then, C1 ≡

{xn} ∈ C(Eξ) ⊂ σ. Since (An)n is Cauchy sequence in lσ(Eξ, Fη1
), then (An)n

is also a Cauchy sequence in (l(Eξ, Fη1
), ζ1). Therefore,

∀ε > 0, ∀C ∈ σ, ∀s ∈ ℓ3, ∃n0 ∈ N, ∀n,m ≥ n0, ∀y ∈ C,

rs(Any − Amy) < ε.

Letting m → ∞, it follows that

∀ε > 0, ∀C ∈ σ, ∀s ∈ ℓ3, ∃n0 ∈ N, ∀n ≥ n0, ∀y ∈ C,

rs(Any − Ay) ≤ ε. (2.2.1)

Pick any s ∈ ℓ3, and ε > 0. Then

∃n0 ∈ N ∀n ∈ N, rs((An0
− A)xn) ≤

ε

2
.

On the other hand,

∃n1 ∈ N, ∀n > n1, rs(An0
xn) ≤

ε

2
.

In this case

∃n2 ≡ max(n0, n1) ∈ N, ∀n > n2, rs(Axn) ≤ ε.

Thus A ∈ l(Eξ, Fη1
). The condition (2.2.1) implies that An → A in (l(Eξ ,

Fη1
), ζ1).
Let us show now the assertion 2). Pick any set and denote it by I. Let

{Aα : α ∈ I} ⊂ B3(l(Eξ, Fη1
)), A ∈ l(Eξ, Fη1

)

such that Aα → A in lσ(Eξ, Fη1
). Then

∀x ∈ B1(E) {Aαx} ⊂ B2(F ) and Aαx → Ax in Fη.
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As B2(F ) is closed in Fη, it follows that Ax ∈ B2(F ) and consequently ‖A‖3 ≤ 1.
Thus

B3(l(Eξ , Fη1
)) is closed in lσ(Eξ, Fη1

).

Let us prove now the assertion 3). For this, let us prove first that B(l(Eξ, Fη1
), ‖.‖3) ⊂

B(lσ(Eξ, Fη1
)). Suppose the contrary. Then

∃C ∈ σ, ∃β ∈ ℓ2, ∀n ∈ N, ∃An ∈ l(Eξ, Fη1
),

∃xn ∈ C, qβ(Anxn) > n‖An‖3. (2.2.2)

On the other hand, ∃c > 0, ∀n ∈ N, qβ(Anxn) ≤ c‖Anxn‖2 ≤ c‖An‖3‖xn‖1.
Consequently, using (2.2.2), we deduce that ∀n ∈ N, n < c‖xn‖1. Since C ∈
B1(E), then ∃M1 > 0, ∀n ∈ N, ‖xn‖ ≤ M1. Therefore, ∀n ∈ N, n < cM1,
contradiction.

Assume now that B(l(Eξ, Fη1
), ζ1) 6⊂ B(l(Eξ, Fη1

), ‖.‖3). Then there exists
W ∈ B(l(Eξ, Fη1

), ζ1) such that

∀n ∈ N, ∃An ∈ W, ∃xn ∈ B1(E), ‖Anxn‖2 > n2.

This implies that (n−1xn)n ∈ C0(Eξ). Hence, {n−1xn} ∈ C(Eξ) ⊂ σ. Thus,{An(n−1xn)} ∈
B(Fη) = B2(F ), which contradicts the fact that ∀n ∈ N, ‖Anxn‖2 > n2. Thus
we achieve the proof.

2.3. Some Properties of Sequentially Continuous

Endomorphisms in Bitopological Vector Spaces

Let (E, ξ) be a separated topological vector space, and let ‖.‖1 be a norm
defined on E. Assume that the topology ξ is generated by the separating
family of quasi-norms {pα}α∈ℓ1 .

Let {rs}s∈ℓ2 be a family of continuous semi-norms on (E, ξ). Denote by
ξ1 the locally convex topology generated by the family {rs}s∈ℓ2. Assume that
(E, ξ, ξ1) is sequentially complete, B1(E) is closed in Eξ ≡ (E, ξ), B(Eξ1) ⊂
B1(E) ⊂ B(Eξ).

Let ‖.‖′1 denote the dual norm of l((E, ‖.‖1), (E, ‖.‖1)), ‖.‖
′
2 denote the dual

norm of l((E, ‖.‖1), R). Let also σ ⊂ B1(E) such that

⋃

C∈σ

C = E, and ∀C1, C2 ∈ σ, C1

⋃
C2 ∈ σ.

Assume that C(Eξ) ⊂ σ.
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Let γ(σ, ξ) denote the topology (on l(Eξ, Eξ1)) of uniform convergence on
each set of σ with respect to the topology ξ. Analogously, let γ(σ, |.|) denote
the topology (on l(Eξ, R)) of uniform convergence on each set of σ with respect
to the topology |.| of R.

Put ζ1 = γ(σ, ξ1), ζ = γ(σ, ξ).

Denote by lσ(ξ)(Eξ, Eξ1) the topological vector space l(Eξ, Eξ1) under the
topology ζ, and denote also by lσ(|.|)(Eξ, R) the topological vector space l(Eξ, R)
under the topology γ(σ, |.|). Then we have the following results.

Proposition 8. The following assetions hold:

1) l(Eξ, Eξ1) ⊂ l((E, ‖.‖1), (E, ‖.‖1));

2) (l(Eξ , Eξ1), ζ, ζ1) is sequentially complete;

3) The unit ball in (l(Eξ , Eξ1), ‖.‖
′
1) denoted B′

1(l(Eξ, Eξ1)) is closed in
lσ(ξ)(Eξ, Eξ1);

4) B(l(Eξ, Eξ1), ζ1) ⊂ B(l(Eξ, Eξ1), ‖.‖
′
1) ⊂ B(lσ(ξ)(Eξ , Eξ1));

5) l(Eξ, R) ⊂ l((E, ‖.‖1), R);

6) lσ(|.|)(Eξ, R) is sequentially complete;

7) The unit ball in (l(Eξ , R), ‖.‖′2) denoted B′
2(l(Eξ , R)) is closed in lσ(|.|)(Eξ, R);

8) B(l(Eξ, R), ‖.‖′2) = B(lσ(|.|)(Eξ, R)).

Proof. The result follows from the Proposition 5 and Proposition 7.

Proposition 9. Let An, A, xn, x such that

An, A ∈ l(Eξ, Eξ1); xn, x ∈ E; An → A in lσ(ξ)(Eξ, Eξ1) and xn → x in Eξ.

Then Anxn → Ax in Eξ1 .

Proof. Since {xn} ∈ C(Eξ) ⊂ σ. Then Anxn − Ax = (An − A)xn + A(xn −
x) → 0 in Eξ1 .

Corollary 10. Let x ∈ E. Put χA = Ax for A ∈ l(Eξ, Eξ1). Then
χ ∈ l(lσ(ξ)(Eξ , Eξ1), Eξ1).

Proof. The result follows from Proposition 9.

Put

π(ξ) = {Q ⊂ l(Eξ, R)| ∀{x′
n} ⊂ Q ∀(xn)n ∈ C0(Eξ) x′

nxn → 0}.

Let us remark that π(ξ) satisfies the conditions:

⋃

Q∈π(ξ)

Q = l(Eξ, R), and ∀Q1, Q2 ∈ π(ξ), Q1

⋃
Q2 ∈ π(ξ).
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Proposition 11. The following inclusion holds:

π(ξ) ⊂ B(l(Eξ, R), ‖.‖′2) ≡ B(lσ(|.|)(Eξ, R)).

Proof. Suppose that Q ∈ π(ξ), but Q /∈ B(lσ(|.|)(Eξ , R)). Then there exists
C ∈ σ such that,

∀n ∈ N, ∃x′
n ∈ Q, ∃xn ∈ C, |x′

nxn| > n. (2.3.1)

In this case (n−1xn)n ∈ C0(Eξ); and since Q ∈ π(ξ), it follows then that
x′

n(n−1xn) → 0, contradicting (2.3.1).

Proposition 12. The following inclusion holds: C(lσ(|.|)(Eξ, R)) ⊂ π(ξ).

Proof. Suppose that Q ∈ C(lσ(|.|)(Eξ, R)), but Q /∈ π(ξ). Then

∃{x′
n} ⊂ Q ∃(xn)n ∈ C0(Eξ) ∃ε > 0 ∀k ∈ N ∃nk > k, |x′

nk
xnk

| > ε. (2.3.2)

We can assume that x′
nk

→ x′ in lσ(|.|)(Eξ, R). Consequently, since {xnk
} ∈

C(Eξ) ⊂ σ, then x′
nk

xnk
= (x′

nk
− x′)xnk

+ x′xnk
→ 0, contradicting (2.3.2).

Let µ(π(ξ), |.|) denote the topology (on l(lσ(|.|)(Eξ, R), R)) of uniform conver-
gence on each set of π(ξ) with respect to the topology |.| of R; and denote
by µ(π(ξ), γ(σ, |.|)) the topology (on l(lσ(|.|)(Eξ , R), lσ(|.|)(Eξ, R))) of uniform
convergence on each set of π(ξ) with respect to the topology γ(σ, |.|). Let
lν(π(ξ),|.|)(lσ(|.|)(Eξ , R), R) be the topological vector space l(lσ(|.|)(Eξ , R), R) un-
der the topology µ(π(ξ), |.|).

Let ‖.‖′3 the dual norm of l((l(Eξ , R), ‖.‖′2), R). Then using the propositions
8, 11 and 12, we obtain the following result.

Proposition 13. 1) l(lσ(|.|)(Eξ , R), R) ⊂ l((l(Eξ , R), ‖.‖′2), R);

2) lµ(π(ξ),|.|)(lσ(|.|)(Eξ , R), R) is sequentially complete;

3) The unit ball in (l(lσ(|.|)(Eξ , R), R), ‖.‖′3) is closed in lν(π(ξ),|.|)(lσ(|.|) (Eξ, R), R);

4) B(l(lσ(|.|)(Eξ, R), R), ‖.‖′3) = B(lµ(π(ξ),|.|)(lσ(|.|)(Eξ, R), R)).

Denote by B′
3(l(lσ(|.|)(Eξ, R), R)) the unit ball in (l(lσ(|.|)(Eξ, R), R), ‖.‖′3).

Assume now that σ satisfies also the following condition:

∀C ∈ σ, ∀A ∈ l(Eξ , Eξ1), ∀{xn} ⊂ C, {Axn} ∈ σ. (2.3.3)

Then we have the following results.

Proposition 14. Let A ∈ l(Eξ , Eξ1). Put A′x′ = x′ ◦ A for x′ ∈ l(Eξ, R).
Then A′ ∈ l(lσ(|.|)(Eξ , R), lσ(|.|)(Eξ, R)).
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Proof. Let (x′
n)n ∈ C0(lσ(|.|)(Eξ, R)). Then, it follows from the condition

(2.3.3) that
∀C ∈ σ ∀{xn} ⊂ C (A′x′

n)xn = x′
n(Axn) → 0.

On the other hand, using Proposition 6, we deduce that

(A′x′
n) ∈ C0(lσ(|.|)(Eξ, R)). �

Proposition 15. Let (An)n ∈ C0(lσ(ξ)(Eξ, Eξ1)). Put A′
nx′ = x′ ◦ An for

x′ ∈ l(Eξ, R). Then (A′
n)n ∈ C0(lµ(π(ξ),γ(σ,|.|))(lσ(|.|)(Eξ , R), lσ(|.|)(Eξ, R))).

Proof. Let Q ∈ π(ξ), {x′
n} ⊂ Q, C ∈ σ, {xn} ⊂ C. From Proposition

6, it follows that (Anxn)n ∈ C0(Eξ). Therefore, (A′
nx′

n)xn = x′
n(Anxn) → 0.

Consequently, using Proposition 6, we deduce that (A′
nx′

n)n ∈ C0(lσ(|.|)(Eξ, R)).
Using also the same argument, we conclude that

(A′
n)n ∈ C0(lµ(π(ξ),γ(σ,|.|))(lσ(|.|)(Eξ, R), lσ(|.|)(Eξ, R))). �

Corollary 16. Let An, A ∈ l(Eξ, Eξ1); x′
n, x′ ∈ l(Eξ, R). Suppose that

An → A in lσ(ξ)(Eξ, Eξ1) and x′
n → x′ in lσ(|.|)(Eξ, R).

Then A′
nx′

n → A′x′ in lσ(|.|)(Eξ , R).

Proof. The result follows from Proposition 9 and Proposition 15.

Put

θ(ξ, σ) = {W ⊂ l(Eξ, Eξ1)| ∀(An)n ∈ C0(lσ(ξ)(Eξ , Eξ1)),

∀{Rn} ⊂ W (An ◦ Rn)n ∈ C0(lσ(ξ)(Eξ, Eξ1))}.

Remark that θ(ξ, σ) satisfies the conditions:

⋃

W∈θ(ξ,σ)

W = l(Eξ , Eξ1), and ∀W1,W2 ∈ θ(ξ, σ), W1

⋃
W2 ∈ θ(ξ, σ).

Proposition 17. The following inclusion holds: θ(ξ, σ) ⊂ B(lσ(ξ)(Eξ ,
Eξ1)).

Proof. Suppose that W ∈ θ(ξ, σ), but W /∈ B(lσ(ξ)(Eξ, Eξ1)). Since

∀α1 ∈ ℓ1 ∃α2 ∈ ℓ1 such that α1 ≺ α2 and ∀n ∈ N ∀x ∈ E pα1
(nx) ≤ npα2

(x),

and since W /∈ B(lσ(ξ)(Eξ, Eξ1)), then

∃C ∈ σ, ∃α2 ∈ ℓ1, ∀n ∈ N, ∃Rn ∈ W, ∃xn ∈ C, pα2
(n−1Rnxn) > 1.
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Put Anx = n−1x for x ∈ E. In this case, (An)n ∈ C0(lσ(ξ)(Eξ, Eξ1)), but
pα2

((An ◦ Rn)xn) = pα2
(n−1Rnxn) > 1. Thus, ((An ◦ Rn)xn) /∈ C0(Eξ).

Therefore, (An ◦ Rn)n /∈ C0(lσ(ξ)(Eξ , Eξ1)). But this contradicts the fact that
W ∈ θ(ξ, σ).

Proposition 18. The following inclusion holds: C(lσ(ξ)(Eξ, Eξ1)) ⊂ θ(ξ, σ).

Proof. Suppose that W ∈ C(lσ(ξ)(Eξ , Eξ1)), but W /∈ θ(ξ, σ). Then

∃{Rn} ⊂ W, ∃(An)n ∈ C0(lσ(ξ)(Eξ, Eξ1)), (An ◦ Rn)n /∈ C0(lσ(ξ)(Eξ, Eξ1)).

Consequently,

∃C ∈ σ, ∃α ∈ ℓ1, ∃ε > 0, ∀k ∈ N, ∃nk > k, ∃{xnk
} ⊂ C

such that pα(Ank
Rnk

xnk
) > ε. (2.3.4)

We can assume that Rnk
converges to some R in lσ(ξ)(Eξ, Eξ1). Thus, since

{xnk
} ⊂ C, it follows that ((Rnk

− R)xnk
)n ∈ C0(Eξ). This implies that

{(Rnk
− R)xnk

} ∈ C(Eξ) ⊂ σ. Therefore, Ank
Rnk

xnk
= Ank

[(Rnk
− R)xnk

] +
Ank

(Rxnk
) → 0 in Eξ, contradicting (2.3.4).

Using Propositions 8, 17 and 18, we deduce the following results.

Proposition 19. lσ(ξ)(Eξ, Eξ1), lσ(ξ1)(Eξ, Eξ1)) and l‖.‖′
1
(Eξ , Eξ1) satisfy

the analogous conditions established in Proposition 8 for Eξ, Eξ1 and (E, ‖.‖1).

Proposition 20. Let A ∈ l(Eξ, Eξ). Put AlR = A ◦R for R ∈ l(Eξ , Eξ1).
Then Al ∈ l(lσ(ξ)(Eξ, Eξ1), lσ(ξ)(Eξ, Eξ1)).

Proof. Let (Rn)n ∈ C0(lσ(ξ)(Eξ , Eξ1)), C ∈ σ, and {xn} ⊂ C. Then

([AlRn]xn)n = (ARnxn)n ∈ C0(Eξ). Consequently, using Proposition 6, we
deduce that (AlRn)n ∈ C0(lσ(ξ)(Eξ, Eξ1)). Thus, we achieve the proof.

Proposition 21. Let (An)n ∈ C0(lσ(ξ)(Eξ, Eξ1)). Put Al
nR = An ◦ R for

R ∈ l(Eξ, Eξ1). Then (Al
n)n ∈ C0(lθ(ξ,σ)[σ(ξ)](lσ(ξ)(Eξ, Eξ1), lσ(ξ)(Eξ, Eξ1))).

Proof. The result follows from the definition of θ(ξ, σ) and Proposition
6.

Proposition 22. Let A
(i)
n , A(i) ∈ l(Eξ, Eξ1), n ∈ N, i = 1, 2, and

A
(i)
n → Ai in lσ(ξ)(Eξ, Eξ1). Then A

(1)
n ◦ A

(2)
n → A(1) ◦ A(2) in lσ(ξ)(Eξ , Eξ1).

Proof. The result follows from Propositions 9, 17 and 21.

Corollary 23. Let A ∈ l(Eξ, Eξ1). Put ArR = R ◦ A for R ∈ l(Eξ , Eξ1).
Then Ar ∈ l(lσ(ξ)(Eξ, Eξ1), lσ(ξ1)(Eξ, Eξ1)).

Proof. The result follows from the Proposition 22.
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