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Abstract: Fractal modeling of different shapes has gained much popularity
in recent years. The problem of modeling is very simple when one has mathe-
matical description of the fractal he wants to model. But the inverse procedure
is much more complicated. Indeed, for any shape there is no exact proce-
dure of obtaining its mathematical fractal description. Based on recent work
of Goldman quite new method of obtaining fractal coefficients of arbitrary two
dimensional shapes has been presented in the paper. The procedure is based on
the possibility of fractal modeling of quadratic and linear Bézier curves. Indeed,
any shape may be modeled as a sum of Bézier curves, with the help of IPAN99

algorithm, which in turn may be modeled fractally. In the paper the automatic
method of such Bézier-Fractal modeling of shapes has been presented together
with a number of practical examples.
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1. Introduction

Recently Ron Goldman in [6] has shown that Bézier curves may be obtained
as attractors of some Iterated Function System (IFS). That result is surprising
because Bézier curves as polynomials are very regular and usually we do not
think about them as about fractals. Fractals are always associated with objects
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that have strange and pathological properties. Taking into account that fact
and the one that linear segments can also be constructed using suitable IFS, it
is possible to model every contour in a fractal way according to the following
method. A contour with a good accuracy is splitted into a finite number of
parts that are linear or quadratic Bézier curves. The form of IFS for every
segment of the contour that is a quadratic Bézier curve is determined by three
control points uniquely and is given in [6]. Unfortunately linear segments that
in fact are linear Bézier curves cannot be generated using the method shown in
[6] because of some essential difficulty. Namely, control points of Bézier curves
are required to be non-collinear. If they are, as in the case of linear segments,
then in Goldman’s method singularity appears and the method fails. In the
paper we show how to construct IFS for an arbitrary linear segment. Then we
show how to construct IFS for any shape which can be approximated by linear
segments and quadratic Bézier arcs. Having a collection of IFS using iteration
process we can generate the given contour fractally. Because of the fact that
Bézier curves play a crucial role in the process of modeling we call it as Bézier-
Fractal modeling. We also give some examples of simple shapes modeled in
such a way as well as more complex contours. Additionally, we show how such
contours may be modeled with the usage of the probabilistic approach. It is
worth to mention also that having an IFS we can always generate its attractor
but the inverse problem in which we want to find IFS to a given attractor is not
a trivial one and generally its solution is not known [1], [4], [13]. The method
presented in the paper solves the problem of fractal modeling only for contours
that can be accurately or approximately represented in the form of a finite sum
of parts that are quadratic Bézier curves or linear segments.

2. Fractals as Attractors

There are many definitions of fractals in use [1], [4]. But we do not want
to go into details. For our purposes fractals are identified with attractors of
some contractive mappings because such identification is the best one from the
computer graphics point of view. Indeed, the mappings give us some coefficients
which are commonly used in image coding.
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2.1. Iterated Function System

Let us consider the following affine mapping given by:

{

x′ = ax + by + e ,
y′ = cx + dy + f .

(1)

Using homogenous coordinates that mapping can be presented in the matrix
form

[

x′, y′, 1
]

= [x, y, 1] ∗





a c 0
b d 0
e f 1



 , (2)

or equivalently as:
[

x′, y′, 1
]

= [x, y, 1] ∗ F , (3)

where F is a matrix defining some affine mapping and [x′, y′, 1], [x, y, 1] are
homogeneous point and its image through F , respectively. It is known that if
F is a contractive mapping then the iteration process

[xn, yn, 1] =
[

xn−1, yn−1, 1
]

∗ F for n → ∞ (4)

is convergent and there exists the limit (fixed point) not dependent on any
starting point [4]. If we consider more than one contractive mapping Fi, i =
1, . . . , k then the set of these mappings we denote also by F = {F1, . . . , Fk}
and we call them the Iterated Function System (IFS). If all F = {F1, . . . , Fk}
are contractive then F is also contractive and F (S) = F1(S) ∪ . . . ∪ Fk(S) [4].
From the Contractive Mapping Fixed-Point Theorem [4], [6] follows that the
iteration process Sn = F (Sn−1), n ∈ N starting from an arbitrary initial set
S0 is convergent to S′ for n → ∞ which is called the fixed point (attractor) of
F , F (S′) = S′. The mentioned attractor is identified with fractal generated by
IFS.

2.2. IFS with Probabilities

Consider the set of contractive mappings F = {F1, . . . , Fk}. In the case of
IFS all of these mappings are always used during each iteration step. Consider
next the model in which the mappings are used with different probabilities and
only one mapping is used by iteration step. So assume that we have mappings
F = {F1, . . . , Fk} with probabilities P = {p1, . . . , pk}. It means that to any
mapping Fi, i = 1, . . . , k the probability pi is associated, that is pi > 0 and
∑k

i=1
pi = 1. Such a system is called IFS with probabilities [4], [13]. It has
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been also generalized to commonly used the so-called Recurrent IFS (RIFS)
[1], [4], [13] in which the set of probabilities changes after each iteration. But
for our purposes the IFS with probabilities (in which the set of probabilities
is constant during the iteration process) is quite sufficient. Very often in such
the model the same probabilities are used for all mappings. But choosing
the probabilities equal to pi = | det Fi|

P

k

i=1
|det Fi|

enables the covering of the plane

as quickly as possible, [13]. The iteration process starts from any point of
the plane. But when the starting point belongs to the attractor then all the
iteration points also lie in the attractor. In the case when the starting point
does not belong to the attractor then a finite number of points created at the
beginning of the iteration process lie outside the attractor.

3. Bézier Curves as Attractors

Bézier curve Q(u) of degree n [6], [14] is defined as follows:

Q(u) =
n

∑

i=0

PiB
n
i (u), u ∈ [0, 1] , (5)

where Pi, i = 0, . . . , n are points in R2 that control of the shape of the curve
and

Bn
i (u) =

(

n

i

)

(1 − u)n−iui, u ∈ [0, 1] , i = 0, . . . , n (6)

are Berstein polynomials. In Figure 1 it is shown an example of Bézier curve of
degree 3. The curve is uniquely determined by four control points P0, P1, P2,
P3.

Figure 1: Working of the de Casteljau algorithm for Bézier curve of
degree 3
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Any Bézier curve may be divided into two parts: the left and the right ones
using the known subdivision de Casteljau algorithm. In Figure 1 the process
of subdivision of Bézier curve of degree 3 is presented. The control points of
the left and the right parts of Bézier curve of degree n can be calculated using
following formulas [6]

Qk(u) =

k
∑

i=0

PiB
k
i (u), Rk(u) =

k
∑

i=0

Pk+n−iB
n−k
n−i (u), k = 0, . . . , n. (7)

By introducing matrices denoted by L and M of the form, [6]:

L =









B0
0(u) 0 ... 0

B1
0(u) B1

1(u) ... 0
... ... ... ...

Bn
0 (u) Bn

1 (u) ... Bn
n(u)









,

M =









Bn
0 (u) Bn

1 (u) ... Bn
n(u)

0 Bn−1
0 (u) ... Bn−1

n−1(u)
... ... ... ...
0 0 ... B0

0(u)









.

(8)

control points of the left and right parts of Bézier curve Q(u) of degree n can
be obtained from the [6]

Q = L · P, R = M · P , (9)

where P = [P0, P1, . . . , Pn]T ,Q = [Q0, Q1, . . . , Qn]T ,R = [R0, R1, . . . , Rn]T .
Matrix of points P is formed as a quadratic one which is achieved by suit-
able immersing points of the plane in higher dimensional spaces [6]. Assuming
that P is not singular (singularity of P denotes that points Pi , i = 0, . . . , n are
collinear) one can calculate

Lp = P−1 · L · P, Mp = P−1 · M · P (10)

that define IFS generating Bézier curve. IFS is of the form IFS = {Lp,Mp},
[6]. The proof of the fact that {Lp,Mp} really generates fractally Bézier curve
follows immediately from the definition of Bézier curve and the de Casteljau
subdivision algorithm, [6]. For our further purpose we need only Bézier curves
of degree 2. So taking n = 2 and fixing u = 1/2 (such choice of u allows
to obtain the best possible convergence of the iteration process [6]) we obtain
matrices L, M , and P in the following form:

L =





1 0 0
1

2

1

2
0

1

4

1

2

1

4



 , M =





1

4

1

2

1

4

0 1

2

1

2

0 0 1



 , P =





x0 y0 1
x1 y1 1
x2 y2 1



 . (11)
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Unfortunately Bézier curve of degree 1 (linear segment) cannot be obtained
using the method given above. Because in this case it is not possible to obtain
nonsingular matrix P . Therefore we suggest the solution of this problem in the
next section.

4. Segments as Fractals

It is known [13] that a linear segment of length 1 joining points [0, 0] and
[1, 0] can be fractally generated using the following matrices defining two affine
mappings:

F1 =





1

2
0 0

0 1

2
0

0 0 1



 , F2 =





1

2
0 0

0 1

2
0

1

2
0 1



 . (12)

Basing on the above matrices one can obtain IFS for an arbitrary segment of
length s, as in Figure 2, joining two arbitrary points P0 = [x0, y0], P1 = [x1, y1]
making the following geometrical transformations:

D = Ss · Rφ · Tx0,y0
, (13)

where S, R and T denote scale, rotation and translation matrices, respectively
with parameters s and φ determined according to formulas:

s =
√

(x0 − x1)2 + (y0 − y1)2

and φ = arctan(y1−y0

s
).

Then IFS of an arbitrary linear segment is defined by two matrices

FD1 = D−1 · F1 · D, FD2 = D−1 · F2 · D. (14)

x0

y0
a

s

y1

x1

Figure 2: An arbitrary segment of length s

It is easy to see that such mappings forming IFS are contractive. And
similar as in the case of Bézier curves information about points defining the
segment is included in IFS directly.
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5. Simple Contours Generated Fractally

As a very first example we show a simple contour that may be modeled fractally.
It is a shape of heart. First we modeled it manually using four quadratic Bézier
arcs defined by 12 control points (some of them are common). Next using
formulas (10) we obtained the following 8 matrices:

L1 =





1

4

1

2
0

0 1

2
0

−3

4

1

2
1



 , M1 =





3

4
−1

2
0

1

4
0 0

0 0 1



 , L2 =





3

4

1

2
0

−1

4
0 0

0 0 1



 ,

M2 =





1

4
−1

2
0

0 1

2
0

3

4

1

2
1



 , L3 =





1

4
0 0

0 1

2
0

−3

4
0 1



 , M3 =





1

4
0 0

−1

4

1

2
0

−1

2
−1 1



 ,

L4 =





1

4
0 0

1

4

1

2
0

1

2
−1 1



 , M4 =





1

4
0 0

0 1

2
0

3

4
0 1



 ,

that define four IFS. They have the following form: IFS = {Li,Mi}, i =
1, 2, 3, 4. Below in Figure 3 the results of 0, 2, 4 and 6 iteration starting from
different initial sets are presented.

Figure 3: Results of iterations: 0, 2, 4, 6 (from left to right) generating
fractal heart starting from two different initial sets

6. Fractal Generating of Complex Contours

Of course the fractal modeling of any complex shape is possible manually. In
this case one must split the contour into segments that are quadratic or linear
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Bézier curves and proceed in the way as during modeling of the heart contour
described in the earlier section. But the process also may be proceed in auto-
matic way. In such a case the process of fractal modeling is divided into three
steps:

1. Separation of contour from a given image.

2. Segmentation of the contour and its approximation by quadratic or linear
Bézier curves,

3. Determination of the set of IFS needed for fractal generation of corre-
sponding segments.

28 matrices

for IFS

Figure 4: The steps of fractal modeling of a given contour

In Figure 4 the process of fractal modeling of some shape is presented. Steps
1 and 2 can be done basing on the methodology described e.g. in [3], [12]. On
the web page, [15] one can find the Java applet that divides any contour into
segments using its highest curvature points. That very efficient segmentation
algorithm is known as IPAN99. Having any contour segmented, it is possible to
approximate every part of it using the best fitted linear segments or quadratic
uniform B-splines that are equivalent [14] to quadratic Bézier curves under
additional assumptions on the first and the last knots. Namely, they must be
multiple. Basing on [3] the ContourFit program has been created for fitting B-
splines to image contours. It outputs the mathematical description of a given
contour. Details concerning ContourFit can be found on the web page, [16].
Similarly to that program works the program described in [7]. The last one
additionally can automatically recognize contours (Step 1). Its work has been
tested on a number of contours of leaves. Information about obtained control
points of such segments is utilized in Step 3 to find the set of IFS.

7. Examples

In Figure 5 the process of fractal modeling of a leaf contour consisting of 15
Bézier arcs and 4 linear segments is presented. Progressiveness of the process is
clearly visible. After the 4-th iteration the shape of the leaf is well recognizable.
Another example of fractal modeling is presented in Figure 6. Fractal fish
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consists of 8 Bézier arcs and 7 linear segments. Iteration process in this case
also started from the rectangle. Similarly as in Figure 5 progressiveness of the
process is also visible.

Tents of experiments of fractal modeling of different shapes have been car-
ried out. The experiments approved fast convergence of the modeling process.
Depending on the modeled shape after 4-6 iterations contour of quite good
quality appeared. Further also fractal modeling based on probabilistic method
has been investigated. Each time during the iteration process one mapping has
been chosen from the set of a given IFS with constant probability and then
a given point was transformed by the chosen mapping. After at least several
hundred iterations the contour of quite good quality appeared not depending
on a starting point. In experiments the starting point was chosen as the same
for all IFS defining the whole attractor. So the starting point, as the one which
does not belong to all segments of the shape, caused that a number of points
generated in early iterations did not belong to the attractor. This fact is visible
in Figure 7 where an example of the flower generated with the usage of the
probability method is presented. Also in this case progressiveness of the model-
ing process is visible but in least extent in comparison to the non-probabilistic
method. The results of fractal modeling presented in this work are obtained
with the help of the programs created by authors in Maple. The programs are
published on the Maplesoft home page [8], [9]. As input data to the Maple

programs the results of segmentation process conducted with the help of the
program [7], that generated the mathematical description of the contour, have
been used.

Figure 5: Iterations 0, 3, 6 and 9 of fractal modeling of a leaf

8. Conclusions

The approach presented in this paper has not only cognitive meaning but it
can also be of some importance in practical usage. Thanks to progressiveness
of fractal modeling of shapes it can be applied to their progressive encoding
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Figure 6: Iterations 3, 6 and 9 generating fractal fish

Figure 7: Probabilistic generation of contour of flower. From left to
right results of 10, 50 and 300 iterations

that is of some importance during transmission of data through the net. It is
worth to mention that representation of contours by control points of Bézier
curves or B-splines approximating of some contour is not progressive. Further
it seems to be possible to generalize the method of fractal generation of shapes
to patches in 3D and similarly as in 2D encode progressively 3D shapes and
generating them in a fractal way. The method proposed in [6] uses the fact
that points on Bézier curves can be generated using the subdivision de Castel-
jau algorithm and in relation to this algorithm appears IFS that generate Bézier
curve in a fractal way. For curves used in geometrical modeling that are based
on other subdivision algorithms (e.g. Chaikin’s [2]) one can find suitable IFS
[10] for generating those curves fractally. Also it should be pointed out that
Berstein-Bézier scheme can be extended to the so-called Poisson approxima-
tion [5] and thanks to that any analytic function, not only polynomials, can
be obtained similarly as Bézier curves. Because the de Casteljau subdivision
algorithm is also valid for Poisson approximations one can go even one step
further. Namely, probably it is possible to find IFS that generates any analytic
function in a fractal way. Additionally, the work [6] gave us an inspiration to
find relations between the theory of fractals and adaptive geometrical wavelets,
so popular recently in computational harmonic analysis and computer graph-
ics. It is the known fact that classical wavelets can be generated in a fractal
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way. Really, they are fractals [13]. But now we have also proven (results will
be published elsewhere) that beamlets (the ones of the geometrical wavelets)
as well as their generalized versions [11] can also be generated fractally. As one
can see the mentioned above conclusions formulate new and open problems for
future research in geometric modeling on which the authors work recently.
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