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Abstract: The purpose of this paper is to measure the strong and weak or-
der of convergence of both the Euler and Milstein schemes using a stochastic
volatility model and an N−dimensional Exponential Brownian Motion Process
(EBM). An exact solution is normally required to calculate the order of conver-
gence, however there are none available for this volatility process. We propose
a method to solve this problem. We also show numerically that when we apply
the Milstein scheme to an N−dimensional stochastic process, there is a need
to take into account the correlation between the systems.
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1. Exponential Brownian Motion Process

We begin with the SDEs that correspond to an Exponential Brownian Motion
process for a NP dimensional system:
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dXi(t) = Xi(t)
(
µi(t)dt + σi(t)dŴi(t)

)
, (1)

Z(t) =
∏NP

i=1
Xi(t) , Xi(t0) ≺ ∞ ,

where Ŵi(t) and Ŵj(t) are two Wiener processes (Brownian motion) with cor-
relation coefficient ρi,j. The SDE (1) is, in fact, only a symbolic representation
for the stochastic integral equation:

Xi(t) = Xi(t0) +

∫ t

t0

Xi(s)µi(s)ds +

∫ t

t0

Xi(s)σi(s)dŴi(s), t ∈ [t0, T ] .

The first integral is a deterministic Riemann integral and the second is
an Ito stochastic integral. We assume that the coefficients are deterministic
functions:

µi(t) : R × [t0, T ] → R , σi(t) : R × [t0, T ] → R .

For each system, the exact solution is:

Xi(t) = Xi(t0) exp

(∫ t

t0

(
µi(s) −

1

2
σ2

i (s)

)
ds +

∫ t

t0

σi(s)dŴi(s)

)
, (2)

and the expectation is:

E [ Xi(t) ] = Xi(t0) exp

( ∫ t

t0

µi(s)ds

)
.

The exact solution of Z(t) is simply the product of all terms, regardless of
whether a correlation exists between all processes.

Z(t) =

(∏NP

i=1
Xi(t0)

)
exp

(
NP∑

i=1

( ∫ t

t0

(
µi(s) − 1

2σ2
i (s)

)
ds

+
∫ t

t0
σi(s)dŴi(s)

))
.

The expectation of Z(t) is:

E [ Z(t) ]

=

(∏NP

i=1
Xi(t0)

)
exp




∑NP

i=1

(∫ t

t0

(
µi(s) − 1

2σ2
i (s)

)
ds
)

+1
2

(∑NP

i,j=1 ρi,j

∫ t

t0
σi(s)σj(s)ds

)

 . (3)
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1.1. Discrete Time Approximations

Consistent numerical schemes of arbitrarily desired higher order can be derived
by truncating the appropriate stochastic Taylor expansions. These expansions
are derived through an iterated application of stochastic chain rules, known as
the Ito formula.

If the time t ∈ [t0, T ] is subdivided by a finite equal number of steps “Nsteps”:

∆t =
(T − t0)

Nsteps

, Nsteps < ∞ .

The first strong Taylor approximation of order 0.5, usually called the Euler
scheme, is:

X̃i(tn + ∆t) = X̃i(tn)
(
1 + µi(tn)∆t + σi(tn)∆Ŵi(tn)

)
. (4)

The numerical solution at time t = tn is:

X̃i(tn) = X̃i(t0)
n∏

i=1

(
1 + µi(tn−1)∆t + σi(tn−1)∆Ŵi(tn−1)

)
.

The second strong Taylor approximation of order 1.0 is usually called the
Milstein scheme. The same results are obtained if we apply the definition of
the Milstein scheme directly to each equation or if we apply the scheme with
independent noise (Appendix 1).

X̃i(tn + ∆t) = X̃i(tn)




1 + µi(tn)∆t + σi(tn)∆Ŵi(tn)

+1
2σ2

i (tn)

((
∆Ŵi(tn)

)2
− ∆t

)

 . (5)

To obtain a higher order of strong convergency, we need to provide more
information about the Wiener process within the discretization time [tn, tn+1].
Such information is provided by multiple integrals of the Wiener process. It
is, however, sometimes very difficult or even useless to develop higher order
numerical schemes simply because of the very large number of terms required
in the equations. In addition, the resulting maths can become overly complex
when calculating multiple integrals of the Wiener process.

In practice, it is more common to use the Euler scheme with a smaller
time step “△t” because both schemes give almost the same results (Figure 1).
Alternatively, the Milstein scheme can be used with a large time step “△t”
where the exact solution is more likely to be found (Figure 2).
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Figure 1: Euler vs Milstein scheme
using small △t = 1

500

Figure 2: Euler vs Milstein scheme
using large △t = 1

20

1.2. Strong Convergency

Convergence for numerical schemes can be defined in various ways. It is common
to distinguish between strong and weak convergence, depending on whether
the realizations or only their probability distributions are required to be close,
respectively. When we talk about strong convergence, we are referring to how
fast our time discrete approximation converges to the exact solution.

Definition 1. We shall state that a time discrete approximation S̃(T )
converges strongly with order γ > 0 at time T as △t ↓ 0 to the exact solution
S(T ) if there exists a positive constant “C”, that does not depend on γ, such
that:

ǫStrong(△t) ≡ E
[ ∣∣∣S(T ) − S̃(T,△t)

∣∣∣
]
≤ C△tγ , (6)

for each △t = [△t1,△t2, ...,△tN△t
] < ∞.

Refer to the theorem in [6], page 362, which proves that if (6) is true, it can
be implied that the order of strong convergence is not only in the last point T ,
but also uniformly within the whole time interval [0, T ].

E

[
sup

0≤t≤T

∣∣∣S(t) − S̃(t,△t)
∣∣∣
]
≤ C1△tγ .

Running simulations to calculate the expectation in (6), we obtain, as ex-
pected (Figure 3), magnitude 0.5 and 1.0 strong orders of convergence for Euler
and Milstein schemes respectively for the solution of Z(t). The initial data:
X1(t0) = 100, X2(t0) = 58, µ1 = 0.08, µ2 = 0.3, σ1 = 0.21, σ2 = 0.4, t0 = 0,
T = .8, ρ = 0.6. Note that using the method of least squares (Appendix 2),
we can calculate the constant C and the order of convergence γ for the last
equations.

log (ǫStrong(△t)) ≤ log(C) + γ log(△t) .
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Figure 3: Strong convergence of the Exponential Brownian Process (1)

1.3. Weak Convergency

When we talk about weak convergence, we want to know how fast the expecta-
tion of our time discrete approximation converges to the exact expectation of
our system.

Definition 2. We shall state that a time discrete approximation S̃(T )
converges weakly with order β > 0 at time T as △t ↓ 0 to the exact solution
S(T ) if there exists a positive constant ”C”, that does not depend on β, such
that:

ǫWeak(△t,M) ≡
∣∣∣ E [g (S(T ))] − E

[
g
(
S̃(T,△t)

)] ∣∣∣ ≤ C△tβ , (7)

for any function g ∈ C
2(β+1)
p

(
R

d, R
)

and △t = [△t1,△t2, ...,△tN△t
] < ∞.

Even though a realization of S̃j(tn,△t) is computable using a stochastic

scheme, the expectation E
[
g
(
S̃j(T,△t)

)]
is, in general, not. However, it can

be approximated by a sample average of “M” independent realizations, which
is the basis of Monte Carlo methods. The exact computational error, ǫWeak,
naturally separates into two parts:

ǫ̃Weak(△t,M) ≡

∣∣∣∣∣∣
E [g (S(T ))] − 1

M

M∑

j=1

[
g
(
S̃j(T,△t)

)]
∣∣∣∣∣∣

,

ǫ̃Weak(△t,M) ≤
[∣∣∣E [g (S(T ))] − E

[
g
(
S̃(T,△t)

)]∣∣∣
]

+

∣∣∣∣∣∣
E
[
g
(
S̃(T,△t)

)]
− 1

M

M∑

j=1

[
g
(
S̃(T,△t)

)]
∣∣∣∣∣∣
,
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Figure 4: Weak convergence of the Exponential Brownian Process (1)

ǫ̃Weak(△t,M) ≤ ǫWeak (△t) + ǫStat(△t,M) .

The time step △t mainly determines the time discretization or weak er-
ror ǫWeak, and the number of paths or realizations M mainly determines the
statistical error ǫStat.

If a scheme is strong to a certain order, it will be weak to at least that order,
and possibly more, but not vice versa. Aspects of the use of Euler and Milstein
schemes for the weak approximation of SDE’s have been addressed before and
they have shown that both schemes are 1.0 order of weak convergence:

∣∣∣∣∣∣
E [g (S(T ))] − 1

M

M∑

j=1

[
g
(
S̃j(T,△t)

)]
∣∣∣∣∣∣
= O (△t) , M → ∞ .

A comprehensive review of construction and the analysis of the strong and
weak convergence order for higher order methods can be found in the inspiring
book by Kloeden and Platen [6].

Running simulations using a sufficient number of paths M to calculate the
expectation in (7), we obtain, as expected (Figure 4), a 1.0 weak order of
convergence for both the Euler and Milstein schemes with respect to △t. We
use the same initial condition from last example and g (S(T )) = S(T ).

As we can see (Figure 4), the use of the Euler and Milstein schemes give
almost the same order of convergence “β” and value of the constant “C”, no
matter the parameters we choose for the drift “µ(t)” or for the noise term “σ(t)”.
The reason for this is that we are calculating the expectation (mean) instead
the corresponding path or realization. When calculating the expectation, the
use of either the Euler or Milstein schemes has NO difference at all in outcome.

It should be noted that Monte Carlo method used to calculate the expec-
tation is very slow (computationally intensive). For this example alone, it took
23 hours to finish the subroutine (44% for Euler and 56% for Milstein scheme).
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1.4. Convergence without an Exact Solution

If we do not have an exact solution for our SDEs, we can use the next theorem
to determine the order of convergency for our discrete time approximation.

Theorem 1. If a time discrete approximation S̃ has the following strong

convergence:

E
[ ∣∣∣S(T ) − S̃(T,△t)

∣∣∣
]
≤ C1△tγ , (8)

for all △t = [△t1,△t2, ...,△tN△t
] < ∞, using the same Wiener process, there

exists a positive constant “C2”, that is not dependent of γ, such that:

E

[∣∣∣∣S̃(T,△t) − S̃

(
T,

△t

2

)∣∣∣∣
]
≤ C2△tγ . (9)

Proof. If (8) is true for all △t < ∞, then it must also be true for
(
△t
2

)
:

E

[∣∣∣∣S(T ) − S̃

(
T,

△t

2

)∣∣∣∣
]
≤ C1

(△t

2

)γ

. (10)

Adding (10) and (8):

E

[∣∣∣S(T ) − S̃(T,△t)
∣∣∣+
∣∣∣∣S(T ) − S̃

(
T,

△t

2

)∣∣∣∣
]
≤ C1△tγ + C1

(△t

2

)γ1

,

then using the triangle law:

|A − B| ≤ |A| + |B| ,

we get:

E

[∣∣∣∣S̃(T,△t) − S̃

(
T,

△t

2

)∣∣∣∣
]
≤ C2△tγ .

C2 is completely linear and independent of “△t”, we can therefore calculate
the order of convergency “γ” of our discrete time approximation with confi-
dence.

Simulation of Theorem 1. If we use the initial data from last examples
(Figures 1-4) and we subdivide our time in Nsteps = [2ˆ1, 2ˆ2, 2ˆ3....2ˆ12], the
surfaces of the expectation error for various Monte Carlo expectations using
both the theorem and the exact solution for the SDEs (1) are shown in Figure
5. As we can see, both surfaces are quite similar and have the same shape
and inclination. Furthermore, looking at the order of convergence “γ” for
different Monte Carlo expectations (Figure 6), we can observe that they are
almost identical.
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Figure 5: Surface error of (1) using
the exact solution and Theorem 1

Figure 6: Order of convergence of
(1)

2. Stochastic Volatility Model

We begin with the usual Exponential Brownian Motion, where the volatility σ
is written as the square root of a variance ν and is assumed to follow a mean
reverting SDE:

dS(t) = S(t)
(
µ(t)dt +

√
ν(t)dŴ1(t)

)
, (11)

dν(t) = κ (θ − ν(t)) dt + ξν(t)ζdŴ2(t) ,

< dŴ1(t), dŴ2(t) > = dtρ , σ(t) =
√

ν(t) ,

where κ, θ, ξ, ζ are constant and determine the evolution of the variance ν.

The variance model is a more general case of the traditional mean reverting
model because of the use of ζ and can be interpreted as the radial distance from
the origin of a multidimensional Ornstein Uhlenbeck process. For example, if
we use ζ = 1

2 , we obtain the Heston model [2], for ζ = 0 we obtain the Stein
and Stein model [9] and for ζ = 1, the Wiggins or Hull-White model [4] (using
the variance instead of the volatility).

The initial variables required for the simulation are:

S0 = initial data ν0 = initial volatility

µ = drift κ = mean-reverting speed

ζ = radial distance from OU θ = long-run mean

ρ = correlation coefficient ξ = volatility of volatility
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Figure 7: Euler vs Milstein scheme using large “dt”.

For the process (11), there is no exact solution in the literature and the
expectation is:

E [ S(t) ] = S(t0) exp

( ∫ t

t0

µ(s)ds

)
. (12)

2.1. Discrete Time Approximations

Recall that if we want our system to be discrete, we need to apply a strong
stochastic scheme. If the time is divided by a finite number of steps “Nsteps”:

∆t =
(T − t0)

Nsteps
, Nsteps < ∞ .

The first strong Taylor approximation of order 0.5, Euler scheme, is:

S̃t+∆t = S̃t

[
1 + µ(t)∆t +

√
νt∆Ŵ1,t

]
, (13)

νt+∆t = νt + k(θ − νt)∆t + ξνζ
t ∆Ŵ2,t .

For Milstein−1D (applying the scheme to each equation [7]):

S̃t+∆t = S̃t

[
1 + µ(t)∆t +

√
νt∆Ŵ1,t +

1

2
νt

(
{(∆Ŵ1,t)

2 − ∆t}
)]

, (14)

νt+∆t = νt + k(θ − νt)∆t + ξνζ
t ∆Ŵ2,t

+

(
1

2
ζξ2ν2ζ−1

t

)(
(∆Ŵ2,t)

2 − ∆t
)

.
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Figure 8: Strong convergence of the stochastic volatility model (11)

For Milstein−2D (applying the scheme with independent noise [7]):

S̃t+∆t = S̃t




1 + µ(t)∆t +
√

νt∆Ŵ1,t +

(
1
2 ρ̂ξν

ζ− 1

2

t

)(
I(2,1);t

)

+

(
1
2νt + 1

4ρξν
ζ− 1

2

t

)(
{(∆Ŵ1,t)

2 − ∆t}
)


 , (15)

νt+∆t = νt + k(θ − νt)∆t + ξνζ
t ∆Ŵ2,t +

(
1

2
ζξ2ν2ζ−1

t

)(
(∆Ŵ2,t)

2 − ∆t
)

,

I(2,1);t =

∫ tn+1

tn

∫ s1

tn

dW2,s2
dW1,s1

. (16)

One can note that when we apply the Milstein scheme to each equation or
apply the scheme with independent noise, we obtain different equations. The
double integral (16) can be calculated using the five methods proposed in [8]
and is the key to solving the Milstein scheme for the stochastic volatility model
(11) (Figure 7).

2.2. Strong Convergency

To measure strong convergency for the stochastic volatility model (11), we need
to apply Theorem 1 (8). As the definition states (6), we need an exact solution
for which none currently exists in contemporary references.

If we subdivide our time in Nsteps = [2ˆ1, 2ˆ2, 2ˆ3....2ˆ12], and apply Theo-
rem 1, we obtain the surfaces for the expectation error (Figure 8) and the order
of convergence “γ” (Figure 9). We see the same results for the surface of the
variance’s error (Figure 10).
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Figure 9: Order of convergence of
(11)

Figure 10: Surface of the variance’s
error of (11)

Figure 11: Order of convergence of (11) using large dt

As we can see (Figure 8 and Figure 9), the Milstein scheme (14) has the
same order of convergence 0.5 as the Euler scheme (13) without having to
calculate the double integral (16). The reason for this is that the scheme was
applied without taking into account the correlation between the two systems.
To obtain a 1.0 order of convergence with the Milstein scheme, we need to apply
the scheme in the proper way (15) and improve the calculation of the double
integral (16).

The approximations used to calculate this integral in [8] are only for large
values of △t. This can be shown because the more we use only small Nsteps in
our tests, the more the order of convergence tends towards 1.0 (Figure 11).

The initial data is: S0 = 100, ν0 = 0.25, µ = 0.04, κ = 3, θ = 0.07, ξ = 0.24,
ζ = 0.666, t0 = 0, T = 1, ρ = 0.6. The double integral (16) is calculated with
the Real Variance Formulae proposed by [8] in 2004.

3. Weak Convergency

To measure the weak convergency for the stochastic volatility model (11), we
only need the expectation of S(t) in order to compare it with the expectation
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Exact solution

Figure 12: Weak convergence of (11) using the exact solution

(mean) of our approximation S̃(t). Running simulations using a sufficient num-
ber of paths M to approximate the expectation (12), we obtain, as expected
(Figure 12), a 1.0 weak order of convergence for all schemes with respect to
△t. We use the same initial condition from the last example (Figure 8 - Figure
11), g (S(T )) = S(T ), the double integral (16) was calculated with the Real
Variance Formulae [8] (Example A), and equal to zero (Example B).

Theorem 1 can be extended to calculate the weak order when the expecta-
tion of the system is not known.

Theorem 2. If a time discrete approximation S̃ has the following weak

convergence:
∣∣∣ E [g (S(T ))] − E

[
g
(
S̃(T,△t)

)]∣∣∣ ≤ C1△tβ ,

for all △t = [△t1,△t2, ...,△tN△t
] < ∞, using the same Wiener process, there

exists a positive constant “C2”, that is independent of β, such that:
∣∣∣∣ E

[
g
(
S̃(T,△t)

)]
− E

[
g

(
S̃

(
T,

△t

2

))] ∣∣∣∣ ≤ C2△tβ

C2 and β are completely linear and independent of “△t”, we can therefore

calculate the order of convergency “β” of our discrete time approximation with

confidence.

Proof. The proof is very similar to the strong order defined on (8).

Running simulations using Theorem 2 and the same initial data for the last
example, we obtain, as expected (Figure 13), the same weak order of conver-
gence for all schemes with respect to △t.
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Theorem 2

Figure 13: Weak convergence of (11) using Theorem 2

As we can see, the use of the Theorem 2 gives a good estimate of the order of
our system and successfully calculates the order of convergence “β”. The only
difference between the results of the exact solution (Figure 12) and Theorem
2 (Figure 13) are the value of the constants “C1 and C2”. Numerical results
show that:

C2 ≈ 2C1

3
.

Again, when the expectation is calculated using Euler or Milstein schemes,
there is NO difference at all in the outcomes. The Monte Carlo method used
to calculate the expectation was, however, very slow. For this example, it took
39 hours to finish the subroutine ( 22% for Euler, 24% for Milstein 1D, 28% for
Milstein 2D − (A) and 26% Milstein 2D − (B)).

4. Conclusions and Future Work

The choice of whether to apply the Euler or Milstein schemes to approximate
an exact solution mainly depends upon the value of △t (NSteps). Referring to
Figure 5 and Figure 8, Euler can only can deliver the same results when △t
is very small (△t ≤ 1/1000) and the difference between the computation time
of both schemes is minimal. We therefore strongly recommend the use of the
Milstein scheme when using large values of △t.

Both the Exponential Brownian Motion (1) and the stochastic volatility
model (11), give a 1.0 weak order of convergence and almost the same constant
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C for all schemes with respect to △t (the same expectation error). The appli-
cation of either the Euler or Milstein schemes to calculate an expectation has
NO difference at all in outcome.

For the Np Exponential Brownian Motion process (1) we obtain, as ex-
pected, a 0.5 and 1.0 strong order of convergence for Euler (4) and Milstein
(5) schemes respectively for the solution of Z(t). However, for the stochastic
volatility model (11) we obtain a 0.5 strong order of convergence for both Euler
(13) and Milstein-1D (14) schemes. The reason for this is because the Milstein
scheme is applied without taking into account the correlation between the two
systems. To obtain a 1.0 order of convergence with the Milstein scheme, we
need to apply the scheme in the proper way, i.e. Milstein-2D (15) and improve
the calculation of the double integral (16). Unfortunately, the approximations
used to calculate this integral in [8] are only valid for large values of △t.

The use of Theorem 1 and Theorem 2 to calculate the strong and weak
orders of convergence successfully provides a good estimate of outcome. Each
theorem was tested with both strong and weak convergence using exact solu-
tions or expectations to verify the results. Because there are no exact solutions
for the stochastic volatility model (11), the use of the theorem was fundamental
to prove its convergence.

Monte Carlo simulation is inefficient (time computation), compared with
finite-difference methods for less than three dimensions. To improve this, the
use of Martingale variance reduction and antithetic variables techniques speed
up the convergence and can significantly reduce the time required to calculate
an expectation.

4.1. Future Work

— Conduct deeper research into stochastic analysis in order to try and find
the exact solution to the double integral (16) and obtain a 1.0 strong order of
convergence for the Milstein scheme.

— Investigate more schemes that can avoid the calculation of the double
integral and deliver a 1.0 or more strong order of convergence ([5] and [6]).

— Find a method or solution that can provide the number of time steps
Nsteps and the number of realizations M that are required to calculate solu-
tions. In this way, the absolute value of the error can be kept below the given
tolerance with a probability close to one, and the variable pair (Nsteps,M) can
be optimized for minimal computation time.
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Appendix

Appendix 1. Milstein Scheme Using Independent Noise

Using X1 = S and X2 = ν, the equations (11) can be transformed to a vector
with independent noise sources:

d

[
X1

X2

]
=

[
X1µX

X2µY

]
dt +

[
X1σX 0
ρX2σY ρ̂X2σY

] [
dW1

dW2

]

to obtain the corresponding general form:

dXi = ai (Xi, t) +
M∑

j=1

bi,j(Xi, t)dWj,t ,
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where ρ̂ =
√

1 − ρ2 and corr< W1,W2 >= 0. Using the definition for the
Milstein scheme in [6], the approximation of X has the following form:

Xi,n+∆n
= Xi,n + ai∆n +

M∑

j=1

bi,j∆Wj,n +
M∑

j1,j2=1

Lj1bi,j2I(j1,j2);n ,

where:

Lj =

N∑

K=1

bk,j ∂

∂xk
for i = 1, 2 , j = 1, 2 .

The double integrals have the following properties:

I(j,j);n =
1

2
{(∆Wj,n)2 − ∆n} for j1 = j2 = j ,

I(1,2);n + I(2,1);n = ∆W1,n∆W2,n .

Therefore:

M∑

j1,j2=1

Lj1b1,j2I(1,j2);n =
1

2
X1σ

2
X{(∆W1,n)2 − ∆n} ,

M∑

j1,j2=1

Lj1b2,j2I(1,j2);n =
1

2

(
X2σ

2
Y

)( (ρ(∆W1,n) + ρ̂(∆W2,n))2

−ρ2∆n − ρ̂2∆n

)
.

Returning to our correlated noise and original variables:

Xn+∆n
= Xn

(
1 + µY ∆n + σX∆Ŵ1,n +

1

2
σ2

X

((
dŴ1,n

)2
− ∆n

))
,

Yn+∆n
= Yn

(
1 + µY ∆n + σY dŴ2 +

1

2
σ2

Y

((
dŴ2,n

)2
− ∆n

))
.

Remark. We derive the same results as if we applied the definition of the
Milstein scheme directly to each equation.

Appendix 2. Order of Convergency

Note that using the method of least squares [1], we can calculate the constant
C and the order of convergence γ for the equations (6 and 7):

log (ǫStrong(△t)) ≤ log(C) + γ log(△t) .
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Using common software like Matlab, Maple or Mathematica, we can use
the following subroutine to calculate the order of convergence γ and the value
of the constant C.

For △t = [△t1,△t2, ...,△tN△t
] < ∞, we have:

[
log(C)

γj

]
= B\A = (AT /BT )T ,

where:

A =




1 log(△t1)
1 log(△t2)
... ...
1 log(△tN△t

)


 , B =




log (ǫ(△t1))
log (ǫ(△t2))

...
log
(
ǫ(△tN△t

)
)


 .
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