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Abstract: The first-passage failure of nonlinear oscillator with cubic resume
force term under Gaussian white-noise parametric excitation is investigated,
based on the stochastic averaging method. The equation of motion of the
system is reduced to a one-dimensional controlled diffusion procession aver-
aged Hamiltonian system. Then, a backward Kolmogorov equation governing
the conditional reliability function of first-passage failure time is pointed out.
The conditional reliability function and the conditional probability density are
obtained by solving the backward Kolmogorov equation with boundary condi-
tions. Finally, the cost function and optimal control forces are determined by
the requirements of stabilizing the system by evaluating the maximal Lyapunov
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exponent. The numerical results show that the procedure is yield accurate re-
sult and efficiency.
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1. Introduction

The physical and engineering systems are often subjected to parametric stochas-
tic excitation. The first-passage failure time is related to the reliability of me-
chanical systems under parametric stochastic excitation. The feedback control
is an effective way to reduce the first-passage failure. However, it is difficult
to directly use the theory of diffusion process for first-passage failure problem.
Recently the mathematical theory of stochastic optimal control is quite well
developed [2], and Zhu et al [13], [12] applied stochastic averaging method for
quasi-non-integrable and integrable Hamiltionian systems to study the first-
passage failure problem. Based on the stochastic averaging method, Zhu et al
investigated the stabilization of nonlinear stochastic systems [9], [10] by using
control the maximal Lyapunov exponent. Jin et al [4] investigated mean first-
failure time of nonlinear oscillator by colored noise excitation. A procedure for
evaluating the maximal Lyapunov exponent of linear stochastic systems was
proposed by Khasminskii [5]. F. Victor et al [7]. studied the Lyapunov expo-
nents for complex systems with delayed feedback. However, it is difficult using
this procedure directly to evaluate the maximal Lyapunov exponent of non-
linear stochastic dynamical system and stochastic systems of higher dimension.
The stochastic averaging method may be applied to reduce the dimension of a
stochastic dynamical system.

In the present paper (same as [3]), we consider nonlinear oscillator with
cubic resume force term subject to Gaussian white-noise parametric excita-
tion. The stochastic averaging method and the diffusion process method of
first-passage failure are applied to study the first-passage failure time of non-
linear oscillator. The largest Lyapunov exponent as an indicator of the sta-
bility with probability one is obtained by applying the stochastic averaging
method of quasi-nonintegrable Hamiltonian system. The stabilization of non-
linear stochastic nonlinear oscillator is studied by using control the maximal
Lyapunov exponent.
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2. Averaged Itô Equations

Consider nonlinear oscillator subject to Gaussian white-noise parametric exci-
tation. The equation of motion of the system is of the form

Q̇ = P , (1)

Ṗ = −ǫ(α + βP 2)P − γQ3 + ǫ
1

2 Q2W (t) , (2)

where Ṗ = dP
dt

, Q̇ = dQ
dt

, ǫ is a small positive parameter. α, β, γ are parameters,
W (t) is Gaussian-white noise in the sense of Stratonovich with correlation func-
tion E[W (t)W (t+ τ)] = 2Dδ(τ), and δ(τ) is Delta function and D is excitation
strength. The system governed by equations (1) and (2) can be converted into
following Itô differential equations. In which the Wong-Zakai correction terms
vanish.

dQ =
∂H

∂P
dt , (3)

dP = [−∂H

∂Q
− ǫ(α + βP 2)

∂H

∂P
]dt + ǫ

1

2

√
2DQ2dB(t) . (4)

Here B(t) is unit Wiener stochastic process. H is a Hamilton function with the
form as

H =
1

2
p2 +

γ

4
q4 , (5)

where p, q are sample values of stochastic process P and Q, respectively. The Itô
stochastic differential equation (3) and (4) can be converted into Itô stochastic
differential equation for H by using the Itô differential rule as follows:

dH = [−ǫ(α + βp2)(
∂H

∂p
)2 + ǫDQ4 ∂2H

∂p2
]dt + ǫ

1

2

√
2DQ2 ∂H

∂p
dB(t) . (6)

The averaged Itô differential equation for equation (6) is of the form

dH = m̄(H)dt + σ̄(H)dB(t) , (7)

where H(t) is a diffusion process.

m̄(H) =
1

T (H)

∫

Ω

{

[−ǫ(α + βp2)(
∂H

∂p
)2 + ǫDq4 ∂2H

∂p2
]/

∂H

∂p

}

dq , (8)

σ̄2(H) =
1

T (H)

∫

Ω

(

ǫDq4(
∂H

∂p
)2

∂H

∂p

)

dq , (9)
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T (H) =

∫

Ω

(1/
∂H

∂p
)dq (10)

domain Ω of integration in equation (19) and (10) is defined as follows:

Ω = {q|γ
4
q4 ≤ H} . (11)

Using the following integral

1

T (H)
=

1
∫

Ω
(1/∂H

∂p
)dq

= 2(Hγ)
1

4 /B(
1

4
,
1

2
) , (12)

where B(·, ·) is Beta function, and the integral in equation (19) can be completed
as follows:

m̄(H) = (−2
√

2

3
ǫα +

4

3γ
ǫD)H − 16

7
ǫβH2 , (13)

σ̄2(H) =
32

21γ
ǫDH2 . (14)

3. Backward Kolmogorov Equation

Usually stochastic procession H(t) varies randomly in semi-infinite interval
(0,∞). Suppose that the system starts with initial energy H(0) = H0, which
in safe region (0,Hc). That is 0 < H0 < Hc, i.e. the system will fail when its
total energy H(t) reaches the boundary Hc for the first time and it is a kind of
first-failure. So it is reasonable to assume that the first-passage occurs once H
exceeds certain critical value H = Hc for the first time. The safe domain ΩS is
inside of the two lines: Γ0 : H = 0 and Γc : H = Hc (Figure 1). The conditional

reliability function be denoted by R(t
∣

∣

∣
H0) that it is defined as the probability

of H being in safety domain ΩS within interval (0, t) for given initial state H0

being in ΩS , i.e.,

R(t|H0) = P{H(s) ∈ ΩS , s ∈ (0, t)
∣

∣H(0) = H0 ∈ ΩS} . (15)

The conditional transition probability density satisfies the backward Kol-
mogorov equation with drift and diffusion coefficients in equations (7). Thus the
following backward Kolmogorov equation for the conditional reliability function
can be derived:

∂R

∂t
= m̄(H0)

∂R

∂H0

+
1

2
σ̄2(H0)

∂2R

∂H2
0

. (16)
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Figure 1: Safety domain of system (1), (2) for H

The initial condition associated with equation (16) is

R(0|H0) = 1, H0 ∈ ΩS , (17)

and the boundary conditions are

R(t|H0) = finite, H0 ∈ Γ0 : H = 0 , (18)

R(t|H0) = 0, H0 ∈ Γc : H = Hc , (19)

which imply that Γ0 is a reflecting boundary, while Γc is absorbing boundary.
The conditional probability of first-passage failure is

F (t|H0) = 1 − R(t|H0) . (20)

The conditional probability density of first-passage time T can be obtained from
the conditional reliability function as follows:

p(T |H0) =
−∂R(t|H0)

∂t

∣

∣

∣

t=T
. (21)

To satisfy boundary condition (17), it is necessary that

∂R

∂H0

→ 0, as H0 → 0 . (22)

Some numerical results for the conditional reliability function and the condi-
tional probability density of first-passage time for system (1), (2) are obtained
and shown in Figure 2, Figure 3 with solid lines. To assess the validity and
accuracy of the procedure, corresponding results are obtained from digital sim-
ulation and shown in Figure 2, Figure 3 using symbol +∆∗. It is seen that the
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Figure 2: Reliability function of system: – analytical results; +∆∗ dig-
ital simulation

analytical results agree well with simulation results. Figure 2 shows that the
reliability function is a decreasing function of time. It is also seen from Figure 2
and Figure 3 that all the results depend on the excitation intensity. In details,
on the one hand the reliability of the stochastic system will bring down as the
excitation intensity decrease while the conditional probability density of first-
passage time of stochastic system build up from comparisons between Figure
2 and Figure 3, on the other hand the reliability of the stochastic system will
bring down as the damping increase while the conditional probability density
of first-passage time of stochastic system build up from comparisons between
Figure 2 and Figure 3. This observation is significant in the studying stochas-
tic optimal control of the system with objectives of maximum reliability and
maximum mean first passage time.

R1(t) : α = 0.8, β = 2.0, γ = 1.5,D = 1.0, ǫ = 0.0001;

R2(t) : α = 0.8, β = 2.0, γ = 1.5,D = 1.2, ǫ = 0.0001;

R3(t) : α = 0.8, β = 2.0, γ = 1.5,D = 1.5, ǫ = 0.0001;

f1(t) : α = 0.8, β = 2.0, γ = 1.5,D = 1.0, ǫ = 0.0001;

f2(t) : α = 0.8, β = 2.0, γ = 1.5,D = 1.2, ǫ = 0.0001;

f3(t) : α = 0.8, β = 2.0, γ = 1.5,D = 1.5, ǫ = 0.0001.



FIRST-PASSAGE FAILURE AND OPTIMAL CONTROL OF... 27

Figure 3: Probability density of first-passage time of system: – analyt-
ical results; +∆∗ digital simulation

4. Dynamical Programming and Optimal Control

Consider the controlled system (1), (2) by the following equations of motion

Q̇ = P , (23)

Ṗ = −ǫ(α + βP 2)P − γQ3 + u + ǫ
1

2 Q2W (t) , (24)

where u = u(P,Q) is unknown feedback control term of the order of ǫ. Based
on stochastic averaging method. One can obtain the averaged equation for the
controlled Hamiltonian is of the form

dH = [m̄(H)+ < uP >]dt + σ̄(H)dB(t) , (25)

where B(t) is unit Wiener stochastic process

< · >=
1

T (H)

∫

Ω

(1/
∂H

∂p
)dq (26)

Suppose that the trivial solution of system (1), (2) is unstable in probability
due to parametrically stochastic excitation and since the stability of a stochastic
system is a system behavior in a semi-infinite time interval. consider the optimal
control problem for diffusion process H(t) governed by equation (25) in a semi-
infinite time interval [0,∞) with performance index

J = lim
tj→∞

1

t

∫ tj

0

[f1(H(s))+ < Ru2(s) >]ds , (27)
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where f1(H) and R are an undetermined function and positive definite constant,
respectively. Stochastic stabilization is to design f1(H) and R such that the
trivial solution of system (1), (2) is asymptotically stable in probability. This
control problem can be based on the dynamical programming principle [1] as
follows:

inf
u
{1

2
σ2(H)

d2V

dH2
+ [m̄(H)+ < up >]

dV

dH
+ f1(H)+ < u2R >} = γ , (28)

where V is called value function.

γ = lim
tj→∞

1

tj

∫ tj

0

[f1(H(s))+ < Ru2
min(s) >]ds (29)

is the optimal average cost and umin is the optimal control. Minimizing the left-
hand side of equation (28) one can obtain the expression for optimal feedback
control as follows

umin = − 1

2R

dV

dH
p . (30)

One can obtain

< uminp >= − 1

2R

dV

dH
< p2 > , (31)

< p2 >=
1

T (H)

∫

Ω

(2H − γq4/2)
1

2 dq =
16

3
H . (32)

When ∂V
∂H

> 0, umin will be quasi linear damping force, substituting equation
(32) into equation (28) and averaging the terms involving umin lead to the final
dynamical programming equation. It is of the form

1

2
σ̄2(H)

d2V

dH2
+ m̄(H)

dV

dH
− 1

4R
< (

∂H

∂p
)2 > (

dV

dH
)2 + f1(H) = γ . (33)

For given f1(H) and R, the optimal control u∗ are obtained from solving
second-order on linear partial differential equation (33) and then substituting
the resultant ∂V

∂H
into equation (32). For the problem of stochastic stabilization,

f1(H), R and the boundary condition of equation (33) will be determined by the
requirement of stochastic stabilization of the system as shown in the following
section.
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5. Lyapunov Exponent and Stochastic Stabilization

The asymptotic stability with probability of quasi-nonintegrable Hamiltonian
system without control has been studied by evaluating the maximal Lyapunov
exponent of the averaged Itô equations for the first integrals [10]. Here the tech-
nique is extended to the controlled quasi-nonintegrable Hamiltonian systems.

Substituting optimal control u∗ into equation (25) to replace u lead to the
following completely averaged Itô equation for optimally controlled system:

dH = ¯̄mdt + σ̄(H)dB(t) , (34)

where

¯̄m(H) = −H

√

(2
√

2ǫ
α

3
− 4ǫ

D

3γ
)2 + 2

k

R
+ o(H) . (35)

Suppose that the draft and diffusion coefficients in equation (34) satisfy the
following conditions:

lim
H→0

¯̄m(H) = 0, lim
H→0

σ̄(H) = 0 , (36)

k ¯̄m(H) = ¯̄m(kH), kσ̄(H) = σ̄(kH) as H → 0, (37)

(σ̄(H)σ̄T (H)α,α) ≥ c|H|2|α|2 , (38)

where α is an arbitrary vector and c > 0 is a scalar. Equation (36) will be
satisfied if Q = P = 0 is the trivial solution of equation (1), (2) and the
stochastic excitations are pure parametric. Equations (37) and (38) imply,
respectively, that the drift and diffusion coefficients are homogeneous in H of
degree one. If condition (37) is not satisfied, then equation (34) is replaced by
the linearzed one at H = 0. Thus the maximal Lyapunov exponent of system
(34) can be evaluated by using a procedure similar to that due to Khasminskii
[5]. In order to satisfied dynamical programming equation (31), in view of
equation (7), (32) and

m̄(H) =

(

−2
√

2

3
ǫα +

4

3γ
ǫD

)

H + o(H) as H → 0 , (39)

σ̄2(H) =
32

21γ
ǫDH2 + o(H2) as H → 0 . (40)

It is necessary to assume that

g1(H) − γ = kH + o(H) , (41)
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dV

dH
= C + o(H0) , (42)

where o(·) represent the order of the H. Substituting equations (7), (32), (36),
(37), (38), (39), (40) into equation (33) one can obtain

C = R

[

2
√

2ǫα/3 − 4ǫ
D

3γ
+

√

(2
√

2ǫα/3 − 4ǫD/3γ)2 +
2k

R

]

, (43)

and then one can obtain

¯̄m(H) = −H

√

(2
√

2ǫα/3 − 4ǫD/3γ)2 +
2k

R
+ o(H) as H → 0 . (44)

Now, define the Lyapunov exponent of system (1), (2) and averaged Itô
equations (32) as the asymptotic rate of the exponential growth of the square-
root of the Hamiltonian, i.e., [8]

λ = lim
t→∞

1

t
ln H

1

2 (Q,P ) = lim
t→∞

1

2t
ln H(Q,P )

= lim
t→∞

1

2t
{ln H(0) +

∫ t

0

[m̄′(0) − (σ̄′(0))2/2]ds +

∫ t

0

σ̄′(0)dB(s)}

= [m̄′(0) − (σ̄′(0))2/2]/2 . (45)

Thus, according to the definition in equation (43), the Lyapunov exponent
of the averaged equation (32) of optimally controlled system is

λc = −1

2

√

(2
√

2ǫα/3 − 4ǫD/3γ)2 +
2K

R
− 8

21γ
ǫD (46)

and the Lyapunov exponent of the averaged equation (32) of optimally uncon-
trolled system is

λu =
1

2
(2
√

2ǫ
α

3
− 4ǫ

D

3γ
) . (47)

Some numerical results for the maximal Lyapunov exponents λu and λc

shows in Figure 4.
Figure 4 shows how the intensity D of parametric excitation affect λu and

λc, It is obvious that the value of the maximal Lyapunov exponent of controlled
stochastic nonlinear oscillator is less than the maximal Lyapunov exponent of
uncontrolled stochastic nonlinear oscillator as the intensity D increases. i.e.,
λc < λu. These imply that the control low can make the system (23), (24) more
stable than uncontrolled system (1), (2).
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Figure 4: The maximal Lyapunov exponents of uncontrolled stochastic
nonlinear oscillator. Optimally controlled maximal Lyapunov exponent
of stochastic oscillator α = 0.8, γ = 1.5, ǫ = 0.01, R = 0.3, k = 0.02

6. Conclusions

In the present paper, a procedure for studying the first-passage failure and de-
signing a feedback control for the nonlinear oscillator subject to the Gaussian
white-noise parametric excitation has been investigated. The procedure con-
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sists of deriving an averaged differential equation for the stochastic nonlinear
oscillator, which can be treated as a Hamiltonian. Based on the averaged Itô
stochastic differential equation, reliability function governed by backward Kol-
mogorov equation is established. Then, establishing the dynamical program-
ming optimal control law by using the maximal Lyapunov exponent method. It
has been shown by the numerical results that the method is very effective and
efficient.

Acknowledgements

This paper was supported by the National Natural Science Foundation of
P.R. China under Grant No. 10472091 and Shaanxi province under Grant
No.10332030.

References

[1] V.N. Afanas’ev, V.B. Kolmanovskii, V.R. Nosov, Mathematical Theory of

Control Systems Design, Kluwer Academic Publishers, Dordrecht (1996).

[2] A. Bensoussan, Stochastic Control of Partially Observable System, Cam-
bridge University press, Cambridge New York (1999).

[3] Li Jiaorui, Xu Wei, Stochastic stabilizationof first-passage failure of
Rayleigh oscillator under Gaussian white-noise parametric excitions Chaos,

Solitons and Fractals, 26 (2005), 1515-1521.

[4] Yanfei Jin, Wei Xu, Mean first-passage time of a bistable kinetic model
driven by two different kinds of colored noises, Chaos, Solitons and Frac-

tals, 23 (2005), 275-280.

[5] R.Z. Khasminskii, Necessary and sufficient conditions for the asymptotic
stability of linear stochastic systems, Theory of Probability and Applica-

tion, 12 (1967), 144-147.

[6] J. Kushner, Optimality conditions for the average cost per unit time prob-
lem with a diffusion model, SIAM Journal of Control and Optimization,
16 (1978), 330-346.

[7] F. Victor, Dailyuelenko, Lyapunov exponents for complex systems with
delayed feedback, Chaos, Solitons and Fractals, 17 (2003), 473-484.



FIRST-PASSAGE FAILURE AND OPTIMAL CONTROL OF... 33

[8] W.Q. Zhu, Nonlinear Stochastic Dynamics and Control, Beijing, Science
Press (2003).

[9] W.Q. Zhu, Z.L. Huang, Lyapunov exponents and stochastic stability of
quasi-integrable-Hamiltonian systems, ASME Journal of Applied Mechan-

ics, 66 (1999), 211-217.

[10] W.Q. Zhu, Z.L. Huang, Stochastic stabilization of quasi-partially inte-
grable Hamiltonian systems by using Lyapunov exponent, Nonlinear Dy-

namics, 33 (2003), 209-224.

[11] W.Q. Zhu, Z.L. Huang, Y. Suzuki, Stochastic averaging and Lyapunov
exponent of quasi partially integrable Hamiltonian systems, International

Journal of Non-Linear Mechanics, 37 (2002), 419-437.

[12] W.Q. Zhu, L.Z. Huang, Y.Q. Yang, Stochastic averaging of quasi integrable
Hamiltonian systems, ASME Journal of Applied Mechanics, 64 (1997),
975-984.

[13] W.Q. Zhu, Y.Q. Yang, Stochastic averaging of quasi non-integrable Hamil-
tonian systems, ASME Journal of Applied Mechanics, 64 (1997), 157-164.

[14] W.Q. Zhu, Y.Q. Yang, Stochastic averaging of quasi non-integrable-
Hamiltonian systems, ASME J., Appl. Mech., 64 (1997), 157-164.



34


