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1. Introduction

In the isotropic plane I2 := P2(R) \ f the distance between the points X =
(x1, y1) and Y = (x2, y2) are defined as

dI : I2 × I2 → R ,

dI(X,Y ) =

{

d(X,Y ) = x2 − x1 , if XY is a non-isotropic line ,

s(X,Y ) = y2 − y1 , if XY is a isotropic line,

where d is the isotropic length between the non-parallel points X and Y and s
is the span between the parallel points X and Y. The relationship between the
Euclidean and the isotropic distance is,

dE(X,Y ) =

{
√

1 + m2 |d(X,Y )| , if XY is a non- isotropic line ,√
1 + m−2 |s(X,Y )| , if XY is a isotropic line.

If g1(u1, v1)...y = u1x + v1 and g2(u2, v2) ...y = u2x + v2 are two non-
isotropic lines in the isotropic plane, the isotropic angle between these lines is
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defined as ϕI(g1, g2) := ∡(g1, g2) := u2−u1. ϕI is the isotropic span s(S1, S2) be-
tween the points S1 ∈ g1 and S2 ∈ g2, with the isotropic lengths d(S, S1)=d(S, S2)=1,
where S is the intersection point of g1 and g2. A triangle in the isotropic plane
I2 is the particular ordered set {A,B,C} and the three points A,B,C are not
collinear. A,B,C are the vertices and A ∨ B := c, B ∨ C := a, C ∨ A := b the
directed sides of the triangle. If none of the sides is isotropic, the triangle is an
admissible triangle.

It is well known that the sum of the lengths of the directed sides and the
sum of the value of the directed angles of a admissible triangle are equal to zero
(see [4]). The aim of this work is to study this two properties for an n-gon in
the isotropic plane.

2. Sums of Side Lengths and Angle Values of an n-Gon

We show firstly, what the value of the sum of of lengths of the directed sides and
the sum of the value of the directed angles of a admissible quadrangle in the
isotropic plane is. Admissible quadrangle means none of the sides is isotropic.

Proposition 1. The sum of the lengths of the directed sides of a admissible

quadrangle in the isotropic plane is equal to zero.

Proof. Let A = (a1, a2), B = (b1, b2), C = (c1, c2), D = (d1, d2) be the
vertices of a admissible quadrangle in the isotropic plane. Then we have |a| =
d(B,C) = c1 − b1, |b| = d(C,D) = d1 − c1, |c| = d(D,A) = a1 − d1, and
|d| = d(A,B) = b1 − a1, where |a|, |b|, |c|, |d| ∈ R − {0}. The addition of
directed side lengths is,

|a| + |b| + |c| + |d| = c1 − b1 + d1 − c1 + a1 − d1 + b1 − a1 = 0. �

Proposition 2. The sum of the values of the directed angles of a admissible

quadrangle in the isotropic plane is equal to zero.

Proof. Let A = (a1, a2), B = (b1, b2), C = (c1, c2), D = (d1, d2), be the

vertices of a admissible quadrangle in the isotropic plane. We get
−−→
AB = (b1 −

a1, b2−a2),
−−→
BC = (c1−b1, c2−b2),

−−→
CD = (d1−c1, d2−c2),

−−→
DA = (a1−d1, a2−d2).

The slopes of the sides are u(a) = u(B ∨C) = c2−b2

c1−b1
, u(b) = u(C ∨D) = d2−c2

d1−c1
,

u(c) = u(D ∨ A) = a2−d2

a1−d1
, u(d) = u(A ∨ B) = b2−a2

b1−a1
(see Figure 1 and Figure

2).
The measures of the angles are α = u(d) − u(c), β = u(a) − u(d), θ =

u(b)−u(a), γ = u(c)−u(b). It can be easly shown that α+ β + θ + γ = 0. This
is true for all admissible quadrangles if it is concav or convex.

Now we give the similar theorem for an n-gon in the isotropic plane.
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Figure 1: A concav quadrangle in the isotropic plane

Figure 2: A convex quadrangle in the isotropic plane

Theorem 3. The sums of the lengths of the directed sides and values of

the directed angles of a admissible n-gon in the isotropic plane are equal to

zero.

Proof. Let Ai = (ai1, ai2), i = 1, 2, ..., n be the vertices of a admissible n-gon
in the isotropic plane. Then we have |ai| = d(Ai, Ai+1) = a(i+1)1 − ai1, where
n+1 ≡ 1 for i = n and |ai| ∈ R − {0}. The sum of lengths of the directed sides
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of the n-gon is
n

∑

i=1

|ai| =
n

∑

i=1

(a(i+1)1 − ai1) = 0.

For the vertices Ai = (ai1, ai2), i = 1, 2, ..., n we get the sides
−−−−→
AiAi+1 =

(a(i+1)1 − ai1, a(i+1)2 − ai2) whose slopes are

u(ai) = u(Ai, Ai+1) =
a(i+1)2 − ai2

a(i+1)1 − ai1
.

The measures of the angles are αi = u(ai)−u(ai−1) therefore one get
n
∑

i=1
αi = 0.

This result is independent of choice of the n-gon.
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