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1. Coin-Tossing Gamble

In [14], Wegenkittl and the second author introduced and analyzed a coin-
tossing gambling as a test of pseudorandom number generator (PRNG). Here
we treat a slot-type generalization of this gambling. Novelty of this paper
is to give an algorithm to compute the exact conditional distribution for the
pseudorandom bit sequences generated by an F2-recursion, which gives the best
strategy to win this gamble. A mathematical key is to replace the MacWilliams
identity used in [10] with its splitting version. See Section 4 for relations to the
earlier results.

Consider the following fair gamble. Fix an integer f . The player pays 1
dollar to the dealer. The dealer tosses a coin f times. If (and only if) all are
heads, then the player has paid 2f dollars. We call this a slot-type coin-tossing.
The case f = 1 is analyzed in [14], but the cases f > 1 cannot be analyzed by
the method there.

Suppose that the player can remember the number T of tails among the
previous o tosses, and uses a strategy depending only on T (o for observed, f
for future). In a truly random situation, no strategy leads to win. Here we
shall exhibit that simple strategies lead to dramatical win, if the coin-tossing is
simulated by an F2-linear pseudorandom bit generator with sparse recursion.

For example, our strategy is valid for (1) a lagged-Fibonacci generator
LFG31 with degree of recursion being 31, (2) its improvements by discard-
ing, (3) a lagged-Fibonacci generator ran array by Knuth [2, p. 186] with and
without discarding. On the other hand, we show that such a strategy does not
lead to win for more advanced generators such as Mersenne Twister (MT [9]),
combined LFSR ([3]), and WELL [12].

Consider a pseudorandom number generator based on the following recur-
sion

Xi+31 = Xi+28 + Xi mod 232 (i = 1, 2, . . .),

from randomly chosen initial values of X1, . . . ,X31, which we call LFG31. Such
a generator is still widely used, for example in C-language of BSD UNIX (called
random() as of March 2007). We simulate coin-tossings by using the least
significant bit of the integers, which amount to using the pseudorandom bit
sequence defined by

xi+31 = xi+28 + xi, xi ∈ F2 (i = 1, 2, . . .).

We assume that xi = 0 (resp. 1) corresponds to the head (resp. tail) of the i-th
coin-tossing. From now on, we assume f = 8. Thus, if we bet and the next 8
tosses are all head, then we will be paid 28 = 256 dollars.
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Generator Iterations # of bets # of wins win-ratio $ gained ND

LFG31 106 358921 2783 0.007754 353527 36.95
LFG31 1000/1031 106 283726 1215 0.004282 27314 3.21

ran array 106 271318 1175 0.004331 29482 3.54
ran array 300/400 5 × 109 2301344613 9001272 0.003911 2981019 3.89

Table 1: Slot-type coin-tossing gambling by four PRNGs, under suit-
able strategies. The table lists the number of iterations, the number of
the times the player bets, the number of wins, the ratio of wins (cf. ex-
pected value 1/256=0.00390625), the gained dollars, and the normalized
deviation (ND) of the number of wins (cf. prob(ND≥ 3.09) ≃ 0.001).

Our strategy for LFG31 is very simple. We remember the number of tails
T among the o = 31 tosses. If T ≤ 14 then we bet 1 dollar, otherwise not. We
try N = 1, 000, 000 times observation of 31-tuples, decide to bet or not by this
strategy, count the number of wins, and compute the normalized deviation.
The simulation goes as follows. We generate 31 random integers by LFG31.
Count the number T of odd integers in the 31 integers. If T ≤ 14 then we
bet 1 dollar, and otherwise we do not. If the next 8 coin-tossings are all head
(= the next 8 generated random integers are all even), then we are paid 256
dollars. If not, we pay one dollar. We iterate this gambling for N times (hence
(31 + 8) × N random integers are consumed).

The result is shown in the first line in Table 1. Among N = 1, 000, 000 obser-
vations, the condition T ≤ 14 is satisfied for M = 358, 921 times, hence we bet
this number of times. We win 2783 times, and the ratio of win is about 0.007754,
which is almost twice larger than the expected value 1/256 = 0.00390625.
We gained 353, 527 dollars, by betting 358,921 times. If this gambling con-
forms to the binomial distribution with probability p = 1/256 and M iter-
ations, then the standard deviation is

√

Mp(1 − p). The normalized devia-
tion ND=(# of wins − Mp)/

√

Mp(1 − p) should approximately conform to
the standardized normal distribution with mean 0 and standard deviation 1. In
this simulation ND becomes 36.95. Note that the probability that ND is greater
than 30 is order of 10−198. How to design such strategy will be discussed in
Section 2.

LFG31 with discarding: A simple improvement of PRNG is to discard some
part of the outputs, and to use the remaining proposed by Lüscher [6]. Let
us fix a PRNG G and two positive integers U,L with U ≤ L. We generate L
random integers by G, and use the first U integers for coin-tossing. Discard the
remaining L − U integers. Then generate L random integers, use the first U
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integers, discard L−U . Iterate this. We refer to such discarding by discarding

(L − U)/L (hence, 300/400 means “use 100, discard 300” and is different from
3/4).

We here select L = 1031 and U = 31. Knuth [2, p. 188] considers that such
amount of discarding would suffice to get a good PRNG, following Lüscher’s
argument based on the chaos theory. We simulate the same coin-tossing gamble
as above by using LFG31 with discarding 1000/1031. Our strategy for this
PRNG is as follows. We remember the number T of tails in the past 31 coin-
tosses, and we bet if T ≤ 12 or T ≥ 19. The second line of Table 1 shows the
results of N = 1000000 iterations. Again we win dramatically.

ran array with and without discarding: In the third edition of his famous
book [2, p. 186], Knuth adopted the following random number generator
ran array as a recommendable one. We generate random integers by a re-
cursion similar to LFG31:

Xi+100 := −Xi+63 + Xi mod 230 (i = 1, 2, . . .),

and use their least significant bits. We fix L ≥ 100 and adopt (L − 100)/L
discarding. For L = 100 (i.e. no discarding case), our strategy is to bet if the
number T of tails in the past o = 100 coin-tosses satisfies T ≤ 44 or T ≥ 56.
The third line of Table 1 shows the result of the test.

Even for L = 400, namely discarding 300/400, we still have an even simpler
strategy to win (but not so dramatically): we bet if T ≥ 51. We iterate this
N = 5× 109 times to detect the smaller deviation than the previous examples.
The fourth line in Table 1 shows the excess of wins, with normalized deviation
3.89. The probability that normalized deviation excesses 3.09 is about 0.001.

2. Computation of the Winning Probability

2.1. Probabilistic Model

Here we recall how to regard the output of a PRNG as a random variable. The
following setting is a special case of those treated in a survey by L’Ecuyer [4].
Consider a pseudorandom bit generator G. It consists of a state space S, a state
transition function g : S → S, and an output function b : S → {0, 1}. Given
an initial state s ∈ S, G outputs b(s). To produce the next bit, G changes its
state s into g(s), and then outputs b(s). This process is iterated to generate a
bit-sequence.
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Assume that exactly M bits are consumed in one simulation. Then the
generator G may be viewed as a function

OG : S → {0, 1}M , s 7→ (b(s), b(g(s)), . . . , b(gM−1(s)))

mapping an initial state s to the corresponding outputs. We assume that S is
a finite set, and adopt the following assumption.

Assumption 1. The initial state is uniformly randomly chosen from S,
for each simulation.

This may seem different from the practice, where the last state of G in
the previous simulation is often the initial state for the next. However, the
last state of G behaves rather randomly, and this is justified by the agreement
between the probability WPG(B, 0) under Assumption 1 listed in Table 3.1
below and the simulation results in Table 1. In addition, use of multiple streams
of random numbers with independently chosen initial states (e.g. [5]) fits to this
assumption.

Under Assumption 1, the output sequence of G is a random variable taking
its value in {0, 1}M . We use G to simulate coin-tosses. We observe o tosses,
and predict the future f tosses. Set M := o + f .

Let x = (x1, . . . , xo, xo+1, . . . , xo+f ) ∈ {0, 1}M be an output sequence. We
denote the number of tails in the observed tossings by

wto(x) := the number of 1’s in x1, . . . , xo

and the number of tails in the future tossings by

wtf (x) := the number of 1’s in xo+1, . . . , xo+f .

Let us denote by PG(t/f |T/o) the probability that wtf (x) = t holds under
the condition that wto(x) = T , where the output bit-sequence x of G conforms
to Assumption 1. For an ideal PRNG, PG(t/f |T/o) =

(f
t

)

/2f should hold,
but we shall see examples of G where this probability heavily depends on the
value of T (the algorithm to compute these probabilities is given in the follow-
ing sections). Figure 1 (a)–(d) shows these probabilities for G = (a) LFG31,
(b) LFG31 with discarding 1000/1031, (c) ran array without discarding, (d)
ran array with discarding 300/400, respectively, for various values of T (hor-
izontal axis) with t = 0. For example, Figure 1 (c) shows that for ran array

without discarding, it is better to bet if the number of tails T satisfies T ≤ 44
or T ≥ 56.
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Figure 1: Conditional probabilities PG(t/f |T/o) for four PRNGs. Hor-
izontal axis is T . (a) G=LFG31, PG(0/8|T/31) for 10 ≤ T ≤ 21.
(b) with discarding 1000/1031. (c) G=ran array, PG(0/8|T/100) for
40 ≤ T ≤ 60. (d) with discarding 300/400. The horizontal lines show
the expectation 1/256.

2.2. Computing the Probability by Enumeration

For 0 ≤ T ≤ o and 0 ≤ t ≤ f , let us define the number of initial states which
generate output sequences x with wto = T , wtf = t:

NT,t(G) := #{s ∈ S|wto(OG(s)) = T,wtf (OG(s)) = t}.

Then, by definition of PG we have

PG(t/f |T/o) =
NT,t(G)

∑f
j=0 NT,j(G)

, (1)

because its denominator is the number of initial states for which the output x

satisfies wto(x) = T , whereas its enumerator is the number of such initial states
that produce the output with wtf (x) = t.

A strategy is described as a subset B ⊂ {0, 1, . . . , o}, where if the observed
number T of tails falls in B then we bet. For example, for ran array without
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discarding, the strategy is B = {T |0 ≤ T ≤ 44 or 56 ≤ T ≤ 100}. Then, by the
same counting argument as above, the probability WPG(B, t) to have exactly
t heads when the observed weight falls in B is given by

WPG(B, t) =
∑

T∈B

NT,t(G)/
∑

T∈B,0≤j≤f

NT,j(G). (2)

In the coin-tossing gambles as in the previous section, WPG(B, 0) is the prob-
ability to win under the condition that we bet. We denote by EG(B) the
expectation of the gained dollars per bet under the strategy B, and hence

EG(B) := 2fWPG(B, 0) − 1. (3)

Thus, the knowledge of NT,t(G) will suffice to design a strategy and to com-
pute the winning probability. However, in most pseudorandom number genera-
tors, the state space S is huge and the computation of NT,t(G) by enumeration
is often impossible.

2.3. Weight Enumeration and MacWilliams Identity

For a subset C ⊂ {1, 0}M and integers 0 ≤ T ≤ o, 0 ≤ t ≤ f , we define

AT,t(C) := #{x ∈ C|wto(x) = T and wtf (x) = t},

and call the list of integers AT,t(C) (0 ≤ T ≤ o, 0 ≤ t ≤ f) the splitting weight
enumeration of C (according to the terminology of coding theory [7]).

Let F2 be two-element field identified with {0, 1}. Suppose that OG : S →
{0, 1}M is F2-linear, namely, S is an F2-linear space and OG : S → F

M
2 is F2-

linear. For example, let G be the least significant bits of LFG31. It is generated
by an F2-linear recursion xi+31 = xi+28+xi mod 2 (i = 1, 2, . . .), and hence OG

maps x1, . . . , x31 to x1, . . . , xM , which is linear. Similarly, the least significant
bits of ran array (without discarding) are F2-linear.

Since OG is linear, it holds that NT,t(G) = #(Ker(OG)) · AT,t(OG(S)). We
put C := OG(S), and then from (1) we have

PG(t/f |T/o) =
AT,t(C)

∑f
j=0 AT,j(C)

. (4)

In general, the computation of the list of integers AT,t(C) is NP complete
even if C is an F2-linear subspace [13], so it is not tractable. However, if its
orthogonal space C⊥ is not too large, then splitting MacWilliams identity gives
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a solution. Let C ⊂ F
M
2 be an F2-linear subspace. We define a standard

inner product on F
M
2 by 〈(x1, . . . , xM ), (y1, . . . , yM )〉 :=

∑M
i=1 xiyi ∈ F2, and

the orthogonal space C⊥ ⊂ F
M
2 by

C⊥ := {y ∈ F
M
2 |〈x,y〉 = 0 for all x ∈ C}.

We define the splitting weight enumerator polynomial of C by

WC(x, y,X, Y ) :=
∑

0≤i≤o,0≤j≤f

Ai,j(C)xo−iyiXf−jY j .

The following theorem is known as a splitting version of MacWilliams identity
[7, p. 158, equation (52)].

Theorem 2.

WC(x, y,X, Y ) =
1

#C⊥
WC⊥(x + y, x − y,X + Y,X − Y ).

This identity enables us to compute the splitting weight enumeration of C
from that of C⊥. If dim C⊥ = M − dimC is not too large (say ≤ 16), then we
can compute the weight enumeration Ai,j(C

⊥) by an exhaustive check. This
gives WC⊥(x, y,X, Y ), and by the substitution described in the right hand side
in the theorem, we get WC(x, y,X, Y ) and hence Ai,j(C). We compute a basis
of S, and then its image by OG is a generator of C = OG(S). From this,
by linear algebra, we can enumerate vectors in C⊥. We used Mathematica to
expand the substitution.

We choose parameters of the tests so that dim OG(S)⊥ is small. For exam-
ple, Figure 1 (a) shows PG(0/8|T/31) for G =LFG31, where dim S = dim OG(S) =
31 and M = 31+8, hence dim C⊥ = 8. Similarly, Figure 1 (c) shows PG(0/8|T/100)
for G =ran array, where dim S = dim OG(S) = 100 and M = 100 + 8, hence
dim C⊥ = 8.

2.4. Computation of Distribution for Discarding Generators

Generators with discarding procedure are not F2-linear, but a slight modifica-
tion will suffice to compute NT,t(G), and hence PG(t/f |T/o). Basic idea is to
separate the state space into linear ones, used in [11].

Let G be a PRNG with g : S → S, b : S → {0, 1} = F2 as in Section 2.1.
Assume that G is F2-linear, which means that S is an F2-linear space and g, b
are F2-linear. Let G′ be a generator obtained from G by adopting (L − U)/L
discarding procedure. Then, we may regard G′ as the following generator. The
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state space is S′ := S × (Z/U). A state (s, i) ∈ S′ means that the state of the
PRNG G is s and that we are going to use the next U − i outputs, and after
that discard L − U outputs. The state transition function g′ of G′ is given by

g′ : (s, i) 7→

{

(g(s), i + 1) if i < U − 1,
(gL−U+1(s), 0) if i = U − 1,

since if i < U−1 then the state of G is changed by g, but if i = U−1 then L−U
of outputs are discarded, which amounts to applying gL−U+1 to the state. The
output function b′ is given by b′ : (s, i) 7→ b(s).

Fix M and consider the output function

OG′ : S × (Z/U) → F
M
2

mapping the initial state to its M consecutive outputs, as in Section 2.1. Let us
denote OG,i(s) := OG′(s, i). Then, it is easy to see that for each i ∈ Z/U , OG,i

is an F2-linear function. If the dimension of (OG,i(S))⊥ is not too large, we can
compute AT,t(OG,i(S)) by the method given in the previous section. Then, we
have

NT,t(G
′) :=

U−1
∑

i=0

#(Ker(OG,i))AT,t(OG,i(S)),

and hence (1) gives the desired probability for PG′(t/f |T/o).
For example, Figure 1 (b) shows PG(0/8|T/31), where G′ is LFG31 with

discarding 1000/1031. For each i ∈ Z/U , we compute the matrix representation
of OG,i : S → F

31+8
2 . The dimension dim(OG,i(S)⊥) turns out to be constantly

8 for i = 0, 1, . . . , 30, and we compute the weight enumeration AT,t(OG,i(S)).

3. Comparison of the Quality of Pseudorandom

Number Generators

3.1. Four Generators Seen so Far

For G being an F2-linear generator (or its discarding version), we can compute
the probability PG(t/f |T/o), the winning probability WG(B, 0) under a strategy
B, and the expectation of gained dollar EG(B) per bet (see Section 2.2), if
dimOG(S)⊥ (dim OG,i(S)⊥ respectively) is not too large. Table 3.1 shows the
results for G = LFG31, LFG31 with discarding 1000/1031, ran array without
discarding, ran array with discarding 300/400, respectively, with B as in the
previous section. We see that the winning probability matches well to the
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Generator o, f strategy B WPG(B, 0) EG(B)

LFG31 31, 8 T ≤ 14 0.00759519 0.944369
LFG31+ discard 1000/1031 31, 8 T ≤ 12 or T ≥ 19 0.00429979 0.100746
ran array+ no discarding 100, 8 T ≤ 44 or T ≥ 56 0.00443067 0.134252

ran array+ discard 300/400 100, 8 T ≥ 51 0.00391031 0.001039

Table 2: Winning probability and expectation of the gained dollars per
bet

results of simulation shown in Table 1. Note that in the case of ran array +
discarding 300/400, Figure 1(d) shows that the best strategy is to bet if T ≤ 41
or 50 ≤ T ≤ 58, but we adopted a simpler strategy 51 ≤ T since it seems to
have more impact: the deviation under such a simple strategy may lead physical
simulations to erroneous results.

3.2. Minimum Weight Versus the Amount of Discarding

As an estimator of the deviation of a PRNG G, we adopt EG(B) in (3) for B
chosen by

B := {s|0 ≤ s ≤ o, PG(0/f |T/o) > 2−f}. (5)

Under this canonical choice of B, we denote EG instead of EG(B).

The left part of Table 3 lists EG for G being ran array with discarding
(L−100)/L for L = 100, 200, . . . , 2100, and the right part lists those for G being
LFG31 with discarding (L− 31)/L for L = 31, 131, . . . , 2031. The column min.

weight lists the following. For C ⊂ F
M
2 , its minimum weight δ(C) is defined as

δ(C) := min{wt(x)|x ∈ C,x 6= 0},

where wt(x) is the number of 1’s among the M components of x. The col-
umn min. weight shows the minimum value of δ(OG,i(S)⊥) for i = 0, . . . , o.
The number in the following parentheses shows the multiplicity of that weight,
namely, the sum of the number of the vectors of that weight in OG,i(S)⊥ over
i = 0, 1, . . . , o. From this table, we see that deviation EG seems more strongly
correlated with the minimum weight than the amount of the discarding. For
example, for ran array, L = 1800 (where the minimum weight is 8) is worse
than L = 1100 (where the minimum weight is 12). This makes the assertion
“the more amount discarded, the better quality of randomness” (cf. [6, Section
5.4]) suspicious. The right part of Table 3 shows EG for G being LFG31 with
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L
min. weight
(multiplicity)

EG(B)

100 3(800) 1.34251 × 10−1

200 3(208) 2.94651 × 10−2

300 6(208) 1.34486 × 10−4

400 4(120) 1.71449 × 10−3

500 6(328) 2.21308 × 10−4

600 7(32) 1.32330 × 10−5

700 7(88) 5.89534 × 10−5

800 6(32) 8.18172 × 10−5

900 6(60) 1.60245 × 10−4

1000 7(32) 2.10543 × 10−5

1100 12(16) 1.42160 × 10−8

1200 10(32) 1.56669 × 10−7

1300 11(16) 4.92401 × 10−8

1400 10(64) 2.23672 × 10−7

1500 9(64) 7.82966 × 10−7

1600 9(64) 7.80980 × 10−7

1700 9(64) 1.61035 × 10−6

1800 8(8) 2.09291 × 10−6

1900 11(64) 7.25071 × 10−8

2000 11(64) 7.25816 × 10−8

2100 17(64) 3.51243 × 10−10

L
min. weight
(multiplicity)

EG(B)

31 3(248) 9.44368 × 10−1

131 3(180) 1.00350 × 10−1

231 5(204) 2.09169 × 10−2

331 7(88) 1.29153 × 10−3

431 6(6) 1.83578 × 10−3

531 5(48) 6.91907 × 10−3

631 7(25) 8.49288 × 10−4

731 7(6) 4.96912 × 10−4

831 7(18) 9.45682 × 10−4

931 7(54) 3.44180 × 10−3

1031 3(128) 9.97369 × 10−2

1131 7(70) 1.13186 × 10−3

1231 9(57) 5.67367 × 10−4

1331 10(15) 3.81746 × 10−4

1431 10(127) 6.30905 × 10−4

1531 7(12) 2.29891 × 10−3

1631 9(24) 3.09097 × 10−4

1731 8(15) 4.68526 × 10−4

1831 7(165) 1.03663 × 10−3

1931 5(76) 1.34322 × 10−1

2031 5(260) 1.36091 × 10−1

Table 3: ran array: with discarding (L−100)/L (left) and LFG31 with
discarding (L − 31)/L (right): the minimum weights and multiplicities
in OG,i(S)⊥, and the expectations of the gained dollars per bet, for
various values of L.

discarding (L − 31)/L, L = 131, 231, . . . , 2031. Here the choice of L = 1031 is
worse than L = 231, and L = 2031 is even worse.

3.3. Discarding Versus Increasing the Number of Terms

We argue on whether discarding is efficient compared to increasing the number
of terms as an improvement. Consider a linear recursion xi+n =

∑n−1
j=0 ajxi+j

over F2 with t nonzero terms, and G be the random bit generator based on this
recursion. The least significant bits of LFG31 satisfy a 3-term relation, and so
do those of ran array.

If M > n, then it is easy to see that OG(Fn
2 )⊥ has a basis of the form

(a0, a1, a2, . . . , an−1, 1, 0, 0, . . . , 0)
(0, a0, a1, . . . , an−2, an−1, 1, 0, . . . , 0)

...
(0, 0, 0, . . . , 0, a0, a1, . . . , an−1, 1)

in F
M
2 . Thus, the minimum weight of OG(Fn

2 )⊥ is at most t. Computational
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Generator
dimension of
state space

min. weight
(multiplicity)

EG time (sec.)

ran array L=1100 100 12(16) 1.42160 × 10−8 1.34
13-term 100 13(8) 1.76443 × 10−7 0.69
15-term 100 15(8) 1.92070 × 10−8 0.78
MT89 89 35(1) 1.27963 × 10−12 0.81
MT127 127 34(6) 3.02687 × 10−15 0.79

Combined LFSR 113 46(1) 1.71963 × 10−16 1.04
TT800 800 93(8) 9.46294 × 10−62 0.60

WELL1024 1024 380(6) 1.62015 × 10−146 0.75

Table 4: Comparison of minimum weight and its multiplicity, expecta-
tion of gained dollars per bet, time (in second) consumed to generate
107 bits.

experiments using the methods in Section 2.3 (not listed here) show that if t is
too small (e.g. t ≤ 6) then the deviation tends to be strong.

Two simple improvements of such G are (1) increasing the number of terms
t (2) discarding. The former method is classical [1] and the latter method
[2], [6] is newer. We compute the expectation of the gained dollars EG for
ran array with discarding 1000/1100 (near to the recommendation in [2, p.
188]), and for a 15-term linear recursion of the same degree. They have similar
values of EG, but the speed of the 15-term generator is 1.56 times faster than
ran array. Table 4 shows the result. This suggests that increasing the number
of terms is more efficient than discarding. There are more sophisticated ways to
increase the minimum weight without much loss of speed. Mersenne twister [9]
is an F2-linear generator involving tricky bit operations. Here we use two toy
models MT89, MT127 for comparison. TT800 is a twisted GFSR generator [8].
These have better EG and are faster than ran array with discarding 1000/1100.
Combined LFSR (Tausworth4.c in [3]) has a good value of EG relative to the
dimension of the state space, but the speed is slower. WELL [12] is fast and has
an excellent value of EG. These two generators are maximally equidistributed
(the time listed in the table include the time for tempering [8], [9]).

4. Concluding Remarks

We gave a method to design simple strategies for a coin-toss gambling simulated
by F2-linear PRNGs. It gives the expectation of the gained money, which can
be used as an estimator of randomness. The results show that MT, Combined
LFSR and WELL are advantageous over discarding generators.

Here is a remark on the related works. Jordan-Wood [1] introduced the
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use of the weight of the orthogonal space in computing the distribution of the
weight. Its generalization using MacWilliams identity is given in [10], but it
did not treat the discarding generators. Discarding generators are treated in
[11], but there the distribution of sum of uniform random numbers is computed
instead of the weight. This paper treats the weight distribution of the discarded
generators. Moreover, the conditional probability PG is explicitly computed,
which were not treated in the earlier works. A test of randomness based on
gambling for f = 1 is studied in [14]. Here we deal with the case of f > 1.
Moreover, the exact conditional probability distribution, which [14] did not
provide even for f = 1 case. Although we do not list the results, we conducted
the same tests for f = 16 and obtained similar result. The test for f = 1 turns
out to be less sensitive than f = 8. We conducted similar tests where we win
if all f tosses are tail, and again obtained similar results.
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