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Abstract: N hard spheres are injected into a 3-dimensional container. The
initial positions of the spheres are generated according to the uniform distri-
bution and the initial velocities according to a centered normal distribution.
The Newtonian dynamics is imposed on the system (fluid). In the computer
experiment imitating the (thermal) motion of the spheres the phenomenon of
self-diffusion is observed and can be evaluated statistically entailing an esti-
mate of the self-diffusion coefficient. A general formula for the dependence of
the self-diffusion coefficient on the (thermodynamic) state of the model fluid
is established involving a mathematical constant that can be estimated from
computer experimental data.

As an application, the quantitative prediction of laboratory measurements
of the self-diffusion coefficient as function of temperature is discussed for noble
gases.
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1. Introduction

On an intermediate length scale the thermal movement of a molecule of a fluid
is modelled stochastically by a Wiener process (Wt)t∈R+

. A basic property of
this process can be expressed by

Received: July 7, 2007 c© 2007, Academic Publications Ltd.



584 E. Grycko

E(W 2
t ) = D · t (t ≥ 0) (1.1)

for some (diffusion) constant D, where E(W 2
t ) denotes the expected value of

W 2
t (t ≥ 0).

For the microscopic length scale there is the Boltzmann system of moving
molecules (cf. [2], Chapter 1) that are represented by hard spheres and obey
the Newtonian dynamics; this model can be imitated on the computer in the
sense of molecular dynamics.

The first aim of the present contribution is the bridging of these two pictures
including the preparation of the quantitative determination of the self-diffusion
coefficient by regression analysis applied to computer experimental data (Sec-
tion 2).

The second aim is the establishment of a general formula for the self-
diffusion coefficient for a wide range of thermodynamic conditions for the model
fluid (Section 3); the formula requires the introduction of an universal (mathe-
matical) constant which is statistically determined.

The last aim of this contribution is the illustration of the applicability of
the general formula. It turns out (Section 4) that laboratory values of the self-
diffusion coefficient as function of temperature for noble gases can be explained
by fitting only one parameter (atomic radius) of the considered Boltzmann
model.

2. The Computer Experiment

Let us consider a 3-dimensional cube

C := [−a/2,+a/2]3 ⊂ R
3

of edge length a > 0. We inject N hard spheres of radius r > 0 into C;
the initial positions x(1)(0), . . . , x(N)(0) are realizations of uniformly distributed
random vectors. The initial velocity vectors v(1)(0), . . . , v(N)(0) are generated as
realizations of stochastically independent random vectors distributed according
to the normal distribution N(0, σ2 ·I3) with mean vector 0 ∈ R

3 and covariance
matrix σ2 · I3 (I3 denotes the 3 × 3-identity matrix and σ > 0 a parameter).
This initial state agrees with Maxwell hypothesis (cf. [2], Chapter 1) and can
be generated by Box-Mueller procedure (cf. [3], Section 1.4.2.1).

Now, Newtonian dynamics can be imposed on the system of N hard spheres
constituting a fluid confined to container C, cf. [2] for conceptual and algorith-
mic details.
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For the analysis of the self-diffusion phenomenon occurring in the course of
the temporal evolution of the positions x(1)(t), . . . , x(N)(t) of the spheres, the
problem of boundary effects that can bias the statistical evaluation, has to be
tackled. For each hard sphere j we introduce the index I(j)(t) ∈ Z

3 which is
initially defined according to

I(j)(0) := (0, 0, 0) ∈ Z
3 (j = 1, . . . , N).

If the j-th sphere is reflected at the hyperplane xi = a/2, then the i-th compo-

nent of I(j)(t) is increased or decreased by 1, depending on whether I
(j)
i (t) is

even or odd, respectively; a corresponding rule is applied if sphere j is reflected
at the hyperplane xi = −a/2, i = 1, 2, 3.

If position x(j)(t) and index I(j)(t) of sphere j at time t are given, then the

virtual position y(j)(t) = (y
(j)
1 (t), y

(j)
2 (t), y

(j)
3 (t)) ∈ R

3 of sphere j at time t is
defined by:

y
(j)
i (t) :=

{
x

(j)
i (t) + a · I

(j)
i (t) if I

(j)
i (t) is even ,

−x
(j)
i (t) + a · I

(j)
i (t) if I

(j)
i (t) is odd ,

for i = 1, 2, 3, j = 1, . . . , N, t ≥ 0.
Put

q(t) :=
1

N
·

N∑

j=1

|y(j)(t) − x(j)(0)|2 (t ≥ 0) , (2.1)

where |.| denotes the Euclidean norm on R
3. q(t) expresses the average quadratic

displacement of the spheres at time t from their initial positions. Since we have
used the virtual positions y(j)(t) and not x(j)(t) in (2.1), the average quadratic
displacement q(t) is not biased by boundary effects.

In the course of the computer experiment imitating the (thermal) motion of
hard spheres the temporal evolution of q(t) was stored and is graphed in Figure
1 for different values of volume a3 of container C. Figure 1 reveals a linear
dependence of the average quadratic displacement q(t) on time t independently
of the choice of container volume. This confirms the diffusive character of the
motion of hard spheres under Newtonian dynamics (cf. (1.1)).

3. The Self-Diffusion Coefficient as Function

of Thermodynamic Parameters

The linearity of the dependence between time t and the average quadratic dis-
placement q(t) (cf. (2.1) and Figure 1) entails that the least-squares estimate D̂
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Figure 1: The average quadratic displacement as function of time

of the coefficient of linear regression of q w.r.t. t may be viewed as an estimate
of coefficient D of self-diffusion in the model fluid.

In order to study the dependence of D on the parameters of the virtual
substance and on the thermodynamic state of the fluid, we introduce the density
indicator

δ :=
a3

321/2 · N · r3
. (3.1)

δ is the quotient of the container volume to the total volume required by the
micro-constituents (spheres) of the fluid in their close packing. A fluid can be
viewed to be dense if δ is small and vice versa.

Note that indicator δ does not carry any physical unit. Moreover, varying
volume a3 may be interpreted as varying δ if r is fixed, cf. (3.1).

In Figure 2 the least-squares estimates D̂ of the self-diffusion coefficient D
are graphed on the vertical axis against the corresponding values of density
indicator δ on the horizontal axis (the computer experiments were carried out
with spheres of radius 1m and with the parameter σ = 1 m/s of the velocity
distribution; the number of spheres was N = 10000).
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Figure 2: Self-diffusion coefficient as function of density indicator δ

The principle of corresponding states and the linearity between δ and D
appearing in Figure 2 suggest the ansatz

D = γ · σ · r · δ (3.2)

for the self-diffusion coefficient D where parameter γ is a mathematical constant
which can be approximated by the least-squares estimate γ̂ of linear regression
of D w.r.t. δ; a standard evaluation of the computer experimental data yields

γ̂ = 1.73653. (3.3)

Remark 3.1. Since the linearity in Figure 2 is maintained even for small
values of δ (3 ≤ δ ≤ 5000), formula (3.2) seems to be valid over the whole range
of δ where the system stays in fluid phase. The linearity of the dependence of
D on σ and r is justified by the principle of corresponding states.

Let us rewrite (3.2) in terms of quantities that are more customary in the lit-
erature on Thermodynamics. According to Maxwell hypothesis (cf. [2], Chapter
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1) we have

σ =

(
kB · T

m

)1/2

, (3.4)

where kB denotes Boltzmann constant, T the temperature of the fluid and m
the mass of a micro-constituent in kilogramm (kg). Combining (3.2) and (3.4)
we obtain:

D = γ ·

(
kB · T

m

)1/2

· r · δ. (3.5)

For δ we have the expression

δ =
1

321/2 · r3 · ̺
, (3.6)

where

̺ :=
N

a3

denotes the particle density of the fluid. Combining (3.5) and (3.6) yields

D = γ ·

(
kB · T

m

)1/2

·
1

321/2 · r2 · ̺
(3.7)

for the self-diffusion coefficient D; coefficient γ in (3.7) can by approximated
by (3.3).

Remark 3.2. For a numerical illustration of (3.5), let us consider a model
substance consisting of hard spheres of radius r = 1Å = 10−10 m and molecular
mass m = N−1

A , where NA = 6.02 · 1026kg−1 denotes the modified Avogadro
number; this corresponds to the relative molecular mass mr = 1. Let the
thermodynamic state of the system be specified according to

T := 1K and δ := 1 .

Using (3.5) and (3.3) we obtain for the numerical value of D:

D =
~

4 · m
, (3.8)

where ~ = 1.05 · 10−34 Js denotes Planck constant. Note that the value δ = 1
of the density indicator corresponds to the close packing of spheres; therefore
a physical explanation of coincidence (3.8) could shed light on the connection
between Heisenberg uncertainty principle and self-diffusion in solids.
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4. Comparison with Laboratory Data

Since the self-diffusion coefficient for real gases can be determined in laboratory,
it is natural to compare formula (3.7) with measurements. In [1] laboratory
values of the self-diffusion coefficient D of the noble gas Ar are reported for
the temperature range 220K ≤ T ≤ 1300K. Since these data are sampled at
constant pressure p = 1.01 · 105 N/m2 and not at constant density ̺, we utilize
the equation of state of the ideal gas,

p = ̺ · kB · T, (4.1)

and obtain from (3.7)

D = γ ·
(kB · T )3/2

m1/2
·

1

321/2 · r2 · p
. (4.2)

In Figure 3 the measurements of D for Ar are graphed on the vertical axis
against the corresponding temperatures T on the horizontal axis. The continu-
ous line corresponds here to the prediction (4.2) of the self-diffusion coefficient
D as function of temperature T , where the atomic mass is m = 39.95/NA and
the value of atomic radius r was fitted to the data by the least-squares method
yielding

r̂ = 4.24727 · 10−10m. (4.3)

Figure 3 shows an essentially good agreement between theory and labo-
ratory measurements. Although the notion of atomic radius is rather a con-
vention, it should be stressed that based on the simple model of hard spheres
fluid r is the only parameter required here for the explanation of the functional
dependence of the self-diffusion coefficient on temperature.

Analogous results are obtained for other noble gases.
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Figure 3: Self-diffusion coefficient as function of Temperature for Ar
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