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1. Introduction

Let f : [a, b] → X be a function from a closed interval [a, b] into a Banach

space X. Let µ =
∫ b

a
ϕdm be a weight, with ϕ a continuous function and m

a Lebesgue measure on [a, b] (see [8]); let A be a null measure set in [a, b] and
E = [a, b] − A the complement of A in [a, b], it is defined µ-variation (see [2])
of f restricted to the set E the following number (finite or infinite positive):

Vµ(fE) = lim sup
λ(D)→0

n
∑

i=1

‖∆fE(Ii)‖
µ(Ii)

m(Ii)
,

where D = {Ii} is a subdivision of [a, b] in a finite number of not overlapping
closed intervals Ii = [ai, ai+1] for i = 1, 2, ..., n, with ai, ai+1 ∈ E, λ(D) =
maxi=1,...,n{a1 − a, ai+1 − ai, b − an+1} and ∆fE(Ii) = fE(ai+1) − fE(ai) for
i = 1, 2, ..., n, with fE a restriction of f to the set E.
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Moreover, if it exists a set A ⊂ [a, b], with m(A) = 0 and such that Vµ(fE) <
+∞, the function f is said to be of generalized bounded µ-variation in [a, b].
In this case it has been called generalized µ-variation of f in [a, b] and it has
been identified with ϕµ(f) the value Vµ(fF ), where F is an specified subset of
E and its measure is equal to b − a. In [2] has been given a proof that ϕµ(f)
is independent from the choice of the set E and moreover it has been showed
that for such value can be considered the following equation analogous to that
famous one for the classic and generalized variation, see [9]:

ϕµ(f) = lim
h→0+

∫ b−h

a

‖f(x+ h) − f(x)‖

h
ϕ(x)dx.

In this work we consider a function defined on [a, b] with values into a
Banach space X and of generalized bounded µ-variation. Now we can introduce
the notion of generalized µ-variation in a perfect set P ⊂ [a, b], ϕµ(f, P ), and
we give a collection of necessary and sufficient conditions so that, with reference
to the perfect P , the following relation is true:

ϕµ(f, P ) = lim
h→0+

∫

Ph

‖f(x+ h) − f(x)‖

h
ϕ(x)dx.

2. Preliminary Remarks

Let I0 = [a, b] be a closed and bounded interval. We denote with {I} the
family of all closed intervals contained in I0, DI0 = {DI0} the family of all
subdivisions DI0 = {I} of I0 (mesh) in a finite number of closed intervals with
a constraint: no overlap is allowed. E is the family of sets E ⊂ I0 such that
|E| = |I0|, {I}E is the family of all intervals contained in I0 with bounds in
E, and DI0∩E = {DI0∩E} is the family of classes DI0∩E constituted from a
finite number of consecutive intervals in I0 and with bounds in E. If will be
DI0∩E ≡ {Ii}, with Ii = [ai−1, ai] for i = 1, 2, ..., n and a ≤ a0 < a1 < a2 <
... < an−1 < an ≤ b, it places λ(DI0∩E) = max{|a0 − a|, |ai − ai−1|, |b − an|}
for i = 1, 2, ..., n.

We remind the following definitions and theorems.

Definition 1. We will say that the interval function ψ(I) defined on I0,
nonnegative on I0, is outer upper semicontinuous (o.u.s.c.) in a set E ∈ E if for
any number ǫ > 0 and for any interval I ∈ {I}E , there exists a number δǫ > 0
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such that for each J ⊃ I with J ∈ {I}E and |J − I| < δǫ follows that:

ψ(J) ≤ ψ(I) + ǫ.

Definition 2. It is called “Weierstrass-Cesari upper integral” of the func-
tion ψ(I) in I0 with respect to the family DI0∩E and to the mesh introduced
before, the following value (finite or infinite positive):

VE(ψ, I0) = lim sup
λ(DI0∩E)→0

S(ψ,DI0∩E),

where:

S(ψ,DI0∩E) =
∑

J∈DI0∩E

ψ(J).

Definition 3. It is called “Weierstrass-Cesari integral” of ψ(I) in I0 with
respect to the family DI0∩E and to the mesh λ, the limit (if it exists) (see [10]):

WE(ψ, I0) = lim
λ(DI0∩E)→0

S(ψ,DI0∩E).

Definition 4. An interval function ψ(I) defined on I0 is said to be of
generalized bounded variation (G.B.V.) on I0 if it is possible to find a set
E ∈ E such that there exists VE(ψ, I0) and it is finite.

Definition 5. We will say that an interval function ψ(I) defined on I0 is
Weierstrass-Cesari integrable in the generalized sense on I0 if it is possible to
find a set E ∈ E such that there exists WE(ψ, I0) and it is finite.

Theorem 6. Let ψ(I) be a nonnegative interval function, Weierstrass-
Cesari integrable on I0. The function W (ψ, I) is o.u.s.c. in I0 if the ψ(I) is
o.u.s.c. in I0 (see [3]).

Definition 7. Let I1, I2, ..., Ik be a finite system of closed intervals of I0
such that Ii∩IJ = ∅ for i 6= j, let I

′

1, I
′

2, ..., I
′

n, ... be a finite or infinite sequence of
closed intervals such that ∪k

i=1Ii ⊂ ∪jI
′

j and let ψ(I) be a nonnegative interval
function defined in I0, it will be said that this function enjoys the property C

in I0 if it is verifying the following inequality:

k
∑

i=1

ψ(Ii) ≤
∑

j

ψ(I
′

j)

for each chosen of the systems I1, I2, ..., Ik and I
′

1, I
′

2, ..., I
′

n, ....

The last definition is due to T. Radò (see [4]) and he also shows that if a
interval function enjoys the property C on a interval, then it admits an unique
completely additive extension to the class of Borel sets.
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Theorem 8. If an interval function on I0 is:

— nonnegative;

— finitely additive;

— o.u.s.c.,

then it enjoys the property C and consequently it admits a completely additive
extension to the class of Borel sets (see [3]).

Now, with reference to a nonnegative interval function ψ(I) defined on I0,
Weierstrass-Cesari integrable in the generalized sense on it, we consider the
family of sets:

EW = {E ∈ E : WE(ψ, I0) < +∞}

and for each E ∈ EW , we consider the set at most countable (see [5], [6], [7]
and [1]):

NE = {c ∈ I0 : lim
δ→0

sup
I⊂[c−δ,c+δ]

WE(ψ, I) > 0},

and we denote with FW the set:

FW = {F ⊂ I0 : F = E −NE , E ∈ EW}.

It is clear that |F | = |I0|.

Definition 9. We will call “Weierstrass-Cesari integral in generalized
sense” of a function ψ(I), which is Weierstrass-Cesari integrable in the gener-
alized sense, the number WF (ψ, I0) if it is independent of the choice of the set
E ∈ EW and we denote it with WG(ψ, I0).

Definition 10. We will say that the nonnegative interval function ψ(I)
defined on I0 = [a, b], Weierstrass-Cesari integrable in the generalized sense on
it, enjoys the “ls-property” in a set F ∈ FW if for each [u, v] ∈ {I} with u > a
exists the limit:

ls(u, v) = lim
(x, y) → (u−, v−)

x, y ∈ F

ψ([x, y])

and moreover ls(u, v) = ψ([u, v]) for each [u, v] ∈ {I}F with u > a.

Taking into account the interval function:

χ(I) = χ([u, v]) =

{

ls(u, v) , if u > a ,

0 , if u = a ,
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defined in the interval I0, Ragni (see [5]) proved that if the interval function ψ(I)
defined on I0, nonnegative on it, Weierstrass-Cesari integrable in the generalized
sense, it enjoys the ls-property in a set F ∈ FW , then the function χ(I) in I0
has Weierstrass-Cesari integral, W (χ, I0), and for each I ⊂ I0 we have:

Wg(ψ, I0) = W (χ, I0). (1)

Furthermore, in the hypothesis that the function χ(I), associate with the func-
tion ψ(I), is o.u.s.c. in I0, for the 1 and 2 theorems, the functionW (χ, I) admits
an unique completely additive extension to the class of Borel sets. Therefore
Wg(ψ, I), for equation (1), admits an unique completely additive extension to
the class of Borel sets.

Let f be a function defined in the interval I0 = [a, b] and with values in a
Banach space X, let µ be a measure on [a, b] absolutely continuous with respect
to Lebesgue measure m, with Radon-Nikodym derivative, dµ/dm, equal to a
continuous function ϕ : [a, b] → ℜ almost everywhere in [a, b], with 0 ≤ γ ≤
ϕ(x) ≤ η for x in [a, b] and let ψ : {I}E → ℜ+ be an interval function defined
for each I = [α, β] ∈ {I}E by the relation:

ψ(I) = ‖∆fE(I)‖
µ(I)

m(I)
,

with ∆fE(I) = fE(β) − fE(α), where fE is the restriction of f to the set E,
then we give the following definition.

Definition 11. We will say that the function f defined on [a, b] and with
values in X is of bounded µ-variation (B.µ-V.) on E if the ψ(I) is of G.B.V.
on I0, under these conditions we will denote the value VE(ψ, I0) with Vµ(fE).

3. Our Results

In [2] has been proved that the interval function Vµ(fE, I), with I ∈ {I},
is continuous on I0 except on a countable infinity N of points, and let us
F = E −N , it has been showed that Vµ(fF ) is independent from the choice of
set E on which is considered restrict the function f , from these properties it
can be given the following definition.

Definition 12. Given a function f : [a, b] of bounded µ-variation on E,
we call “generalized µ-variation” of f on [a, b] the number Vµ(fF ), and we will
denote it with ϕµ(f).
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In the case in which the function f is of generalized bounded µ-variation,
the interval function ψ is Weierstrass-Cesari integrable on [a, b] and we have:

ϕµ(f) = Wg(ψ, I0),

moreover the function ψ enjoys the ls-property in [a, b] (see [5]). Hence it
appears natural to define generalized µ-variation of the function f in a perfect
set P ⊂ I0 the value:

ϕµ(f, P ) = ϕµ(f) − ϕµ(f,∪∆i),

where we have denoted with ∪∆i the complement of P with respect to the
interval I0, if we suppose that the function χ(I) associate with the function
ψ(I) is o.u.s.c. in [a, b].

Let P be a perfect set contained in I0 = [a, b], and let Ih be the interval
Ih = {a ≤ x ≤ b − h} and Ph the perfect set Ph = P ∩ Ih, we can prove the
following theorem.

Theorem 13. Let f be a function defined on I0, with values into a Banach
space X and verifying the above conditions, then the relation:

ϕµ(f, P ) = lim
h,0+

∫

Ph

‖f(x+ h) − f(x)‖

h
ϕ(x)dx

is verified with respect to a perfect set P ⊂ [a, b], if and only if the following
limit:

lim
h→0+

∑

r

∫

∆r∩Ih

ψ([x, x + h])

h
dx

there exists and it is finite and moreover:

lim
h→0+

∑

r

∫

∆r∩Ih

ψ([x, x+ h])

h
dx =

∑

r

ϕµ(f,∆r). (2)

Proof. To point out that if the intervals ∆r are of finite number, (2) is
clearly satisfied.

We are proving that the condition is necessary. It is clear that:
∫

Ih

‖f(x+ h) − f(x)‖

h
ϕ(x)dx =

∫

Ph

‖f(x+ h) − f(x)‖

h
ϕ(x)dx

+

∫

∪∆r∩Ih

‖f(x+ h) − f(x)‖

h
ϕ(x)dx. (3)
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By the hypothesis we have:

lim
h→0+

∫

Ph

‖f(x+ h) − f(x)‖

h
ϕ(x)dx = ϕµ(f, P )

and since:

lim
h→0+

∫

Ih

‖f(x+ h) − f(x)‖

h
ϕ(x)dx = ϕµ(f),

then in (3) taking limit as h→ 0+ we have :

lim
h→0+

∫

∪∆r∩Ih

‖f(x+ h) − f(x)‖

h
ϕ(x)dx = ϕµ(f) − ϕµ(f, P ), (4)

but:
∫

∪∆r∩Ih

‖f(x+ h) − f(x)‖

h
ϕ(x)dx =

∑

r

∫

∆r∩Ih

‖f(x+ h) − f(x)‖

h
ϕ(x)dx

and taking limit in the last relation we get:

lim
h→0+

∫

∪∆r∩Ih

‖f(x+ h) − f(x)‖

h
ϕ(x)dx

= lim
h→0+

∑

r

∫

∆r∩Ih

‖f(x+ h) − f(x)‖

h
ϕ(x)dx

and from (4) we obtain:

lim
h→0+

∫

∪∆r∩Ih

‖f(x+ h) − f(x)‖

h
ϕ(x)dx = ϕµ(f,∪∆r)

=
∑

r

ϕµ(f,∆r) =
∑

r

lim
h→0+

∫

∆r∩Ih

‖f(x+ h) − f(x)‖

h
ϕ(x)dx,

so:

lim
h→0+

∑

r

∫

∆r∩Ih

‖f(x+ h) − f(x)‖

h
ϕ(x)dx

=
∑

r

lim
h→0+

∫

∆r∩Ih

‖f(x+ h) − f(x)‖

h
ϕ(x)dx,

that is:

lim
h→0+

∑

r

∫

∆r∩Ih

ψ([x, x+ h])

h
dx =

∑

r

ϕµ(f,∆r).

Now, we will prove that the condition is sufficient. We suppose there exists
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finite the limit:

lim
h→0+

∑

r

∫

∆r∩Ih

ψ([x, x + h])

h
dx

and moreover that:

lim
h→0+

∑

r

∫

∆r∩Ih

ψ([x, x + h])

h
dx =

∑

r

lim
h→0+

∫

∆r∩Ih

ψ([x, x + h])

h
dx.

Taking account of (3) we have:
∫

Ih

‖f(x+ h) − f(x)‖

h
ϕ(x)dx−

∫

∪∆r∩Ih

‖f(x+ h) − f(x)‖

h
ϕ(x)dx

=

∫

Ph

‖f(x+ h) − f(x)‖

h
ϕ(x)dx,

but:

lim
h→0+

∫

Ih

‖f(x+ h) − f(x)‖

h
ϕ(x)dx = ϕµ(f)

and there esists finite the following limit by the hypothesis:

lim
h→0+

∫

∪∆r∩Ih

‖f(x+ h) − f(x)‖

h
ϕ(x)dx,

then there exists the limit:

lim
h→0+

∫

Ph

‖f(x+ h) − f(x)‖

h
ϕ(x)dx

and we have:

lim
h→0+

∫

Ph

‖f(x+ h) − f(x)‖

h
ϕ(x)dx = ϕµ(f) − ϕµ(f,∪∆r),

therefore:

lim
h→0+

∫

Ph

‖f(x+ h) − f(x)‖

h
ϕ(x)dx = ϕµ(f, P ).
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