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Abstract: In this article, the main purpose is to continue the construc-
tion, using sheaf theory, of quantum principal bundle algebras sheaves started
by Markus J. Pflaum in [47]. We generalize his construction to higher order
differential calculi and extend this further to obtain quantum principal bun-
dle coherent algebra sheaves (see definition below). The main results of our
study include the construction of quantum connections, quantum curvatures,
quantum Chern-Weil homomorphism and quantum characteristic classes for the
quantum principal bundle coherent algebra sheaves.
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1. Introduction

In this paper we study the quantum (noncommutative) geometry of principal
bundle coherent algebra sheaves (see definition below). Markus J. Pflaum was
the first to introduce sheaf theoretic approach in noncommutative geometry to
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study the geometry of principal fiber bundles. In his article [47] he started
with the principal fiber bundle (P, p,M,G), where M,P are topological spaces,
p : P →M a continuous projection and G a topological group with P×G −→ P

a free right action. He then used sheaf theory to transform (P, p,M,G) into
the principal bundle algebra sheaf (P, π,M,F), where P and M are algebra
sheaves with F the algebra of continuous functions on the structure group G.
Next, he replaced the algebra F by a Hopf algebra H = (H,m, η,∆, ǫ, S), to
obtain a quantum principal bundle algebra sheaf P = (P, πp,M,H, (γα)α∈U)
with a special coordinate system (γα)α∈U.

In our study we extend the results obtained by Markus J. Pflaum in [47]
to the study of higher order differential calculi, quantum connection, quantum
curvature, quantum Chern-Weil homomorphism and quantum characteristic
classes in the category of quantum principal bundle coherent algebra sheaves.

Finally, we give a description of the organization of the paper. In Section 2
we construct higher order quantum differential calculi on the structure quantum
group H = (H,m, η,∆, ǫ, S). Section 3 introduces higher order quantum differ-
ential calculi on quantum principal bundle coherent algebra sheaves. Section
4 reviews quantum connection and constructs quantum curvature on quantum
principal bundle coherent algebra sheaves. Section 5 states the main results
and gives their proofs.

2. Higher Order Quantum Differential Calculi on
Quantum Groups (Hopf Algebras)

Let K be an algebraically closed field of characteristic zero and AssocAlgK the
monoidal category of associative unital K-algebras. In the sequel K will be
specified to be mostly the field of complex numbers C with the real numbers R

in few places.

Definition 1. Let (M,g) be an m-dimensional non-compact complete
connected paracompact Riemannian manifold. A sheaf of associative unital
K-algebras on M is a triple A : = (A, ρ,M) such that:

(1) A is a sheaf of rings on M , with multiplication: mA : A⊗A −→ A and A
is formally smooth (see [37]) if the A-bimodul Ω1(A) := ker{mA : A⊗A −→ A}
is projective.

(2) ρ : A −→M is a surjective morphism and for each p ∈M , the stalk
Ap : = ρ−1(p) of A is an associative unital K-algebra with the unit element
1p ∈ Ap so that the corresponding section: M −→ A : p 7−→ 1(p) = 1p ∈ A is



THE GEOMETRY OF QUANTUM PRINCIPAL... 559

smooth, and

(3) The scalar multiplication in A : • : K × A −→ A : (λ, a) 7−→ λ · a ∈
Ap ⊂ A is smooth, where K is endowed with the discrete topology. Denote the
monoidal category of associative unital K-algebra sheaves by AssocAlgK-ShM .

Definition 2. A (graded) algebra A ∈ Ob(AssocAlgK) is called (graded)
right (left) coherent, if the following equivalent conditions hold:

(i) every (homogeneous) finitely generated right-sided (left-sided) ideal in
A is finitely presented, that is, A is (graded) coherent as a right (left) module
over itself;

(ii) every finitely presented (graded) right (left) A-module is (graded) co-
herent. Note that all the finitely presented (graded) right (left) A-modules form
an abelian category. We denote, this monoidal category of associative unital
K-coherent algebras by CohAssocAlgK-algebras and the associated monoidal
category of associative unital K- coherent algebra sheaves by CohAssocAlgK-
ShM .

Throughout, this paper we will fix the m-dimensional non-compact com-
plete paracompact connected Riemannian manifold (M,g) and take Op(M) to
be the category with objects the locally finite open cover {Uα}α∈A of M and
morphisms inclusion maps ıαβ : Uα →֒ Uβ if and only if Uα ⊂ Uβ and α ≺ β for
all α, β ∈ A, where ≺ is an order relation satisfying the conditions:

(i) α ≺ α, for all α ∈ A,

(ii) if α ≺ β and β ≺ γ, then α ≺ γ,

(iii) for any α, β ∈ A, there exists γ ∈ A such that α ≺ γ and β ≺ γ.

It may happen that α 6= β but α ≺ β and β ≺ α simultaneously. The
family {∪α}α∈A of open subsets of M indexed by the directed set A will be
called a directed system if, for any pair (α, β) with α ≺ β, there exists an
inclusion morphism ıαβ : Uα →֒ Uβ such that ıαα : Uα →֒ Uα, i.e. ıαα = IUα and
ıαβ ◦ ıβγ = ıαγ , if α ≺ β ≺ γ and we have the inclusion composite morphism
ıαγ : Uα →֒ Uβ →֒ Uγ .

In our noncommutative setting the coherent algebra sheaves we use should
be thought of in the sense of category of coherent algebra sheaves given by the
notion of a bundle of localizations formulated in the following definition.

Definition 3. (see [52]) A bundle of localizations ((M,g), C, ρ), consists
of the fixed m-dimensional non-compact complete paracompact connected Rie-
mannian manifold (M,g) endowed with the category Op(M) with objects the
locally finite open cover {Uα}α∈A of M and for each Uα ⊂M a category C(Uα)
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of monoidal associative unital K-coherent algebras such that for each inclu-
sion morphism ıαβ : Uα →֒ Uβ an exact right adjoint localization morphism
C(ıαβ) : C(Uβ) −→ C(Uα). For any pair of inclusions ıαβ : Uα →֒ Uβ and
ıβλ : Uβ →֒ Uλ, the function ρ assigns a functor isomorphism

ρıβλ,ıαβ
: C(ıαβ) ◦ C(ıβλ) −→ C(ıβλıαβ),

such that for any three inclusion morphisms ıαβ : Uα →֒ Uβ, ıβλ : Uβ →֒ Uλ and
ıλγ : Uλ →֒ Uγ the composite map exists, the following diagram

C(ıαβ) ◦ C(ıβλ) ◦ C(ıλγ)
ρıβλ,ıαβ

C(ıλγ )
−−−−−−−−−→ C(ıβλıαβ) ◦ C(ıβγıαβ)

C(ıαβ)ρıλγ ,ıβλ





y

ρıλγ ,ıβλıαβ





y

C(ıαβ) ◦ C(ıλγıβλ)
ρıλγıβλ,ıαβ
−−−−−−−→ C(ıλγıβλıαβ)

commutes and C(id) = Id, ρid,ıαβ
= ρıαβ,id

= id.

Definition 4. A presheaf F in a bundle of localizations M = ((M,g),
C, ρ) is a function which assigns to an open set Uα ∈ {Uα}α∈A an object F(Uα)
of the monoidal category C(Uα) of associative unital K-coherent algebras and to
any inclusion morphism ıαβ : Uα →֒ Uβ a morphism F(ıαβ) : F(Uα) −→ F(Uβ)
satisfying the compatibilty conditions : For any pair of inclusion morphisms
ıαβ : Uα →֒ Uβ, ıβλ : Uβ →֒ Uλ, the following diagram is commutative

C(ıαβ) ◦ C(ıβλ)
C(ıαβ)F(ıβλ))
−−−−−−−−−→ C(ıαF(Uλ))

ρıβλ,ıαβ





y

F(ıαβ)





y

C(ıβλıαβ)
F(ıβλıαβ)
−−−−−−→ F(Uα)

Morphisms from presheaf F to presheaf G are functions η that assign to
any open subset Uα ∈ {Uα}α∈A a morphism η(Uα) : F(Uα −→ G(Uα) such that
for any inclusion morphism ıαβ : Uα →֒ Uβ we obtain

G(ıαβ) ◦ C(ıαβ)(η(Uβ)) = η(Uα) ◦ F(ıαβ).

The composition of any two such morphisms η1 and η2 is defined by η2◦η1(Uα) =
η2(Uα) ◦ η1(Uα). We denote the category of presheaves on M by PrshM and
call a presheaf F quasi-coherent, if the morphism F(ıαβ) : F(Uα) −→ F(Uβ)
is an isomorphism. Let QCohM be the subcategory of PrshM generated by
quasi-coherent presheaves. We easily obtain from this the Serre category of
coherent algebra sheaves.

We begin this section by defining graded algebras and putting some notation
in place for use throughout this study. We then construct higher order quantum
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differential calculi on the structure quantum group H = (H,m, η,∆, ǫ, S) (the
unital Hopf K-algebra) of the quantum principal bundle K-coherent algebra
sheaf P = (P, πP ,M,H, (γα)α∈A) over (M,g) with coordinate system (γα)α∈A.

Definition 5. A graded unital K-coherent algebra sheaf A• :=
⊕

n≥0 A
n

consists of An ∈ Ob(CohAssocAlgK-ShM ) together with a graded tensor prod-
uct ⊗̂ : A• ×A• −→ A• and a differential dA : A• −→ A• such that:

(I) Ak⊗̂Al ⊂ Ak+l, for all k, l ∈ N0 = N ∪ {0}.

(II) d2
A = 0 and dA(Ak) ⊂ Ak+l for k, l ∈ N0.

(III) dA(ω⊗̂η) = dAω⊗̂η+(−1)kω⊗̂dAη, for all ω ∈ Ak(Uα) and η ∈ Al(Uα),
where (Uα)α∈A is a locally finite open cover of (M,g) in the category Op(M)
with morphisms, inclusion maps ıβα : Uβ →֒ Uα if Uβ ⊂ Uα in Op(M). Note
that the graded K-coherent algebra sheaf A• :=

⊕

n≥0 A
n is said to be graded

commutative if s⊗̂t = (−1)klt⊗̂s for all s ∈ Ak(Uα) and t ∈ Al(Uα).

Let A• =
⊕

n≥0 A
n and B• =

⊕

m≥0 B
m be two graded unital K-coherent

algebra sheaves. A K-algebra sheaf morphism ϕ : A• −→ B•+j of degree j ∈ N0

is a family of K-algebra sheaf morphisms ϕ : Ak −→ Bk+j, k ∈ N0, such that
for all Uα ⊃ Uβ in Op(M) the following diagrams:

Ak(Uα)
ϕUα−−−−→ Bk+j(Uα)

ρAUαUβ





y





y

ρBUαUβ

Ak(Uβ)
ϕUβ

−−−−→ Bk+j(Uβ)

and

Ak(Uα)
ϕUα−−−−→ Bk+j(Uα)

d





y





y

d

Ak+1(Uα)
ϕUα−−−−→ Bk+j+1(Uα)

are commutative.

To construct general higher order quantum differential forms suitable for
our purposes we introduce the following concepts following Max Karoubi [29].

Let A ∈ Ob(CohAssocAlgK-ShM ). A differential quasi-resolution of the
K-coherent algebra sheaf of a higher order differential calculus on A is a dif-
ferential graded K-coherent algebra sheaf Ω•(A) :=

⊕

n≥0 Ωn(A), with product

the wedge ∧ and for all n ∈ N0, Uα ∈ (Uα)α∈A,Ω
n(A(Uα)) is spanned by el-

ements of the form a0dAa1 ∧ dAa2 · · · ∧dAan for aj ∈ A(Uα) together with a
differential dA : Ω•(A) −→ Ω•(A) such that:
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(I) Ω0(A) = A.

(II) Leibniz Rule: dA(ω∧η) = dAω∧η+(−1)kω∧dAη for all ω ∈ Ωk(A(Uα))
and η ∈ Ωl(A(Uα)).

(III) d2
A = 0 and dA(Ωk(A)) ⊂ Ωk+1(A).

In particular, the homogeneous components Ωk(A) are A-bimodules. Fur-
ther, suppose Ω•(A), Ω•(B) are higher order differential calculi on A,B ∈
Ob(CohAssocAlgK-ShM ).

We call a K-algebra sheaf morphism ϕ : A −→ B differentiable if there
exists a K-algebra sheaf morphism Ω•(ϕ) : Ω•(A) −→ Ω•(B) of differential
graded K-coherent algebra sheaves with Ω0(ϕ) = ϕ. That is,

Ω•(ϕ) : Ω•(A) :=
⊕

n≥0

Ωn(A) −→ Ω•(B) :=
⊕

n≥0

Ωn(B)

is a family of K-algebra sheaf morphisms, Ωn(ϕ) : Ωn(A) −→ Ωn(B) such that
the diagram:

Ωn(A)
Ωn(ϕ)
−−−−→ Ωn(B)





y

d d





y

Ωn+1(A)
Ωn+1(ϕ)
−−−−−→ Ωn+1+(B)

is commutative.

Remark 1. If ϕ : A −→ B is differentiable with respect to the differential
calculi Ω•(A) and Ω•(B) then it is easily seen that the induced K-algebra sheaf
morphism Ω•(ϕ) : Ω•(A) −→ Ω•(B) is unique, since Ω•(A) is generated by
Ω0(A) = A and dAA.

Definition 6. Let

A ∈ Ob(CohAssocAlgK − ShM ), M ∈ Ob(CohAssocAlgK − ShM )

an A-module and Ω•(M) :=
⊕

n≥0 Ωn(M) a graded A-module sheaf with prod-
uct ∧ not necessarily commutative together with a differential dM : Ω•(M) −→
Ω•+1(M) of degree 1 such that:

(I) Ω0(M) = M.

(II) Leibnitz Rule: dM(ω ∧ η) = dMω ∧ η + (−1)kω ∧ dMη for all ω ∈
Ωk(M(Uα)) and η ∈ Ωl(M(Uα)), where (Uα)α∈A is a locally finite open cover
of (M,g) in Op(M) with morphisms, inclusion maps ıβα : Uβ →֒ Uα if Uβ ⊂ Uα
in Op(M).

(III) d2
MM = 0.
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In particular, the A-modules Ωn(M) are M-bimodules. We call Ω•(M) a
differential quasi-resolution of the K-coherent algebra sheaf module M.

An important example is the universal differential quasi-resolution.

Definition 7. Let A ∈ Ob(CohAssocAlgK-ShM ) with multiplication a
K-algebra sheaf morphism: µ : A⊗A A −→ A, set Ω0

univ(A) = A and define,

Ω1
univ(A) := Kerµ := Ker{µ : A⊗A A −→ A}.

It is then immediate that Ω1
univ(A) is an A-bimodule. For any n ∈ N0, define

Ωn
univ(A) as the tensor product:

Ωn
univ(A) := Ω1

univ(A) ⊗A · · · ⊗A Ω1
univ(A)

of n-copies of Ω1
univ(A). It is clear that Ω•

univ(A) :=
⊕

n≥0 Ωn
univ(A) is a graded

K-coherent algebra sheaf and an A-bimodule. Next we need to define a differ-
ential

duniv : Ωn
univ(A) −→ Ωn+1

univ(A).

First, for n = 0, define duniv(a) = d(a) for any a ∈ Ω0
univ(A(Uα)) = A(Uα) by:

duniva := 1 ⊗ a− a⊗ 1.

It is then easy to see that the Leibnitz rule duniv(ab) = duniv(a)b − aduniv(b),
holds for all a, b ∈ A(Uα).

For the other elements of Ω•
univ(A) the differential duniv is defined as follows:

Any element ω ∈ Ω1
univ(A(Uα)) can be written as a finite sum ω =

∑

bjdunivaj
with aj, bj ∈ A(Uα) satisfying

∑

bjaj = 0. Indeed by definition ω =
∑

bj ⊗ aj ,
where aj, bj ∈ A(Uα) and

∑

bjaj = 0. Thus

ω =
∑

bj ⊗ aj − (
∑

bj ⊗ aj) ⊗ 1 =
∑

j

bj ⊗ aj −
∑

(bjaj ⊗ 1)

=
∑

bj(1 ⊗ aj − aj ⊗ 1) =
∑

bjdunivaj.

This expression is however, not unique.

Define duniv(ω) for ω =
∑

bjdaj ∈ Ω1
univ(A(Uα)) by the formula

duniv(ω) =
∑

duniv(bj) ⊗A duniv(aj) ∈ Ω2
univ(A).

For general elements of Ω•
univ(A), define duniv by the Leibnitz rule:

duniv(ω ∧ η) := duniv(ω) ∧ η + (−1)kω ∧ dunivη,

for all ω ∈ Ωk
univ(A(Uα)), and η ∈ Ωl

univ(A(Uα)).

The following result shows why we call Ω•
univ(A) the universal quasi-resolution

of A ∈ Ob(CohAssocAlgK-ShM ).
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Theorem 1. Let A ∈ Ob(CohAssocAlgK-ShM ) and Ω•(A) =
⊕

n≥0 Ωn

(A) with differential duniv : Ω•(A) −→ Ω•(A) be a differential quasi-resoluti-
on of A. Then there exists a unique K-algebra sheaf morphism of differential
graded K-coherent algebra sheaves Ψ : Ω•

univ(A) −→ Ω•(A) which is an identity
on Ω0

univ(A) = Ω0(A) = A.

Proof. Let duniv : Ω•
univ(A) −→ Ω•+1

univ(A) be the differential operator on
Ω•
univ(A) and d : Ω•(A) −→ Ω•+1(A).

Uniqueness. We first show that Ψ is unique. The assumption Ω0
univ(A) =

Ω0(A) = A implies that Ψ(a) = a, for every a ∈ A(Uα).

Observe that the diagram:

Ω•
univ(A)

Ψ
−−−−→ Ω•(A)





y

duniv d





y

Ω•+1
univ(A)

Ψ
−−−−→ Ω•+1(A)

is commutative, i.e. d ◦ Ψ = Ψ ◦ duniv, since Ψ is a K-algebra sheaf morphism
of differential graded K-coherent algebra sheaves. Thus

Ψ(ω) =
∑

bj1dunivaj1 ⊗A · · · ⊗A bjkdunivajk ,

where ω =
∑

bj1dunivaj1 ⊗A · · · ⊗A bjkdunivajk , for all ω ∈ Ωk
univ(A(Uα)) with

∑

bjidunivaji ∈ Ω1
univ(A(Uα)).

Existence. To show existence, define

Ψ(ω) :=
∑

bj1dunivaj1 ⊗A · · · ⊗A bjkdunivajk .

It is then clear that Ψ is well-defined.

Following Micho Durdevich [18, 19] and S.L. Woronowicz [57] we recall the
following constructions for a unital Hopf K-algebra (H,m, η,∆, ǫ, S).

Let adH : H −→ H⊗H be the coadjoint action of H defined by

adH(h) :=
∑

h(2)S(h(1))h(3),

for every h ∈ H and (Ω1(H), dH) the first order quantum differential calculi on
H. Then for any n ∈ N0, with n ≥ 2, define T nns(H) as the tensor product:

T nns(H) := Ω1
inv(H) ⊗H Ω1

inv(H) ⊗H · · · ⊗H Ω1
inv(H),

of n-copies of Ω1(H). Further, let T •ns(H) :=
⊕

n≥0 T
nns(H) be the graded

K- algebra over Ω1(H) and Sym•(H) the graded ideal in T nns(H) defined by
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Sym•(H) := {ω ∈ (Ω1(H))⊗
2
H : ω =

∑

j

dH(hj) ⊗ dH(kj),

∑

hjdH(kj) = 0 , ∀hj, kj ∈ H}.

Define the corresponding factor algebra by

T̂ •ns(H) := T •ns(H)�Sym•(H).

It is then shown (see Micho Durdevich [18, 19], S.L. Woronowicz [57]) that there
exists a unique K-linear map

d̂ : T̂ •ns(H) −→ T̂ •ns(H)

extending the derivation dH : H −→ Ω1(H), such that:

(I) d̂2 = 0 and d̂(T̂ kns(H)) ⊂ (T̂ k+1ns(H)), for the homogeneous compo-
nents of T •ns(H).

(II) Leibnitz Rule: d̂(ω⊗η) = d(ω)⊗η+(−1)kω⊗ d̂η, for each ω ∈ T̂ kns(H)
and η ∈ T̂ lns(H).

Definition 8. Let H = (H,m, η,∆, ǫ, S) be a unital Hopf K-algebra and
(Ω1(H), dH) a first order quantum differential calculus on H. We say that
(Ω1(H), dH) is left-covariant if

∑

hjdkj = 0 =⇒
∑

∆(hj)(1H ⊗ dH)∆(kj) = 0

for all hj , kj ∈ H, 1 ≤ j ≤ n, n ∈ N.

Thus there exists a K-linear morphism:

∆Ω1(H) : Ω1(H) −→ H⊗K Ω1(H)

such that the diagrams:

Ω1(H
left∆Ω1(H)
−−−−−−−→ H⊗K Ω1(H)

left∆Ω1(H)





y





y

left∆Ω1(H)⊗1Ω1(H)

H⊗ Ω1(H)
1H⊗left∆Ω1(H)
−−−−−−−−−−→ H⊗H⊗ Ω1(H)

and

H
dH−−−−→ Ω1(H)

∆





y





y

left∆Ω1(H)

H⊗H
1H⊗dH−−−−−→ H⊗ Ω1(H)

are commutative. Similarly, (Ω1(H), dH) is right-covariant if
∑

hjdkj = 0 =⇒
∑

∆(hj)(dH ⊗ 1H)∆(kj) = 0
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for all hj , kj ∈ H, 1 ≤ j ≤ n, n ∈ N

and there exists a K-linear morphism:

∆Ω1(H) : Ω1(H) −→ Ω1(H) ⊗H ,

such that the diagrams:

Ω1(H)
∆Ω1(H)
−−−−−→ Ω1(H) ⊗H





y

∆Ω1(H) 1Ω1(H)⊗∆





y

Ω1(H) ⊗H
∆Ω1(H)⊗1H
−−−−−−−→ Ω1(H) ⊗H⊗H

and

H
dH−−−−→ Ω1(H)

∆





y





y

right∆Ω1(H)

H⊗H −−−−−→
dH⊗1H

Ω1(H) ⊗H

are commutative.

It is then easily shown (see M. Durdevich [18], S.L. Woronowicz [57]) that
the first order quantum differential calculus (Ω1(H), dH) is a bicovariant first
order quantum differential calculus if the following diagram

Ω1(H)
left∆Ω1(H)
−−−−−−−→ H⊗ Ω1(H)

right∆Ω1(H)





y





y

1H⊗Ω1(H)

Ω1(H) ⊗H −−−−−−−−−−→
left∆Ω1(H)⊗1H

H ⊗ Ω1(H) ⊗H

commutes.

Remark 2. If we consider Ω1(H) as an H-bimodule then we have a K-
linear morphism:

(1) right∆Ω1(H) : Ω1(H) −→ Ω1(H) ⊗ H, such that the pair (Ω1(H),

right∆Ω1(H)) is a right-covariant bimodule.

Similarly a K-linear morphism:

(2) left∆Ω1(H) : Ω1(H) −→ H⊗ Ω1(H)
makes the pair (Ω1(H),left∆Ω1(H)) into a left-covariant bimodule.

The morphisms (1) and (2) make (Ω1(H),right∆Ω1(H)) into a bicovariant
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module so that the diagram

Ω1(H)
left∆Ω1(H)
−−−−−−−→ H⊗ Ω1(H)

right∆Ω1(H)





y





y

1H⊗right∆Ω1(H)

Ω1(H) ⊗H −−−−−−−−−−→
left∆Ω1(H)⊗1H

H⊗ Ω1(H) ⊗H

is commutative.

Definition 9. Let (Ω1(H), dH) be a left covariant first order quantum
differential calculus and

left∆Ω1(H) : Ω1(H) −→ H⊗ Ω1(H)

the corresponding left coaction of H on Ω1(H).

Define the space Ω1
inv(H) of left-invariant elements of Ω1(H) by

Ω1
inv(H) := {ω ∈ Ω1(H) :left ∆Ω1(H)(ω) := 1H ⊗ ω}.

Then the K-linear surjective morphism:

πΩ1
inv(H) : H −→ Ω1

inv(H) ⊆ Ω1(H)

defined by

πΩ1
inv(H)(h) :=

∑

(h)

S(h(1))dh(2)

induces a right H-module structure on Ω1
inv(H) which we denote by

⋄ : Ω1
inv(H) ⊗H −→ Ω1

inv(H)

and define,

πΩ1
inv(H)(h) ⋄ k := πΩ1

inv(H)(hk − ǫ(h)k),

for every h, k ∈ H.

Now consider the tensor product of n-copies of Ω1
inv(H):

T nnsinv(H) := Ω1
inv(H) ⊗H · · · ⊗H Ω1

inv(H)

and denote the tensor algebra over Ω1
inv(H) by

T •nsinv(H) :=
⊕

n≥0

T nnsinv(H).

Let T̂ •nsinv(H) denote the subalgebra of left-invariant elements of
T •nsinv(H) and by T̂ knsinv(H) the space of left-invariant k-th order elements or
k-homogeneous components of T̂ •nsinv(H). Let πinv : T̂ •ns(H) −→ T̂ •nsinv(H)
be the canonical projection morphism onto the left-invariant elements. We can
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then uniquely extend the H-module structure:

⋄ : Ω1
inv(H) ⊗H −→ Ω1

inv(H)

to T̂nsinv(H) to obtain an H-module structure:

⋄̂ : T̂ nsinv(H) ⊗H −→ T̂ •nsinv(H) ,

such that

ω⋄̂h :=
∑

(h)

S(h(1))ωh(2)

together with:

(i) 1⋄̂h = ǫ(h)1.

(ii) (ωη)⋄̂h =
∑

(h)(ω⋄̂h(1))(η⋄̂h(2)), for all ω, η ∈ T̂nsinv(H).

Note that the algebra T̂nsinv(H) ⊆ T̂ ns(H) is d̂inv-invariant and the fol-
lowing conditions are satisfied:

(1)

d̂inv(ω⋄̂h) = d̂inv(ω)⋄̂h

−
∑

h

πΩ1
inv(H)(h(1))(ω⋄̂h(2)) + (−1)k

∑

h

(ω⋄̂h(1))(ω⋄̂h(2)).

(2)

d̂invπΩ1
inv(H)(h) = −

∑

πΩ1
inv(H)(h(1))πΩ1

inv(H)(h(2)),

for every h ∈ H and ω ∈ T̂ knsinv(H), where

d̂inv : T̂ •nsinv(H) −→ T̂ •+1nsinv(H).

Now suppose (Ω1(H), dH) is bicovariant with

right∆Ω1(H) : Ω1(H) −→ Ω1(H) ⊗H

the right coaction of H on Ω1(H). Then (see M. Durdevich [18, 19]) the comul-
tiplication morphism:

∆ : H −→ H⊗H

has a unique extension to the K-algebra morphism:

∆̂ : T̂ •ns(H) −→ T̂ •ns(H)⊗̂T̂ •ns(H)

of graded-differential K-algebras, where ⊗̂ is the tensor product for graded K-
algebra, so that for all η ∈ Ω1(H),

∆̂(η) =left ∆Ω1(H)(η) +right∆Ω1(H)(η).
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Furthermore,

∆̂(T̂ •nsinv(H)) ⊂ T̂ •nsinv(H) ⊗̂ T̂ •ns(H).

Finally, let

ˆ̄ω : T̂ •nsinv(H) −→ T̂ •nsinv(H)⊗̂T̂ •ns(H)

be the corresponding restrictions of

ˆ̄ω : T̂ •ns(H) −→ T̂ •ns(H)⊗̂T̂ •ns(H)

such that for all ζ ∈ Ω1
inv(H), we have ˆ̄ω(ζ) = 1 ⊗ ζ + ω̄(ζ).

The right coaction

right∆Ω1(H) : Ω1(H) −→ Ω1(H) ⊗H

of H on Ω1(H) admits a natural extension to give the right coaction:

right∆Ω1(H) : T̂ •ns(H) −→ T̂ •ns(H) ⊗H.

Next, let ω̄ : Ω1
inv(H) −→ Ω1

inv(H)⊗H be the coadjoint action of H on Ω1
inv(H).

Then the space Ω1
inv(H) is clearly right-invariant, that is

right∆Ω1(H)(Ω
1(H)) ⊆ Ω1(H) ⊗H

so that

ω̄ = right∆Ω1(H) ↾Ω1(H),

i.e. the diagram:

Ω1
inv(H)

ω̄
−−−−→ Ω1

inv(H) ⊗H

π
Ω1

inv
(H)

x





x





π
Ω1

inv
(H)

⊗1H

H
adH−−−−→ H⊗H

commutes:

ω̄ ◦ πΩ1
inv(H) = (πΩ1

inv(H) ⊗ 1H) ◦ adH.

3. Higher Order Quantum Differential Calculi on Quantum
Principal Bundle Coherent Algebra Sheaves

In this section we define the relevant higher order quantum differential calculus
for quantum principal bundle coherent algebra sheaves over (M,g) with special
coordinate systems.

Let P = (P, πP ,M,H, (γα)α∈A) be a quantum principal fiber bundle coher-
ent algebra sheaf over (M,g), (Uα)α∈A a locally finite open cover of M in the
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category Op(M) with morphisms, inclusion maps ıβα : Uβ →֒ Uα if Uβ ⊂ Uα
in Op(M) and (Ω1(H), dH) a fixed bicovariant first order quantum differential
calculus on the structure quantum group, H = (H,m, η,∆, ǫ, S), a unital Hopf
K-algebra. Define a graded K-vector space Ω•

vert(P) := P ⊗ T̂ •nsinv(H) with
grading induced from T̂ •nsinv(H). Let ϕP : P −→ P ⊗H be the right coaction
of H on P such that the diagrams:

P
ϕP−−−−→ P ⊗H

ϕP





y





y

1P⊗∆

P ⊗H
ϕP⊗1H−−−−−→ P ⊗H⊗H

and
P ϕP

−→
P ⊗H

1P ց




y

1P⊗ǫ

P ∼= P ⊗ K

are commutative. Furthermore, the K-linear morphism

P ⊗ P
ψ

−−−−→ P ⊗H
defined by ψ(u ⊗ v) := uϕ(v), is surjective for every u, v ∈ P(Uα) and Uα ∈
(Uα)α∈A. Also for each h ∈ H, there exist u, v ∈ P(Uα) such that

1 ⊗ h =
∑

j

ujϕ(vj).

We can now define the structure of a differential graded K-coherent algebra on
Ω•
vert(P) by the following formulae:

(1) (u⊗ ω)(v ⊗ η) :=
∑

j

uvj ⊗ (η⋄̂hj)ω ,

(2) d̂vert(u⊗ ω) = u⊗ d̂vertω +
∑

j

u⊗ πH(hj)ω ,

where ϕP (u) :=
∑

j uj ⊗ hk, for all u, v ∈ P(Uα), ω, η ∈ T̂ •nsinv(H) and

d̂vert : Ω•
vert(P) −→ Ω•+1

vert(P).

Thus as a differential graded K-coherent algebra sheaf, Ω•
vert(P) := P⊗T̂ •nsinv(H)

is generated by P = Ω0
vert(P). It is easily seen that there exists a unique K-

algebra sheaf morphism:

ϕ̂vert : Ω•
vert(P) −→ Ω•

vert(P) ⊗ T̂ •nsinv(H)

of differential graded K-coherent algebra sheaves extending the coaction mor-
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phism

ϕP : P −→ P ⊗H,

given by ϕ̂P (ω ⊗ η) :=
∑

i,j uj ⊗ ηjhivj, where ϕP(u) =
∑

i ui ⊗ hi and ˆ̄ω(η) =
∑

j ηj ⊗ vj for every u ∈ P(Uα), η ∈ T̂ nsinv(H) with the morphism:

ˆ̄ω : T̂ •nsinv(H) −→ T̂ •nsinv(H) ⊗ T̂ •ns(H) ,

such that the diagram:

Ω•
vert(P)

ϕ̂vert
−−−−→ Ω•

vert(P) ⊗ T̂ •nsinv(H)

ϕ̂vert





y





y

1Ω•
vert(P)⊗∆̂

Ω•
vert(P) ⊗ T̂ •ns(H)

ϕ̂P⊗1
T̂ ns(H)

−−−−−−−−→ Ω•
vert(P) ⊗ T̂ •ns(H) ⊗ T̂ •ns(H)

is commutative, i.e.

(ϕ̂P ⊗ 1
T̂ •ns(H)) ◦ ϕ̂vert = (1Ω•

vert(P) ⊗ ∆̂) ◦ ϕ̂vert

(see M. Durdevich [20, 21]).

For each n ∈ N0, let projn : T̂ •ns(H) −→ T̂ nns(H) be the natural surjective
projection on the n-th homogeneous component and πΩ1

inv(H) : H −→ Ω1
inv(H)

defined by

πΩ1
inv(H)(h) :=

∑

(h)

S(h(1))dh(2),

with S : H −→ H an invertible antipode. Define coadjoint K-algebra coaction
of H on itself: adH : H −→ H⊗H by

adH(h) =
∑

(h)

h(2) ⊗ S(h(1))h(3).

Now suppose that Ω•(P) is endowed with a differential graded K-coherent
algebra sheaf structure. We can then represent the elements of Ω•

vert(P) as
the vertical higher order quantum differential forms on the quantum principal
bundle coherent algebra sheaves P = (P, πP ,M,H, (γα)α∈A) with coordinate
system (γα)α∈A over (M,g).

Theorem 2. Let P = (P, πP ,M,H, (γα)α∈A) be a quantum principal
fiber bundle coherent algebra sheaf over (M,g) and {Uα}α∈A a locally finite
open cover of M in the category Op(M) with morphisms inclusion maps ıβα :
Uβ →֒ Uα if Uβ ⊂ Uα in Op(M). Then there exists a unique K-algebra sheaf
morphism:

ϕ̂vert : Ω•
vert(P) −→ Ω•

vert(P)⊗̂T̂ •ns(H)

of differential graded K-coherent algebra sheaves extending the K-algebra sheaf
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coaction morphism: ϕP : P −→ P ⊗H such that the following diagram

Ω•
vert(P)

ϕ̂vert
−−−−→ Ω•

vert(P)⊗̂T̂ •ns(H)

ϕ̂vert





y





y

1Ω•
vert(P)⊗∆̂

Ω•
vert(P)⊗̂T̂ •ns(H)

ϕ̂vert⊗1
T̂•ns(H)

−−−−−−−−−−→ Ω•
vert(P)⊗̂T̂ •ns(H)⊗̂T̂ •ns(H)

commutes.

Proof. Define the product on Ω•
vert(P) := P ⊗ T̂ •ns(H) by

(u⊗ ω)(v ⊗ η) =
∑

j

uvj ⊗ (η⋄̂hj)ω

and the differential operator d̂vert : Ω•
vert(P) −→ Ω•+1

vert(P) by

d̂vert(u⊗ ω) := u⊗ d̂ω +
∑

j

u⊗ πΩ1
inv(H)(hj)ω.

Now use the properties of the K-algebra sheaf coaction morphism ϕP : P −→
P ⊗ H defined by ϕP (u) :=

∑

j uj ⊗ hj for every uj ∈ P(Uα), hj ∈ H and
Uα ∈ (Uα)α∈A and the H-module structure

⋄̂ : T̂ •nsinv(H) ⊗H −→ T̂ •nsinv(H)

given by (ω ∧ η)⋄̂h :=
∑

(h)(ω⋄̂h(1))(η⋄̂h(2)), for every ω, η ∈ T̂ •nsinv(H) and
h ∈ H to show the associativity of the product:

(ω ⊗ ζ)(u⊗ ν)(v ⊗ η) :=
∑

j

(ωuj ⊗ (ζ ⋄̂hj)ν)(v ⊗ η)

=
∑

j,k

ωujvk ⊗ ((ζ ⋄̂hj)ν)⋄̂lk)η = (ω ⊗ ζ)
∑

k

ωvk ⊗ (ν⋄̂lk)η

= (ω ⊗ ζ)((u⊗ ν)(v ⊗ η)),

where ϕP(v) =
∑

k vk ⊗ lk, for every w, u, v ∈ P(Uα), ζ, ν, η ∈ T̂ •nsinv(H),
hj , lk ∈ H. It is easily seen that Ω•

vert(P) is a unital associative K-coherent
algebra sheaf with unit 1 ⊗ 1.

We can show by computation that the operator d̂vert actually defines a
differential operator compatible with the product structure defined on Ω•

vert(P).

d̂vert[(u⊗ ζ)(v ⊗ η)] =
∑

j

d̂vert(uvj ⊗ (ζ ⋄̂hj)η)

=
∑

j

uvj ⊗ d̂((ζ ⋄̂hj)η) +
∑

j,k

ukvj ⊗ πΩ1
inv(H)(lkhj(1))(ζ ⋄̂hj(2))
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=
∑

j

uvj ⊗ (d̂(η)⋄̂hj)η −
∑

j

uvj ⊗ πΩ1
inv(H)(hj(1))(ζ ⋄̂hj(2))η

+ (−1)q
∑

uvj ⊗ (ζ ⋄̂hj(1))πΩ1
inv(H)(hj(2))η + (ζ ⋄̂hj)d̂η)

+
∑

j,k

ukvj ⊗ πΩ1
inv(H)(hj(1))(ζ ⋄̂hj(2))η +

∑

j

uvj ⊗ πΩ1
inv(H)(hj(1))(ζ ⋄̂hj(2))η

= (u⊗ d̂ζ)(v ⊗ η) + (−1)q(u⊗ ζ)
∑

j

vj ⊗ πΩ1
inv(H)(hj)η

= [d̂vert(u⊗ ζ)](v ⊗ η) + (−1)q(u⊗ ζ)d̂vert(v ⊗ η),

for every

u, v ∈ Ω•
vert(Uα), hj , lj ∈ H, ζ ∈ T̂ qnsinv(H)

and η ∈ T̂ •nsinv(H). Next we show that (d̂vert)
2 = 0. For this we have that:

d̂2
vert(u⊗ ζ) = d̂vert(u⊗ d̂vertζ +

∑

j

uj ⊗ πΩ1
inv(H)(hj)ζ)

=
∑

j

uj ⊗ πΩ1
inv(H)(hj)d̂invζ

+
∑

j

uj ⊗ πΩ1
inv(H)(hj(1))πΩ1(H)(hj(2))ζ +

∑

j

uj ⊗ d̂vert(πΩ1(H)(hj)ζ) = 0.

Now we show that Ω•
vert(P), as a differential graded K-coherent algebra sheaf

is generated by Ω0
vert(P) = P. First we observe that elements of the form

ud̂vert(h) linearly generate Ω1
vert(P), since for each h ∈ H, there exist elements

uj, vj ∈ P(Uα), for every Uα ∈ {Uα}α∈A so that 1 ⊗ h =
∑

j ujϕP (vj). This
last result implies that the K-algebra sheaf morphism

ϕ̂vert : Ω•
vert(P) −→ Ω•

vert(P)⊗̂T̂ •ns(H)

if it exists is unique. Define ϕ̂vert by ϕ̂vert(u ⊗ ζ) :=
∑

j,k

∑

uj ⊗ ζk ⊗ hjvk
where ϕP(u) =

∑

j uj ⊗ hj and

ˆ̄ω : T̂ •nsinv(H) −→ T̂ •nsinv(H)⊗̂T̂ •nsinv(H)

is given by ˆ̄ω(ζ) =
∑

k ζk ⊗ vk. Then it is immediate that the K-algebra sheaf
morphism

ϕ̂vert : Ω•
vert(P) −→ Ω•

vert(P)⊗̂T̂ •ns(H) ,

so defined is a differential graded K-algebra sheaf morphism.

The K-algebra sheaf morphism ϕvert : Ω•
vert(P) −→ Ω•

vert(P) ⊗H is clearly
an extension of the K-algebra sheaf coaction morphism ϕP : P −→ P ⊗H such
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that the following diagram,

Ω•
vert(P) ϕ̂vert

−−−→
Ω•
vert(P) ⊗ T̂ •ns(H)

∧ϕvert ց ւ 1Ω•
vert(P) ⊗ proj0

Ω•
vert(P) ⊗H

is commutative.

Further, we also have the following commutative diagrams:

(1)

Ω•
vert(P)

∧ϕvert
−−−−→ Ω•

vert(P) ⊗H

∧ϕvert





y





y

1Ω•
vert(P)⊗∆

Ω•
vert(P) ⊗H

∧ϕvert⊗1H−−−−−−−→ Ω•
vert(P) ⊗H⊗H,

(2)

Ω•
vert(P) ∧ϕvert

−−−−→
Ω•
vert(P) ⊗H

1Ω•
vert(P) ց ւ 1Ω•

vert(P) ⊗ ǫ

Ω•
vert(P) ∼= Ω•

vert(P) ⊗ K

and

(3)

(3)Ω•
vert(P)

d̂vert−−−−→ Ω•+1
vert(P)

∧ϕvert





y





y

∧ϕvert

Ω•
vert(P) ⊗H

d̂vert⊗1H−−−−−−→ Ω•+1
vert(P) ⊗H,

showing the compatibility of ϕvert with the comultiplication ∆ : H −→ H⊗H,
the counit ǫ : H −→ K and the K-algebra sheaf morphism d̂vert : Ω•

vert(P) −→
Ω•+1
vert(P).

Let a higher order quantum differential calculus on the quantum principal
bundle coherent algebra sheaf P = (P, πP ,M,H, (γα)α∈A) be the differential
graded K-coherent algebra sheaf Ω•(P) defined in section 3 such that:

HOQDC [I] Ω•(P) is generated as a differential graded K-coherent algebra
sheaf by

Ω0(P) = P.

HOQDC [II] The K-algebra sheaf coaction ϕP : P −→ P ⊗H extends to a
morphism

ϕ̂P : Ω•(P) −→ Ω•(P)⊗̂T̂ •ns(H)

of differential graded K-coherent algebra sheaves such that the diagram:
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Ω•(P)
ϕ̂P−−−−→ Ω•(P)⊗̂T̂ •ns(H)

ϕ̂P





y





y

1Ω•(P)⊗∆̂

Ω•(P)⊗̂T̂ •ns(H)
ϕ̂P⊗1

T̂•ns(H)
−−−−−−−−−→ Ω•(P)⊗̂T̂ •ns(H)⊗̂T̂ •ns(H)

commutes. The K-algebra sheaf coaction morphism ∧ϕP : Ω•(P) −→ Ω•(P)
⊗H is defined by the commutativity of the diagram:

Ω•(P) ϕ̂P
−→

Ω•(P)⊗̂T̂ •ns(H)

∧ϕP ց ւ 1Ω•(P) ⊗ proj0

Ω•(P) ⊗H.

We then have the following commutative diagrams:

(I)

Ω•(P)
∧ϕP−−−−→ Ω•(P) ⊗H

∧ϕP





y





y

1Ω•(P)⊗∆

Ω•(P) ⊗H
∧ϕP⊗1H−−−−−−→ Ω•(P) ⊗H⊗H,

(II)

Ω•(P) ∧ϕP
−−→

Ω•(P) ⊗H

1Ω•(P) ց ւ 1Ω•(P) ⊗ ǫ

Ω•(P) ∼= Ω•(P) ⊗ K

and

(III)

Ω•(P)
dP−−−−→ Ω•+1(P)

∧ϕP





y





y

∧ϕP

Ω•(P) ⊗H
dP⊗1H−−−−−→ Ω•+1(P) ⊗H.

We are now in a position to introduce the concept of basic or horizontal
higher order quantum differential forms Ω•

hor(P).

Definition 10. Let ∧ϕP : Ω•(P) −→ Ω•(P) ⊗ H be the K-algebra sheaf
morphism extending the K-algebra coaction morphism ϕP : P −→ P ⊗ H.
We call the elements of the graded K-coherent subalgebra sheaf Ω•

hor(P) :=
∧ϕ−1

P (Ω•(P) ⊗ H) of the higher order quantum differential forms Ω•(P) basic
or horizontal quantum differential forms with Ω0

hor(P) = P.

Theorem 3. Let ∧ϕP : Ω•(P) −→ Ω•(P) ⊗ H be the extension of the
K-algebra sheaf coaction morphism ϕP : P −→ P ⊗ H. Then the differen-
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tial graded K-coherent subalgebra sheaf, Ω•
hor(P) := ϕ̂−1

P (Ω•(P) ⊗ H) of the
higher order quantum differential forms Ω•(P) on the total quantum space
P ∈ Ob(CohAssocAlgK-ShM ) is ∧ϕP -invariant. That is, ∧ϕP (Ω•

hor(P)) ⊆
Ω•
hor(P) ⊗H.

Proof. Let ω ∈ Ω•
hor(P)(Uα) = Ω•

hor(P(Uα)). Then the commutativity of
the diagram:

Ω•
hor(P(Uα))

∧ϕP↾Uα−−−−−→ Ω•
hor(P(Uα)) ⊗H

∧ϕP↾Uα





y





y

1
Ω0

hor
(PUα)

⊗∆̂

Ω•
hor(P(Uα)) ⊗H

∧ϕP⊗1H−−−−−−→ Ω•
hor(P(Uα)) ⊗H⊗H

implies by computation the claim. Indeed,

(∧ϕP ↾Uα ⊗1H) ◦∧ ϕP ↾Uα (ω) = (1Ω•(P(Uα) ⊗ ∆̂) ◦∧ ϕP ↾Uα (ω)

= (1Ω•(P(Uα)) ⊗ ∆) ◦∧ ϕP ↾Uα (ω).

But (1Ω•(P(Uα)) ⊗ ∆) ◦∧ ϕP ↾Uα (ω) ∈ Ω•(P(Uα)) ⊗H⊗H. Thus
∧ϕPUα(ω) ∈ Ω•(P(Uα)) ⊗H, for all Uα ∈ (Uα)α∈A. �

Theorem 4. Let P = (P, πP ,M,H, (γα)α∈A) be a quantum principal
bundle coherent algebra sheaf over (M,g) with coordinate system (γα)α∈A, (Uα)α∈A

a locally finite open cover of M in Op(M) together with inclusion maps ıβα :
Uβ →֒ Uα if Uβ ⊂ Uα in Op(M) and (Ω•(P), d) a higher order quantum dif-
ferential calculus on the total quantum space P ∈ Ob(CohAssocAlgK-ShM ).
Further, suppose ω ∈ Ωn(P(Uα)) is a homogeneous element of Ω•(P(Uα)) such
that for 0 ≤ k ≤ n,

(1Ωn(P (Uα)) ⊗ projl) ◦ ϕ̂P(Uα)(ω) = 0,

for all l > k, i.e.the composite morphism

Ωn(P(Uα))
ϕ̂P(Uα)
−→ Ωn(P(Uα))⊗̂T̂ nns(H)

1Ωn(P (Uα))⊗Projl
−→ Ωn(P(Uα))⊗̂T̂ n−lns(H),

vanishes for l > k. Then there exists basic or horizontal quantum differential
forms:

η1, · · ·, ηm ∈ Ωn−k
hor (P(Uα))

and elements ζ1, · · ·, ζm ∈ T̂ nnsinv(H) such that

(1Ωn(P(Uα)) ⊗ projk) ◦ ϕ̂P(Uα)(ω) =

m
∑

j=1

(∧ϕP(Uα)(ηj)ζj) . (3.1)
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Proof. If the composite morphism (1Ωn(P(Uα)) ⊗ projk) ◦ ϕ̂P(Uα) evaluated
at ω ∈ Ωn(P(Uα)) is non-trivial, i.e.

(1Ωn(P(Uα)) ⊗ projk) ◦ ϕ̂P(Uα
)(ω) 6= O,

then for some linearly independent elements ζi ∈ T •nsinv(H), hij ∈ H and
χij ∈ Ωn−k(P(Uα)), we have

((1Ωn(P(Uα)) ⊗ projk)ϕ̂P(Uα)(ω) =
∑

i,j

χi,j ⊗ hijζi . (3.2)

Using the equations:

(i) ˆ̄ω(ζi) = 1 ⊗ ζi + ω̄(ζi),

(ii) ((ϕ̂P(Uα) ⊗ 1) ◦ ϕ̂P(Uα)(ω)) = ((1 ⊗ ∆̂)) ◦ ϕ̂P(Uα)(ω),

(iii) (1Ωn(P (Uα) ⊗ projk)ϕ̂P(Uα)(ω) =
∑

i,j χi,j ⊗ hijζi and the fact that 0 ≤
k ≤ n we obtain

∑

i,j

ϕ̂P (χi,j)⊗hijζ = ((ϕ̂⊗projk)◦ϕ̂P )(ω) = (1⊗1⊗projk)
∑

i,j

χij⊗∆̂(hijζi)

=
∑

i,j

χij ⊗ hij(1) ⊗ hij(2)ζi . (3.3)

Applying 1 ⊗ 1 ⊗ πinv to both sides of the equation (3.3) we get
∑

ϕ̂P(Uα)(ηi) ⊗ ζi =
∑

i,j

χij ⊗ hij ⊗ ζi,

where ηi =
∑

j χijǫ(hij). That is,

ϕ̂P(Uα)(ηi) =
∑

j

χij ⊗ hij , (3.4)

which says ηi ∈ Ωn−k(P(Uα)), for every Uα ∈ (Uα)α∈A. Thus (3.2) and (3.4)
give the claim (3.1), where

ω̄ : Ω1
inv(H) −→ Ω1

inv(H) ⊗H, ˆ̄ω : T̂ •nsinv(H) −→ T̂ •nsinv(H)⊗̂T̂ •nsinv(H),

∆̂ : T̂ •ns(H) −→ T̂ •ns(H)⊗̂T̂ •ns(H), πinv : T̂ •ns(H) −→ T̂ •nsinv(H)

and

projk : T̂ •ns(H) −→ T̂ n−kns(H), for 0 ≤ k ≤ n. �

Theorem 5. Let P = (P, πP ,M,H, (γα)α∈A) be a quantum principal
bundle coherent algebra sheaf over (M,g), {Uα}α∈A a locally finite open cover
of M in the category Op(M) with morphisms inclusion maps ıβα : Uβ →֒ Uα if
Uβ ⊂ Uα in Op(M) and (Ω•(P), d) a higher order quantum differential calculus
on the total quantum space P ∈ Ob(CohAssocAlgK-ShM ). Then there exists a
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unique surjective differential graded K-algebra sheaf morphism

πvert : Ω•(P) −→ Ω•
vert(P)

which reduces to the identity on P := Ω0(P). Furthermore, the following
diagrams:

(I)

Ω•(P)
∧ϕP−−−−→ Ω•(P) ⊗H

πvert





y





y

πvert⊗1H

Ω•
vert(P)

∧ϕP,vert
−−−−−→ Ω•

vert(P) ⊗H

and

(II)

Ω•(P) ∧ϕP,vert
−−−−−→

Ω•(P) ⊗H

πvert ց ւ 1Ω•(P) ⊗ ǫ

Ω•
vert(P) ∼= Ω•

vert(P) ⊗ K

are commutative.

Proof. For every Uα ∈ {Uα}α∈A define a K-linear grade-preserving mor-
phism

πvert : Ω•(P) −→ Ω•
vert(P)

implicitly by the equation:

πvert(ω) = (1 ⊗ πinv,projkϕ̂P (ω))

for every ω ∈ Ωk(P(Uα)). It is then immediate that πvert reduces to the identity
on P = Ω0(P). We need now to show that πvert is a differential K-algebra sheaf
morphism. To do this, choose

ω ∈ Ωk(P(Uα)), η ∈ Ωl(P(Uα)), uj , vj ∈ P(Uα) = Ω0(P(Uα))

with ζi ∈ T̂ knsinv(H) and ξj ∈ T̂ lnsinv(H) such Theorem 4 above gives

(1 ⊗ projk)ϕ̂P (ω) =
∑

j

ϕP(u) ⊗ ζi

and

(1 ⊗ projl)ϕ̂P (η) =
∑

i

ϕP ,

where ϕP : P −→ P ⊗H is the K-algebra sheaf coaction morphism given by

ϕP =
∑

uj ⊗ hj ,

for every h ∈ H. We then have πvert(ω) =
∑

i ui⊗ ζi and πvert(η) =
∑

j vj ⊗ ξj.
By directly computing we get:
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πvert(ω ∧ η)

= (1 ⊗ πinvprojk+l)ϕ̂P (ω ∧ η) =
∑

i,j

(1 ⊗ πinv){ϕP (ui)ζi)(ϕP )(vj)ξj)}

=
∑

i,j

(1 ⊗ πinv)
∑

r,s

(uirvjs ⊗ hirkjs(1)(ζi ◦ kjs(2)ξj)

=
∑

i,j,s

uivjs ⊗ (ζi ◦ kjs)ξj = (
∑

i

ui ⊗ ζi) = πert(ω) ∧ πvert(η),

where ϕP(ui) =
∑

r uir ⊗ hir and ϕP (vj)
∑

s vjs ⊗ kjs, with h, k ∈ H. Further-
more, we have:

πvertd(ω) = (1 ⊗ πinvprojk+1)dϕ̂P (ω) = (1 ⊗ πinvd)(
∑

i

(ui) ⊗ ζi)

= (1 ⊗ πinvd)(
∑

ir

uir ⊗ hirdζi + uir ⊗ d(hir)ζi) =
∑

i

ui ⊗ dζi

+
∑

i,r

uir ⊗ π(hir)ζi = dvert(ui ⊗ ζi) = dvertπvert(ω).

Hence πvert is a differential K-algebra sheaf morphism. It is clear that the
differential graded K-coherent algebra sheaf Ω•(P) is generated by P.

Commuativity of the diagram (I) is clear since (πvert⊗1H)◦ϕ̂P and (ϕ̂P,vert◦
πvert) are differential K-algebra sheaf morphisms agreeing with ϕP : P −→
P ⊗ H on P. Commutativity of diagram (II) follows from that of (I) and
the definitions of ∧ϕP : Ω•(P) −→ Ω•(P)⊗̂H.

Proposition 1. The sequence

0 −→ Ω1
hor(P) →֒ Ω1(P)

πvert−−−−→ Ω1
vert(P) −→ 0

of natural K-algebra sheaf morphisms of P-bimodules is exact.

Proof. Let {Uα}α∈A a locally finite open cover of (M,g) in Op(M) together
with inclusion maps ıβα : Uβ →֒ Uα if Uβ ⊂ Uα in Op(M) for every Uα ∈
{Uα}α∈A. It is easily seen that Ω1

hor(P(Uα)) ⊆ Ker(πvert ↾Uα)∩Ω1(P(Uα)) and
πvert(Ω

1(P(Uα)) = Ω1
vert(P(Uα)). Hence for every ω ∈ Ω1

vert(P(Uα)) we get :

(1 ⊗ proj1)ϕ̂P ↾Uα)(ω) =
∑

i

ϕP ↾Uα)(ui)ζi

for some ui ∈ P(Uα) and ζi ∈ ˆT •nsinv(H). This in turn gives

πvert(ω) =
∑

i

ui ⊗ ζi .
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Thus if ω ∈ Kerπvert ↾Uα , then

(1 ⊗ proj1)ϕ̂ ↾Uα (ω) = 0

implies ω ∈ Ω1
hor(P(Uα)).

Remark 3. Note that if (Ω•(P), dP ) is the higher order quantum differ-
ential calculus on the total quantum space P ∈ Ob(CohAssocAlgK-ShM ), then
from the exact sequence

0 −→ M
π

−−−−→ P

we deduce that (Ω•(M), dM), the higher order quantum differential calculus on
the base quantum space M ∈ Ob(CohAssocAlgK-ShM ) with Ω•(M) ⊆ Ω•(P)
consisting of all right-invariant basic or horizontal quantum differential forms:

Ω•(M) := {ω ∈ Ω(P) : ϕ̂(ω) := ω ⊗ 1}.

The differential graded K-coherent algebra sheaf Ω•(M) is in general not gen-
erated by its subalgebra Ω0(M) = M.

4. Quantum Connections and Quantum Curvatures

We define the quantum connection on P (see [48]) as the splitting of the se-
quence

0 −→ Ω•
hor(P)

ıΩ•
hor

(P)

−−−−−→ Ω•(P)
πvert−−−−→ Ω•

vert(P) := Ω•(P)�Ω•
hor(P) −→ 0

where Ω•(P) is a differential graded K-coherent algebra sheaf on P, Ω•
hor(P)

and Ω•
vert(P) are the horizontal and vertical components of Ω•(P) respectively.

Let (Ω•(H), dH) be the higher order quantum differential calculus on the
structure quantum group H = (H,m, η,∆, ǫ, S) based on the universal envelope
T̂ •ns(H) of the given first order quantum differential bicovariant calculus Γ :=
Ω1(H), with differential dH : H −→ Ω1(H). Notable references for this section
are the papers of M. Durdevich [19, 20], E.M. Einstein-Matthews [23] and S.L.
Woronowicz [57]. Suppose that the differential graded K-coherent algebra sheaf
(Ω•(P), dP ), is the quantum differential calculus on the total quantum space

P ∈ Ob(CohAssocAlgK − ShM )

with Ω0(P) = P.

The right coaction ϕP : P −→ P⊗H, then uniquely extends to a differential
graded K-algebra sheaf morphism

ϕ̂P : Ω•(P) −→ Ω•(P)⊗̂T̂ •ns(H),
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with
∧ϕP : Ω•(P) −→ Ω•(P) ⊗H

given by the commutativity of the following diagram:

Ω•(P) ϕ̂P
−→

Ω•(P)⊗̂T̂ •ns(H)

∧ϕP ց ↓ 1Ω•(P) ⊗ proj0

Ω•(P) ⊗H

i.e.
∧ϕP := (1Ω•(P) ⊗ proj0)ϕ̂P ,

where proj0 : T̂ •ns(H) −→ H is the projection K-algebra morphism.

Let T̂ •nsinv(H) be the K-subalgebra of left invariant elements of
T̂ •ns(H) and

πinv : T̂ •ns(H) −→ T̂ •nsinv(H)

the natural K-algebra projection morphism.

We denote the adjoint coaction of H on Ω1
inv(H) by

ω̄ : Ω1
inv(H) −→ Ω1

inv(H) ⊗H ,

such that the diagram:

H
adH−−−−→ H⊗H

π
Ω1

inv
(H)





y





y

π
Ω1

inv
(H)

⊗1H

Ω1
inv(H)

ω̄
−−−−→ Ω1

inv(H) ⊗H

is commutative with the natural extension K-algebra morphism:

ˆ̄ω : T̂ •nsinv(H) −→ T̂ •nsinv(H)⊗̂T̂ •ns(H)

given by

ˆ̄ω(η) = 1 ⊗ η + ω̄(η),

for every η ∈ Ω1
inv(H).

Definition 11. Define Θ(P) := Θ(ω̄,P) to be the space of all K-linear
morphisms:

κ : Ω1
inv(H) −→ Ω•(P)
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such that the diagram

Ω1
inv(H)

κ
−−−−→ Ω•(P)

ω̄





y





y

∧ϕP

Ω1
inv(H) ⊗H

κ⊗1H−−−−→ Ω1(P) ⊗H

commutes.

We can now see that Θ(P) := Θ(ω̄,P) is graded with Θ•(P) := Θ•(ω̄,P)
:=

⊕

n≥0 Θn(ω̄,P), where Θn(P) := Θn(ω̄,P) consists of all K-linear maps

κ : Ω1
inv(H) −→ Ωn(P). Clearly Θ•(P) is closed with respect to compositions

with the differential operator dP : Ω•(P) −→ Ω•+1(P) and is a module over the
subalgebra of the left-invariant differential forms.

We call the elements ζ ∈ Θn(P) pseudotensorial quantum n-forms on the
total quantum space P ∈ (CohAssocAlgK-ShM ) with values in Ω1

inv(H).

Definition 12. Let P = (P, πP ,M,H, (γα)α∈A) be a quantum principal
bundle coherent algebra sheaf over (M,g), {Uα}α∈A a locally finite open cover
of M in Op(M) together with inclusion maps ıβα : Uβ →֒ Uα if Uβ ⊂ Uα in
Op(M) and Θ•(P) =

⊕

n≥0 Θn(P). We call an element ω ∈ Θ1(P) a connec-

tion on P if for each ν ∈ Ω1
inv(H)-left invariant parts of differential forms on

(H,m, η,∆, ǫ, S), we have πvertω(ν) = 1 ⊗ ν, given by the composition:

Ω1
inv(H)

ω
−−−−→ Ω1(P)

πvert−−−−→ Ω1
vert(P) := P ⊗ Ω1

inv(H),

for every ν ∈ Ω1
inv(H), ω(ν) ∈ Ω1

vert(P(Uα)), where

πvert : Ω•(P) → Ω•
vert(P) := P ⊗ Ω•

inv(H),

is the unique differential graded K-algebra sheaf morphism reducing to Ω0(P)
= P and πvert(Ω

•
vert(P) ∩ Ω•(P)) = Ω•

vert(P)

We refer to [1] for the conditions for existence of a connection on a quantum
principal bundle coherent algebra sheaf.

Theorem 6. Let P = (P, πP ,M,H, (γα)α∈A) be a quantum principal
bundle coherent algebra sheaf over (M,g), {Uα}α∈A a locally finite open cover
of M in Op(M) together with inclusion maps ıβα : Uβ →֒ Uα if Uβ ⊂ Uα in
Op(M). Then P = (P, πP ,M,H, (γα)α∈A) admits at least a connection if the
following condition is satisfied:

(ATC): Atiyah Condition: There is an Atiyah exact sequence of P-coherent
module sheaves

0 −→ Ω•
hor(P)

ıΩ•
hor

(P)

−−−−−→ Ω•(P)
πvert−−−−→ Ω•

vert(P) := Ω•(P)�Ω•
hor(P) −→ 0



THE GEOMETRY OF QUANTUM PRINCIPAL... 583

which splits, i.e. there exists P-coherent module sheaf morphism: qω : Ω•
vert(P) −→

Ω•(P) such that

πvert ◦ qω = 1Ω•
vert(P).

In this case a connection is the existence of a P-coherent module sheaf Ω•
vert(P)

such that

Ω•(P) = Ω•
hor(P) ⊕ Ω•

vert(P).

Proof. To show that the Atiyah sequence (ATC) is exact, it suffices to
prove that for {Uα}α∈A a locally finite open cover of M that trivializes P =
(P, πP ,M,H, (γα)α∈A) so that the the sheaf morphism

γα : M↾Uα ⊗H −→ P ↾Uα

for each α ∈ A define sheaf morphisms

γβ,α : M↾Uβ
⊗H −→ M↾Uα ⊗H

for all α, β ∈ A by

(γβ,α)Uδ
= (γβ)

−1
Uδ

◦ (γα)Uδ
,

for Uδ ∈ {Uα}α∈A satisfying:

(1) (γα)Uδ
(s⊗ 1) = ρU (s), for s ∈M(Uδ), Uδ ⊂ Uα, and

(2) ((γβ,α)Uδ
⊗ 1H) ◦ (1 ⊗ ∆) = (1 ⊗ ∆) ◦ (γβ,α)Uδ

for Uδ ⊂ Uαβ = Uα ∩ Uβ ,
where ∆: H −→ H⊗H is the comultiplication and

m : H⊗H −→ H

the multiplication of the unital Hopf K-algebra H = (H,m, η,∆, ǫ, S) and

γα : M↾Uα ⊗H −→ P ↾Uα

is the H-trivial quantum principal bundle coherent algebra sheaf over Uα for
each α ∈ A and every graded quantum differential form ν ∈ Ω•(P ↾Uα) arises
from a quantum differential form s ∈ Ω•(M↾Uα ⊗H). Now since

s = σ ⋄ 1,

where σ : M ↾Uα−→ P ↾Uα extends to higher order differential forms defines a
quantum differential graded form on M↾Uα ⊗H, then the push-forward

(γα)∗ : Ω•(M↾Uα ⊗H) −→ Ω•(P ↾Uα ⊗H)

gives the quantum differential graded form ν on P ↾Uα ⊗H.

It is then easily seen that

Ω•
hor(P(Uα)) ⊂ Ker(πvert↾Uα

) ∩ Ω•(P(Uα))
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and

πvertΩ
•(P(Uα)) = Ω•

vert(P(Uα)).

Thus for every ω ∈ Ω•(P(Uα)) we obtain the equation:

(1Ω•(P)⊗̂projk)ϕ̂P ↾Uα (ω) =
∑

j

(∧ϕkP ↾Uα (ωj)ζj),

for every ζj ∈ T̂ •−knsinv(H). Consequently,

πvert(ω) =
∑

j

(∧ϕkP )↾Uα (ωj) ⊗̂ ζj.

Next if ω ∈ Kerπvert ↾Uα , then

(1Ω•(P)⊗̂projk)ϕ̂P ↾Uα (ω) = 0

which implies that ω ∈ Ω•
hor(P(Uα)). Thus the Atiyah sequence is exact.

To show the existence of a connection we define a P-module sheaf morphism:

qω : Ω•
vert(P) −→ Ω•(P)

by

qω(u⊗ ν) = uω(ν),

for every u ∈ Ω•
vert(P), ν ∈ T̂ •−knsinv(H) such that the diagram:

Ω•
vert(P)⊗̂T̂ •−knsinv(H)

qω⊗̂1
T̂•−knsinv(H)

−−−−−−−−−−−−→ Ω•
vert(P)⊗̂T̂ •−knsinv(H)

∧qk
P
↾Ω•

vert(P(Uα))

x





x





∧ϕP

Ω•
vert(P)

qω
−−−−→ Ω•(P)

is commutative. Then one easily shows that

πvert ↾Uα ◦ qω ↾Uα= 1Ω•
vert(P(Uα))

for every Uα ∈ {Uα}α∈A, that

πvert ◦ qω = 1Ω•
vert(P ).

So the Atiyah exact sequence splits and we get the decomposition:

Ω•(P) = Ω•
hor(P) ⊕ Ω•

vert(P).

This completes the proof.

In the sequel, we will denote the space of all connections, which are both
regular and multiplicative, on the quantum total space of our principal bundle
coherent algebra sheaf by Conn(P).

Definition 13. Let ω ∈ Conn(P) be any connection on the quantum total
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space P. A morphism

Curvω : Ω1
inv(H) −→ Ω•(P)

given by

Curvω = dPω− < ω,ω >

is a pseudotensorial 2-form called the quantum curvature of the connection ω.

5. Main Results

Let P = (P, πP ,M,H, (γα)α∈A) be a principal bundle coherent algebra sheaf
over (M,g) with coordinate system (γα)α∈A and structure quantum group, the
unital Hopf K-algebra, H = (H,m, η,∆, ǫ, S). Let

A,B ∈ Ob(CohAssocAlgK − ShM ).

We denote by Z(A) the center of A and Z(B) that of B. The morphism ϕ :
A −→ B is called a center preserving K-algebra sheaf morphism if it maps the
center Z(A) of A into the center Z(B) of B i.e. ϕ(Z(A)) ⊂ Z(B).

Definition 14. Let A, M ∈ Ob(CohAssocAlgK-ShM ) with M an A-
bimodule sheaf. We say that M is a central bimodule sheaf if for every z ∈
Z(A(Uα)) and m ∈ M(Uα) we have the condition:

mz = zm ,

where (Uα)α∈A is a locally finite open cover of M in Op(M) together with
inclusion maps ıβα : Uβ →֒ Uα if Uβ ⊂ Uα in Op(M), α, β ∈ A.

We now let [Z(A),M], be the sub-bimodule sheaf of M generated by zm−
mz for every z ∈ Z(A(Uα)) and m ∈ M(Uα). Define the quotient bimodule
sheaf MZ by

MZ := M�[Z(A),M]

with canonical projection algebra sheaf morphism πZ : M −→ MZ . It is
then immediate that every algebra sheaf morphism of central bimodule sheaves
M,N ∈ Ob(CohAssocAlgK-ShM ), i.e. ϕ : M −→ N vanishes on [Z(M),M].
Thus there exists a unique algebra sheaf morphism

ϕZ : MZ −→ N
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such that the diagram:

M ϕ
−→

N

πZ ց ր ϕZ

MZ

commutes, i.e.

ϕ = ϕZ ◦ πZ .

Thus an (Z(A), Z(A))-bimodule sheaf M is the underlying bimodule sheaf of
Z(A)-bimodule sheaf. Define the sub-bimodule of Ω1

inv(A) by

[Z(A(Uα)),Ω
1
inv(A(Uα))] := {zω − ωz : z ∈ Z(A(Uα)), ω ∈ Ω1

inv(A(Uα))}.

Then, the quotient

Ω1
Z(A) := Ω1

univ(A)�[Z(A),Ω1
univ(A)]

is by definition a central bimodule sheaf.

Let πZ : Ω1
univ(A) −→ Ω1

Z(A) be the canonical projection sheaf morphism
and the derivation dZ : A −→ Ω1

Z(A) given by the commutativity of the diagram

A duniv−−−→
Ω1
univ(A)

dZ ց ↓ πZ

Ω1
Z(A),

i.e. dZ = πZ ◦ duniv. Thus (Ω1
Z(A), dZ) is a first order quantum differential

calculus on A. If ϕ : A −→ B is such that ϕ(Z(A)) ⊂ Z(B), then there is a
unique A-bimodule sheaf morphism:

ϕ∗ := Ω1
Z(ϕ) : Ω1

Z(A) −→ Ω1
Z(B) ,

such that the diagram

A
ϕ

−−−−→ B

dZ





y





y

dZ

Ω1
Z(A)

Ω1
Z(ϕ)

−−−−→ Ω1
Z(B)

is commutative.

Now define the (A,A)-bimodule for n ≥ 0 by Ω0
univ(A) = A and

Ωn
univ(A) = Ω1

univ(A) ⊗A Ω1
univ(A) · · · ⊗AΩ1

univ(A),

n factors for n ≥ 1. Write the canonical graded coherent algebra sheaf as:

Ω•
univ(A) =

⊕

n≥0

Ωn
univ(A),
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which is the tensor coherent algebra sheaf TA(Ω1
univ(A)) over A of the (A,A)-

bimodule Ω1
univ(A). The derivation

duniv : A −→ Ω1
univ(A)

has a unique extension

duniv : Ω•
univ(A) −→ Ω•+1

univ(A)

with d2
univ = 0.

Let JZ be the two-sided ideal generated by

[Z(A),Ω1
univ(A)] and duniv([Z(A),Ω1

univ(A)]).

The space JZ is a graded two-sided coherent ideal sheaf which is closed such
that

JZ ∩ Ω1
univ(A) = [Z(A),Ω1

inv(A)].

This shows that the quotient Ω•
Z(A) is a differential graded coherent algebra

sheaf which coincides in degree 1 with Ω1
Z(A) and its differential the image of

duniv extends the differential

dZ : A −→ Ω1
Z(A)

which we again denote by

dZ : Ω•
Z(A) −→ Ω•+1

Z (A).

Note that Ω•
Z(A) as a differential graded coherent algebra sheaf is the quo-

tient of tensor coherent algebra sheaf TA(Ω1
Z(A)) over A of the central bimodule

Ω1
Z(A). Thus the (A,A)-bimodule sheaves Ωn

Z(A), n ≥ 0 with Ω0
Z(A) = A, are

central bimodule sheaves and Ω•
Z(A) :=

⊕

n≥0 Ωn
Z(A). Therefore, the differ-

ential graded coherent algebra sheaf (Ω•
Z(A), dZ) is a higher order quantum

differential calculus on A.

Definition 15. The quantum de Rham cohomology H•
deRZ(A) is the

cohomology of the bimodule of quantum differential forms Ω•
Z(A), i.e.

H•
deRZ(A) := H•(Ω•

Z(A)) := KerdZ�ImdZ .

Definition 16. Let H = (H,m, η,∆, ǫ, S) be a unital Hopf K-algebra. We
define its quantum Weil algebra as the differential graded algebra
(ChW •(H), dChW ) freely generated by elements h of degree 1, Curvh of degree
2 and linear on h ∈ H. The unique differential operator:

dChW : ChW •(H) −→ ChW •+1(H)

is defined on generators by:

dChW (h) = Curvh −
∑

(h)

h(0) ⊗ h(1)
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and

dChW (Curvh) =
∑

(h)

Curvh(0)⊗h(1) −
∑

(h)

h(0) ⊗ h(1).

Let (Ω•(H), d) be a differential graded K-algebra and ψ : H −→ Ω1(H) a
K-linear morphism. Define the curvature:

Curvψ : H −→ Ω2(P)

of ψ by

Curvψ(h) := dPψ(h) +
∑

(h)

ψ(h(0)) ⊗ ψ(h(1)).

Then there exists a unique K-algebra morphism:

κ(ψ) : ChW •(H) −→ Ω•(H)

such that κ(ψ)(h) = h and

κ(ψ)(Curvh) = Curvψ(h).

Let I(H) be the ideal of ChW •(H) generated by the curvature Curvh. The
powers of I(H) and the induced truncations denoted by:

I [n](H) := (I(H))(n+1)

and

ChW n(H) := ChW •(H)�(I(H))(n+1).

Note that

ChW 0(H) := T •(H)

is the differential graded K-algebra of H.

We can also introduce the complex dual to even higher traces,

ChW n(H)∧ := ChW n(H)�[ChW (n−1)(H), ChW n(H)]

by factoring the graded commutators. Dual to higher traces we have the graded
ideal

I [n](H)∧ := I [n](H)�[I(H), I [n−1](H)].

We now describe the quantum Weil differential graded K-algebra in the
form useful for our purposes. Let H = (H,m, η,∆, S) be a unital Hopf K-
algebra and P = (P, πP ,M,H, (γα)α∈A) a quantum principal bundle coherent
algebra sheaf over (M,g) with coordinate system (γα)α∈A. Further, suppose
(Ω•(P), dP ) is the quantum differential calculus on the total quantum space
P ∈ Ob(CohAssocAlgK-ShM ). For every k ∈ N0, let Ik(H) ⊆ T knsinv(H)
be the subspace of T knsinv(H) consisting of ω̄k-invariant elements under the
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coaction:

ω̄k : T knsinv(H) −→ T knsinv(H) ⊗H.

Now set

I•(H) :=
⊕

n≥0

Ik(H).

Then I•(H) is the unital graded K-subalgebra of T •nsinv(H) consisting of ele-
ments invariant under the coadjoint action

ω̄• : T •nsinv(H) −→ T •nsinv(H) ⊗H.

Let ω ∈ Conn(P). Then there exists a unique horizontal valued unital K-
algebra morphism:

Curv•ω : T •nsinv(H) −→ Ω•(P)

which multiplies degrees by 2 and is an expression of K-algebra morphism:

Curv•ω : Ω1
inv(H) −→ Ω•(P).

Then the diagram

T •nsinv(H)
Curv•ω−−−−→ Ω•(P)

ω̄•





y





y

∧ϕP

T •nsinv(H) ⊗H
Curv•ω⊗1H
−−−−−−−→ Ω•(P) ⊗H

is commutative. We now consider only the restriction of Curv•ω to the unital
K-subalgebra I•(H) of T •nsinv(H) making the diagram

I•(H)
Curvω↾I•(H)
−−−−−−−−→ Ω•(P)

ω̄•↾I•(H)





y





y

∧ϕP

I•(H) ⊗H
Curvω↾I•(H)⊗1H
−−−−−−−−−−−→ Ω•(P) ⊗H

commutative.

Theorem 7. Let P = (P, πP ,M,H, (γα)α∈A) be a quantum principal
bundle coherent algebra sheaf over (M,g) with coordinate system (γα)α∈A, {Uα}α∈A

a locally finite open cover of M in Op(M) together with inclusion maps ıβα :
Uβ →֒ Uα if Uβ ⊂ Uα in Op(M). Then with the notation above, if ν ∈ Ik(H),
the form Curvkω(ν) belongs to Ω2k

Z (M), the differential graded K-coherent sub-
algebra of Ω2k(M). Furthermore, if ω ∈ Conn(P), then the 2k-form Curvkω(ν)
is dM-closed.

Proof. To prove the first statement, since ω ∈ Conn(P) we have the Leibniz
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rule:

(1) dω(ζ ∧ η) = dω(ζ) ∧ η + (−1)kζ ∧ dωη for every ζ ∈ Ωk
hor(P) and η ∈

Ωl
hor(P), where dω : Ω•

hor(P) −→ Ω•+1
hor (P) is given by

dϕ = dPϕ− (−1)k
∑

ϕ ∧ ωπΩ1
inv(H)(hj)

for every hj ∈ H. This implies that

ϕ̂PCurv
k
ω(ν) =

∑

j

Curvkω(νj) ⊗ hj

for every ν ∈ T knsinv(H) with
∑

j

νj ⊗ hj = ω̄k(ν),

Finally, the proof of the first statement follows from the assumption that
ν ∈ T knsinv(H) and the definition of Ω•

Z(M).

The second statement is a consequence of the Leibniz Rule (1), the condition

(2) (dP − dω)(Ω•(M)) = {0}, for every ω ∈ Conn(P) and the quantum
Bianchi Identity:

(3) dωCurvω = 0, for every Conn(P).

Theorem 8. For every ω ∈ Conn(P),

Curvω = dωω.

Proof. This is a consequence of the definitions of

λω : Ω•(P) −→ Ω•
vert,hor(P)

and

Curvω : Ω1
inv(H) −→ Ω•(P).

Thus for any ν ∈ Ω1
inv(H) we have

Curvω(ν) ⊗ 1 = λ1
ωdPω(ν) − 1 ⊗ δ(ν).

Therefore,

dωω = hωdP = Curvω,

where

δ : Ω1
inv(H) −→ Ω1

inv(H) ⊗ Ω1
inv(H)

is the embedding differential.

In the following theorem we show that the cohomology class of the 2k-
form Curvkω(ν) in Ω2k

Z (M) is independent of the choice of the connection ω ∈
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Conn(P).

Theorem 9. Let P = (P, πP ,M,H, (γα)α∈A) be a quantum principal
bundle coherent algebra sheaf over (M,g) with coordinate system (γα)α∈A,
{Uα}α∈A a locally finite open cover of M in Op(M) together with inclusion
maps ıβα : Uβ →֒ Uα if Uβ ⊂ Uα in Op(M). Let ω1, ω2 ∈ Conn(P) and set

(1) ωt = ω1 + t(ω2 − ω1), for each t ∈ [0, 1], such that ωt is a line segment
in Conn(P), determined by ω1 and ω2. Then:

(2) d
dt

(Curvωt) = dωt(η), where η = ω2 − ω1, and

(3) dωt : Ω•
hor(P) −→ Ω•+1

hor (P).

Proof. It is clear from the relations:

(4) qω ↾ζ•(P)= 0,

(5) dωtϕ = dPϕ− (−1)k[ϕ,ωt], for every ωt ∈ Conn(P) and ϕ ∈ ζk(P (Uα))
and the Leibniz Rule:

(6) dωt(ϕ ∧ ψ) = dωt(ϕ) ∧ ψ + (−1)kϕ ∧ dωtψ for all ψ ∈ ζ l(P(Uα)) that:

d

dt
Curvωt =

d

dt
{dPω1 + tdPη− < ω1 + tη, ω1 + tη >}

= dPη− < η, ω1 > − < ω1, η > −2t < η, η >

= dPη− < ω1 + tη, η > − < η, ω1 + tη >= dωt(η). �

Theorem 10. Let P = (P, πP ,M,H, (γα)α∈A) be a quantum principal
bundle coherent algebra sheaf over (M,g) with coordinate system (γα)α∈A and
{Uα}α∈A a locally finite open cover of M in Op(M) together with inclusion
maps ıβα : Uβ →֒ Uα if Uβ ⊂ Uα in Op(M). Furthermore, suppose H•

deRZ(M)
is the quantum de Rham cohomology of the classes associated to the graded
M-bimodule sheaf of quantum differential forms Ω•

Z(M). Then:

(1) The cohomology class [Curv•ω(ν)] ∈ H2•
deRZ(M) is independent of the

choice of connection ω ∈ Conn(P), for each ν ∈ I•(H).

(2) The quantum Weil Homomorphism

ChW : I•(H) −→ H•
deRZ(M)

given by

ChW (ν) = [Curv•ω(ν)]

is a unital K-algebra morphism.

Proof. The proof of this theorem follows from Theorem 7 and the following
consideration. Pick an element ν ∈ T knsinv(H) represented by ν =

∑

j zjν
j
1 ⊗
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· · ·⊗νjs , where zj ∈ K = C and νjs ∈ Ω1
inv(H). Then Theorem 3 and the Leibniz

rule:

(1) dω(ζ ∧ η) = dω(ζ) ∧ η + (−1)kζdω(η) for the differential operator:

dω : Ω•
hor(P) −→ Ω•+1

hor (P)

and η ∈ Ωl
hor(P(Uα)) together with

(2) Curv•ω : T •nsinv(H) −→ Ω•(P) and the quantum Bianchi Identity

(3) dωCurvω = 0, for ω ∈ Conn(P) imply that we can extend the results of
the Theorem 3 to get

(4) d
dt
Curv•ωt

(ν) =
∑

j zj{dωtζ(ν
j
1) · · · Curvωt(ν

j
s) + · · · + Curvωt(ν

j
1) · · ·

dωtζ(ν
j
s)} =

∑

j zjdωt{ζ(ν
j
1) · · · Curvωt(ν

j
s) + · · · + Curvωt(ν

1
j ) · · · ζ(ν

j
s)}.

The tensorial properties of ζ and Curvωt imply that for ν ∈ Ik(H) we have
that the 2k-form

(5) Θt(ν) :=
∑

j zj{ζ(ν
j
1) · · ·Curvωt(ν

j
s)+ · · ·+Curvωt(ν

j
1) · · · ζ(ν

j
s )} belong

to Ω2k
Z (M). Thus

(6) d
dt
Curv•ωt

(ν) = dPΘt(ν). This follows from the fact that

(7) (dP − dωt)(Ω
•
Z(M)) = {0}. Now integrate (6) from 0 to 1 to get

Curvωt(ν) = Curvω1(ν) + d(

∫ 1

0
Θt(ν)dt).

Finally, consider the left-invariant canonical braid operator

β : Ω1
inv(H) ⊗ Ω1

inv(H) −→ Ω1
inv(H) ⊗ Ω1

inv(H),

given by

β(ν ⊗ ξ) =
∑

j

ξj ⊗ (νj ⋄ hj),

where the K-algebra morphism:

ω̄ : Ω1
inv(H) −→ Ω1

inv(H) ⊗H,

is defined by

ω̄(ν) =
∑

j

νj ⊗ hj ,

for all hj ∈ H.

Define a graded K-algebra

∧•(H) := T •nsinv(H)�G(H),

where G(H) is the graded ideal of T •nsinv(H) generated by the image Im(I −
β) ⊆ Ω1

inv(H) ⊗ Ω1
inv(H).
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The coadjont action

ω̄• : T •nsinv(H) −→ T •nsinv(H) ⊗H

naturally induces the coaction:

ω̄∧•(H) : ∧•(H) −→ ∧•(H) ⊗H.

Let I∧•(H) ⊆ ∧•(H) be a K-subalgebra of ∧•(H) consisting of the ω̄∧•(H)-
invariant elements. Thus

I•∧•(H) = I•(H)�I•∧•(H) ∩G
•(H). �

Theorem 11. Let P = (P, πP ,M,H(γα)α∈A) be a quantum principal
fiber bundle coherent algebra sheaf over (M,g) with coordinate system (γα)α∈A

and {Uα}α∈A a locally finite open cover of M in Op(M) together with inclusion
maps ıβα : Uβ →֒ Uα if Uβ ⊂ Uα in Op(M). Then with the notation above, if
ω ∈ Conn(P), we have

(Curv•ω ◦ β)(ν) = Curv•ω(ν),

for each ν ∈ Ω1
inv(H) ⊗ Ω1

inv(H), i.e. the following diagram:

T •nsinv(H) Curv•ω−−−−→
Ω•(P)

β ↑ ր Curv•ω

T •nsinv(H)

is commutative, i.e. Curv•ω ◦ β = Curv•ω.

Proof. From the use of the equations of commutativity:

(1) Curvω(ν)η =
∑

j ηjCurvω(ν ⋄ hj), and

(2) ηCurvω(ν) =
∑

j Curvω(ν ⋄ S−1(hj))ηj ,

for every η ∈ Ω•
hor(P(Uα)) and ν ∈ Ω1

inv(H) we get the relation:

µΩ(Curvω ⊗ η) = µΩ(η ⊗ Curvω) ◦ β,

for every η ∈ ζ•(P(Uα)). This proves the assertion.
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[32] L. Kauffman, D.E. Radford, Quantum algebra structures on n×nmatrices,
Journal of Algebra, 213 (1999), 405-436.

[33] L. Jean-Louis, Cyclic Homology, Second Edition, Springer, Verlag (1998).



596 S.M. Einstein-Matthews, M. Mohlala

[34] S. Kobayashi, K. Nomizu, Foundations of Differential Geometry, Inter-
science Publishers, New York, London (1963).

[35] S. Kobayashi, K. Nomizu, Foundations of Differential Geometry, Inter-
science Publishers, New York, London (1969).

[36] K. Kodaira, Complex Manifolds and Deformation of Complex Structures,
New York, Springer (1986).

[37] M. Kontsevich, A. Rosenberg, Noncommutative spaces, ArXiv:
math.AG/9812158v1 (Dec. 1998).

[38] S. MacLane, Categories for the Working Mathematician, Second Edition,
Springer-Verlag, New York (1998).

[39] S. Maclane, Natural associativity and commutativity, Rice University
Studies, 49 (1963), 28-46.

[40] S. Maclane, I. Moerdijk, Sheaves in Geometry and Logic: A First Intro-
duction to Topos Theory, Second Edition, Springer Verlag (1994).

[41] S. Majid, Foundations of Quantum Group Theory, Cambridge University
Press (1995).

[42] S. Majid, A Quantum Group Primer, Cambridge University Press, Cam-
bridge (2002).

[43] A. Mallios, Geometry of Vector Sheaves, Volume I, Kluwer Academic Pub-
lishers (1998).

[44] I.Y. Manin, Topics in Noncommutative Geometry, Princeton, Princeton
University Press (1991).

[45] I.Y. Manin, Quantum Groups and Non-Commutative Geometry, Les Publ.
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