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Abstract: This work is continuation of [3]. Two types of graphical compar-
ison is made for the Green’s functions of the initial-value and boundary-value
problems for 2nd order parabolic, hyperbolic and elliptic PDEs, as formulated
in [3]. The first type of scientific visualization technique is via isocurves and
isosurfaces in 3D, similar to the type of visualization in [8]. The second type
of scientific visualization technique is via the wavelet-based colour (mode 3)
mapping introduced in [1], [2]; see also Section 2 of [3]. The graphical results of
both types of visualization and properties of the Green’s function for the three
types are compared and analyzed. All graphical images are obtained via the
in-house software developed as part of the work on [7].

AMS Subject Classification: 35E05, 65T60, 68U05, 35A40, 35J25, 35K05,
35K15, 35K20, 35L05, 35L20, 68U10
Key Words: scientific visualization, comparative, partial, differential equa-

Received: November 11, 2007 c© 2007, Academic Publications Ltd.

§Correspondence author



1262 L. Dechevsky, J. Gundersen
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1. Introduction

This paper is a continuation of [3] and, together with the follow-up papers
[4] and [5], is dedicated to scientific visualization related to initial-value and
boundary-value problems for PDEs. Our work on this topic should be consid-
ered as extension and upgrade of [8] where we discussed the scientific visual-
ization of the numerical output of the simulator BedSim – see [8] and [3] for
further details and references on BedSim.

Our purpose in this paper, as well as in [3], [4] and [5], is to show how
our visualization software application discussed in [8] works on data sets gen-
erated from PDEs and their numerical approximations. We shall consider
the model examples of the 3 basic types of 2nd order linear PDEs with con-
stant real coefficients and variable right-hand side (RHS): parabolic, hyper-
bolic and elliptic PDE for initial and boundary-value problems on the rectangle
{(x, t) : x ∈ [0, 1], t ∈ [0, T ], 0 < T < ∞}, that is, the space variable x will be
1D. We shall use the same model RHS for all examples of the 3 types of equa-
tions. Wherever possible, we shall use also the same model initial/boundary-
value functions. Under these comparable conditions, we shall visualize the exact
(continual) Green’s function for the boundary problem for the respective PDE.
For this purpose we shall use 2 approaches:

• a 3D visualization of approximately chosen trace restrictions of the Green’s
function to three of its variables (which are 4 for the elliptic and hyper-
bolic case and 3 for the parabolic case). The graphical comparison will be
based on colour (mode 1) mapping, isosurfaces and isocurves (location,
size and shape) – see Section 2 for further orientation.

• Visualization of the whole graph of the Green’s function for each of the
three basic types in 5D, as a scalar function of 4 variables (in this case,
for the Green’s function G corresponding to the parabolic or hyperbolic
type, we visualize

Fvis(x, ξ; t, τ) := G(x, ξ; t − τ), (1)
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while the Green’s function for the elliptic function depends on all 4 pa-
rameters without translation invariance in t and τ :

Fvis(x, ξ; t, τ) := G(x, ξ; t, τ), (2)

due to the difference in the boundary-value problem compared to the
parabolic and hyperbolic case. The visualization in 5D is via colour (mode
3) mapping. (See next section for further information on the boundary-
value problems and the type of visualization used by us for dimensions
higher than 3.)

The organization of the remaining part of this paper is, as follows.

Section 2 contains more information on the initial-value and boundary-value
problems considered for the three basic types of 2nd order PDEs, orientation
into the methods for comparative visualization used in [3], [4], [5] and this study,
and some information about the in-house software visualization application we
use for the graphical examples.

Sections 3 and 4 contain the graphical images for the 3D and 5D visualiza-
tion, together with some analysis of these images.

2. Boundary-Value Problems for 2nd Order PDEs, Green’s

Functions, Visualization Methods and Software Tools

The three scaled PDEs of parabolic, hyperbolic and elliptic type, and the re-
spective initial-value and boundary-value problems are given in Section 3 of [3].
The Green’s functions corresponding to the parabolic, hyperbolic and elliptic
problem are given in formulae (3), (7) and (11) of the same section of [3], re-
spectively. The derivation of these formulae is discussed in Appendices A.1,
B.1 and C.1 of [3], while their approximate numerical computation is discussed
in Section 3 of [3].

The types of visualization techniques (in 3D and in variable dimensions,
including higher than 3, via colour (mode 1, 2 and 3) mapping) is discussed in
Section 2 of [3]. Also in this section of [3] is described our software-application
used to obtain the graphical results given in this paper. This is the same
software tool which was used for the visualization related to the ODE-based
simulator BedSim in [8].
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3. Isosurfaces for the Green’s Functions of the Three Basic Types of

PDE

In this section we provide comparative graphical plots based on input data sets
generated from the formulae in in Section 4 of [3]. We use these graphical results
to make some observations and conclusions about properties of the Green’s
functions of the three basic types of equations. The graphical plots presented
are screen shots taken from the graphical output of our software. We note that
the capabilities of this software allow continuous changing of the parameters
(via sliders), resulting in continuous real-time change of the form and topology
of isosurfaces, isocurves, colour plots, 3D plots, etc.

In Figures 1, 2 and 3 are given isosurfaces and isocurves of the Green’s
function for the parabolic, hyperbolic and elliptic equation in formulae (3), (7)
and (11) in [3], respectively, for corresponding representative isovalues. The
three axes on every plot correspond to x, ξ and t− τ , respectively. The isovalue
is a value of the Green’s function, represented as a scalar field in 3D. The
colouring (mode 1) of the isosurfaces gives information about the isovalue on
this isosurface (small values are in the violet part, and large values in the red
part, of the spectrum. Green corresponds to the median value.

Some observations and comments:

• The Green’s functions for the parabolic and elliptic equations are non-
negative on the closed domain [0, 1] × [0, T ] and strictly positive on the
open domain (0, 1) × (0, T ) (see [10], [9]), while the Green’s function for
the hyperbolic equation may change sign in the open or closed domain.
This affects the selection of representative isovalues in the three figures.

• The three Green’s functions approximate the δ-function at x = ξ, t = τ

with different speed and in a different way.

• The isosurfaces and isocurves of the parabolic and elliptic Green’s func-
tions are smooth which correlates with the fact that these two functions
are smooth away from the singularities at x = ξ, t = τ . In contrast, the
hyperbolic Green’s function exhibits continuous piecewise linear isosur-
faces which indicates that it is not more then locally Lipschitz away form
x = ξ, t = τ . This fact can also be established analytically.

• While both the parabolic and elliptic Green’s functions display a char-
acteristic spin-form shape of their isosurfaces, there is also a distinct
difference: for the elliptic equation the closed spin-shaped isosurface is
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Figure 1: The exact Green’s function for the parabolic equation. (3D-
visualization, isosurfaces, isocurves, and colour (mode 1) mapping., see
[3], Section 2. Here all colour maps appear as grey-scale.)
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Figure 2: The exact Green’s function for the hyperbolic equation. (3D-
visualization, isosurfaces, isocurves, and colour (mode 1) mapping., see
[3], Section 2. Here all colour maps appear as grey-scale.)
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Figure 3: The exact Green’s function for the elliptic equation. (3D-
visualization, isosurfaces, isocurves, and colour (mode 1) mapping., see
[3], Section 2. Here all colour maps appear as grey-scale.)
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Figure 4: The exact Green’s function for the elliptic equation for dif-
ferent τ . (3D-visualization, isosurfaces, isocurves, and colour (mode 1)
mapping., see [3], Section 2. Here all colour maps appear as grey-scale.)
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contained entirely in the interior of the domain [0, 1]2 × [0, T ], while in
the case of the parabolic equation the spin-shaped isosurface is open be-
cause of being cut by the boundary of the domain. This is in fact due to
the difference between the respective boundary value problems, and the
fact that the Green’s functions are solutions of these boundary problems
for very simple, δ-function, RHS and homogeneous boundary value data.
As a result, the Green’s function for the parabolic case is the kernel of a
Volterra integral operator (its finite-dimensional analogue (for fixed basis)
being a lower triangular matrix with 0 on the main diagonal), while the
Green’s function for the elliptic case is the kernel of a Fredholm integral
operator (its finite-dimensional analogue being a full square matrix).

For isovalue ≈ 0.0232 in Figure 3, on Figure 4 are given the isosurfaces of
the elliptic Greens function (as a function of x, ξ, t and τ) for different values
of τ ∈ [0, T ], T = 1.

Some observations and comments:

• One similarity between the parabolic and hyperbolic Green’s function
is that they are both translation-invariant in t and τ , i.e., they can be
written as functions of three variables: G = G(x, ξ, t − τ). This means
that an analogue of Figure 4 for the parabolic or hyperbolic case would
only show that for different τ the respective isosurfaces and isocurves are
only being translated, without changing their shape.

• In contrast, the elliptic Green’s function is not translation-invariant in
t and τ , i.e., it must be written as a function of four variables: G =
G1(x, ξ, t − τ, τ) or G = G2(x, ξ, t, τ). Indeed, observe that on Figure 3
the variation of τ results not only in parallel translation of the isosurfaces
and isocurves, but also in their deformation in a way so that they remain
closed for all τ .

4. Comparative Visualization of the

Green’s Functions of the Three Basic Types

The Green’s functions for the three basic types in consideration are real scalar-
valued and depend, in the elliptic case, on four variables (x, ξ, t and τ), and, in
the parabolic and hyperbolic case, on three variables x, ξ and t−τ). Hence, their
entire graphs are 5D, respectively 4D geometric data sets. This is why, using
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Figure 5: 1-1–isometric mapping of the Green’s functions G(x, ξ; t − τ)
of parabolic and hyperbolic type onto an interval (functional curve y =
f(x)) and rectangle (colour mode 3.2 – see [3], Section 2). The values
in 2a and 2b are scaled between -0.098 and 2.918. The original scaling
for 2a is between 0.0 and 2.918, and for 2b between -0.098 and 0.617.
Here colour maps appear as grey-scale.
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Figure 6: 1-1–isometric mapping of the Green’s functions G(x, ξ; t, τ)
of parabolic, elliptic and hyperbolic type onto an interval (functional
curve y = f(x)) and rectangle (colour mode 3.2 – see [3], Section 2).
The scaling in 2a is between 0.0 and 1.934, for 2b between -0.004 and
0.795, and for 2c between -0.051 and 0.618. Here colour maps appear
as grey-scale.
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Figure 7: A zoom into the local patterns (now scaled!) of case 2a, 2b
and 2c of Figure 6. Here colour maps appear as grey-scale.
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3D visualization techniques, it is only possible to visualize their isosurfaces
and isocurves, which was our approach in Section 3. In the context of the
present section, the entire 4D and 5D graphs of these Green’s functions can be
visualized using fractal scalar-valued curves and colour (mode 3.2) maps (which
are wavelet-based – see Section 2 of [3] for orientation and references, notably,
[2]). The respective graphical results are given in Figures 5-7.

In Figure 5 is given comparative visualization of the Green’s functions for
the parabolic and hyperbolic case, considered as n-variate m-dimensional vector
fields, n = 3, m = 1.

Some observations and comments:

• Near the ”main diagonal” (x = ξ, t− τ = 0) the Green’s function approx-
imates the δ-function with different speed and in a different way in the
parabolic case and in the hyperbolic case.

• Also away from the ”main diagonal” (see previous item) the Green’s func-
tion’s decay towards zero follows different pattern for the parabolic case
and for the hyperbolic case.

• The vector of scaling function coefficients looks sparse in the parabolic
case, and full in the hyperbolic case. (This vector consists of scaling-
function coefficients (”α-coefficients”) at the finest resolution level.)

Because of the compactness of the support of the scaling functions (and
wavelets), performing a discrete wavelet transformation (DWT) would result
in a necessarily sparse vector of wavelet coefficients (”β-coefficients”) in the
parabolic case. In general, the vector of such coefficients in the hyperbolic case
would be full. This means that in the parabolic case the Green’s function is very
smooth away from the ”main diagonal” (sparse vector of ”β-coefficients”), while
in the hyperbolic case the regularity of the Green’s function is only marginal
(full vector of ”β-coefficients”). This agrees well with the related observations
made in the previous section.

In Figure 6 is given comparative visualization of the Green’s functions for
the three types of equations in formulae (3), (11) and (7) of [3], respectively:
parabolic, elliptic and hyperbolic. Here the Green’s functions for the three type
ar considered as n-variate m-dimensional vector fields, n = 4, m = 1.

Some observations and comments:

• The three items in the discussion of Figure 5 continue to be valid for the
parabolic and hyperbolic cases in Figure 6 (note that both cases 1 (a and
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b) and 2 (a and b) in Figure 5 are scaled, while in Figure 6 case 2 (a, b,
and c) is not scaled, to improve the visibility of the different patterns in
the colour (mode 3.2) maps).

• In the comparative visualization in Figure 6, the Green’s function for the
elliptic case occupies, in some sense, intermediate position between the
parabolic and hyperbolic case with respect to all four items considered in
detail for Figure 5. In particular, its vector of ”α-coefficients” at the finest
level looks sparse, compared to the hyperbolic case, and full, compared to
the parabolic case (see especially the zoomed (scaled!) images in Figure
7). This also indicates that the smoothness away from the ”main diago-
nal” in the elliptic case is intermediate, too: higher than in the hyperbolic
case, and lower than in the parabolic case.

• As already mentioned in Chapter 5, the Green’s functions in the parabolic
and elliptic case are non-negative; in the hyperbolic case the Green’s
function can change its sign. This is confirmed clearly from cases 1a, 1b
and 1c in Figure 6. Moreover, case 1c provides one more insight for the
hyperbolic case: even though the Green’s function in this case may take
negative values, these negative values are relatively small in absolute value
and relatively rare, compared to its positive values, thus indicating that,
in a certain sense, the Green’s function is ”essentially non-negative” also
in the hyperbolic case. From the caption of Figure 6 it is also clear that in
the elliptic case our numerical approximation to the Green’s function does
take some small negative values, which does not happen in the parabolic
case, at the given resolution level. This is a numerical approximation effect
due to the fact that we approximate the integrals of the ”α-coefficients”
with the 1-point quadratures in (6) and (7) in [2], respectively (4) and (5)
in [6]; this quadrature has smaller error in the parabolic case, due to the
higher smoothness in this case, compared to the elliptic case.

• The ”intermediateness” of the elliptic case with respect to sparseness can
be understood well for the patterns in the zoomed images in Figure 7. In
”matrix language”, the parabolic case (a) corresponds to a sparse matrix,
the hyperbolic case – to an essentially full matrix, and the elliptic case –
to a cluster matrix, i.e., a sparse block matrix such that every block is a
full matrix.
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