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Abstract: Properties of the connection preserving map in n-dimensional
Euclidian space En are given by Hicks [2-3]. Also, algebraic invariants of the
Weingarten operators are researched by Hacısalihoğlu [1], under the connection
preserving map.

In this paper, it was proved that a conformal map defined on the semi-
Riemannian manifolds is a connection-preserving map if and only if it is ho-
mothety. Using this property, invariants of Weingarten maps on hypersurfaces
are investigated under the homothety defined in n-dimensional Lorenzian space
Ln.

AMS Subject Classification: 53C50
Key Words: semi-Riemannian manifold, Lorenzian space, homothety, connec-
tion-preserving map

1. Introduction

Let M be a smooth C∞-manifold and <,> be metric tensor with constant
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index1 on M . Then an ordered pair (M,<,>) is called the semi-Riemannian

manifold. Let f : M → M̄ be a smooth C∞-mapping of the semi-Riemannian
manifolds M and M̄ . If there exists some function h ∈ C(M,R) such that

< f∗(Xp), f∗(Yp) >= h(p) < Xp, Yp > ,

for all p ∈ Mand all vectors Xp, Yp ∈ TM (p), then f is called conformal map.

A diffeomorphism f : M → M̄ such that

< f∗(Xp), f∗(Yp) >= h < Xp, Yp >

for some constant h 6= 0 is called homothety of coefficient h.

Let D and D̄ be the the Levi-Civita connections of the semi-Riemannian
manifolds M and M̄ , respectively. If the map f : M → M̄ satisfies the condition

f∗(DXY ) = D̄f∗(X)f∗(Y ) ,

then f is called connection preserving map, where f∗ is the Jacobian map of f ,
[4].

2. The Properties of the Homothety

and Connection Preserving Maps

2.1.

Let M and M̄ be the semi-Riemannian manifolds. We suppose that the diffeo-
morphism f : M → M̄ is a connection preserving conformal map. Let Y be a
unit vector field on a neighborhood U of p ∈ M . Then we can write

f∗(X)[< f∗(Y ), f∗(Y ) >]

=< D̄f∗(X) f∗(Y ), f∗(Y ) > + < f∗(Y ), D̄f∗(X)f∗(Y ) > , (1)

or

f∗(X)[ε0h(p)] = 2 < f∗(DXY ), f∗(Y ) > ,

or

f∗(X)[ε0h(p)] = h(p) X[< Y, Y >], ∀p ∈ M ,∀X ∈ χ(M),

where ε0 =< Y, Y >=

{

+1, Y spacelike vector ,

−1, Y timelike vector .
.

1The index ν of scalar product <, > on a scalar product spaceV is the largest integer
that is the dimension of a subspace W ⊂ V on which <, >W is negative definite. It is
generally to refer to the index ν of the scalar production <, > of V as the index of V , writing
0 ≤ ν = ind V ≤ dim V . A scalar product space V 6= {0} has an orthonormal basis and the
number of negative vectors in basis {e1, e2, ..., en} of V is equal to index ν of V , [4].
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Then, we can say that h ∈ C∞(M,R) is a constant function. That is, f is
homothety.

Now we suppose that f : M → M̄ is homothety. Since X[< Y, Y >] = 0,
we can write

< DXY, Y >= 0.

Then we obtain

< f∗(DXY ), f∗(Y ) >= 0. (2)

Using equation (1) we have

f∗(X)[ε 0h] = 2 < D̄f∗(X)f∗(Y ), f∗(Y ) >,

or

< D̄f∗(X)f∗(Y ), f∗(Y ) >= 0. (3)

With help of equations (2) and (3), we can say that f is a connection preserving
map.

So, we can give the following theorem.

Theorem 1. Let M and M̄ be the semi-Riemannian manifolds and let the
diffeomorphism f : M → M̄ be C∞-conformal map. Then f is a connection
preserving maps if and only if it is a homothety.

2.2.

Throughout this study, N and N̄ will be taken as unit normal vector fields of
hypersurfaces M and M̄ in n-dimensional Lorenzian space2 Ln, respectively.
Furthermore, the map f : Ln → Ln will be considered as a homothety (with
the homothety rate h = ε ‖f∗(N)‖2, ε =< N,N >) satisfying the condition
f(M) = M̄ . So, with the help of Theorem 1, we can give for the homothety f

the following theorem.

Theorem 2. Let S and S̄ be Weingarten maps on the hypersurfaces M

and M̄ in Ln, respectively. Then

f∗(S(X)) =
√

|h| S̄(f∗(X)) (4)

for allX ∈ χ(M).

2If ν = 1 and dim V ≥ 2 then V is called the Lorenzian space. If V = R
n then, R

n is
a Lorenzian space corresponding to the Lorenzian metric defined by <, >: R

n × R
n → R,

< X, Y >=
n−1
P

i=1

xiyi − xnyn, for X = (xi), Y = (yi) ∈ R
n, 1 ≤ i ≤ n and denoted by Ln.
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Proof. The Jacobian map of the homothety f transforms a unit normal
vector field of hypersurface M into a unit normal vector field of hypersurface
M̄ . From Theorem 1, f is a connection-preserving map. Then, we can write

f∗(S(X)) = f∗(−DXN) = −D̄f∗(X)f∗(N),

or

f∗(S(X)) = ‖f∗(N)‖ (−D̄f∗(X)N̄).

Using equality ‖f∗(N)‖ =
√

|h|, we obtain equation (4).

Corollary 1. The homothety f transforms the directions of curvature and
the line of curvature on M into the directions of curvature and the line of cur-
vature on M̄ , respectively. Also, f transforms the conjugate directions and the
asymptotic directions on M into the conjugate directions and the asymptotic
directions on M̄ , respectively.

Corollary 2. From equation (4), we obtain,

S̄ =
1

√

|h|
f∗ ◦ S ◦ f−1

∗ (5)

and for the characteristic polynomials PS and PS̄ of S and S̄, respectively, we
get

PS(µ
√

|h|) = |h|n−1/2
PS̄(µ). (6)

If X1,X2, ...,Xn−1 ∈ χ(M) are the directions of curvature on hypersurface
M and ki are the functions of principal curvature corresponds to Xi, 1 ≤ i ≤
n−1, then

{

f∗(X1)√
|h|

,
f∗(X2)√

|h|
, ...,

f∗(Xn−1)√
|h|

}

is a basis of χ(M̄ ). From equation (4),

we can write

S̄(f∗(Xi) =
ki

√

|h|
f∗(Xi) .

So, we can give the following theorems.

Theorem 3. Let S and S̄ be Weingarten maps on the hypersurfaces M

and M̄ in Ln, respectively. For the matrixes of linear functions S and S̄, we get

S =
√

|h| S̄. (7)

Theorem 4. The homothety f transforms umbilic points on M into umbilic
points on M̄ .

Proof. Let p be umbilic point on M . Then there exists a vector field
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Zp ∈ T⊥
M (p) such that

II(Xp, Yp) =< Xp, Yp > Zp, for all Xp, Yp ∈ T⊥
M (p),

where II is the shape tensor (or second fundamental form tensor), see [4]. We
can also write

II(f∗(Xp), f∗(Yp)) = nor D̄f∗(Xp)f∗(Yp).

With the help of the equality f∗(nor DXp
Yp) = nor(f∗(DXp

Yp)) (see [4]) we get

II(f∗(Xp), f∗(Yp)) = f∗(norDXp
Yp).

Using II(Xp, Yp) = norDXp
Yp, we find

II(f∗(Xp), f∗(Yp)) = f∗(< Xp, Yp > Zp).

Since the Jacobian map f∗ is a linear function and f is homothety, there exists
a vector field Z̄f(p) = f∗(

1
hZp) ∈ T⊥

M̄
(f(p)) such that

II(f∗(Xp), f∗(Yp)) =< f∗(Xp), f∗(Yp) > f∗(
1

h
Zp)).

Then we can say that f(p) is an umbilical point of M̄ .

Similarly, the homothety f preserves flatness.
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