
International Journal of Pure and Applied Mathematics
————————————————————————–
Volume 45 No. 3 2008, 329-338

ON THE CONVERGENCE OF ASYNCHRONOUS PARALLEL
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Abstract: As a synchronization parallel framework, the parallel variable
transformation (PVT) algorithm is effective to solve unconstrained optimization
problems. In this paper, based on the idea that a constrained optimization
problem is equivalent to a differentiable unconstrained optimization problem by
introducing the Fischer function, we propose an asynchronous PVT algorithm
for solving large-scale linearly constrained convex minimization problems. This
new algorithm can terminate when some processor satisfies terminal condition
without waiting for other processors. Global convergence of the new algorithm
is established under suitable assumptions.
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1. Introduction

In this paper, we consider the following constrained minimization problem
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min f(x)
s.T. Ax = b,

xi ≥ 0, i ∈ I = {1, 2, · · · , n} ,
(1)

where f : Rn −→ R is a twice continuously differentiable convex function, and
A ∈ Rm×n, b ∈ Rm.

In case n and m are of small or medium size, problem (1) is usually solved
using active set method, for example Fletcher [3] or Gill, Murray and Wright
[6]. However, if n and m are large, active set methods are costly or even impos-
sible since they are based on matrix factorizations. Friedlander, Mart́ınez and
Santos [4] and Kanzow [7] used unconstrained minimization techniques to solve
(1). However, in practical application, when n and m are specially large, trust
region method [4] or limited memory BFGS method [7] are prohibitively costly
to solve a differentiable unconstrained optimization problem with 2n+m vari-
ables on a single processor. Ferris and Mangasarian [1] proposed a parallel algo-
rithm for solving general nonlinear programming problem with block-separable
constraints based on the concept of PVD. In their algorithm, the variables
are distributed among several processors and each processor is responsible for
updating its assigned block of variables while allowing the other variables to
change in a restricted manner (PVD directions). Recently, Solodov [10] suc-
ceeded in establishing the corresponding results by replacing these restrictive
conditions with much weaker ones. At the same time, as an extension of the
methods in [1] and [10], Fukushima [5] built a general framework for designing
parallel algorithms for unconstrained minimization problems. The approach in
[5], called parallel variable transformation (PVT), made use of multiple trans-
formations of the variables into spaces of smaller dimension in such a way that
the latter spaces collectively span the space of original variables. At each it-
eration of the PVT algorithm, multiple candidate solutions are computed by
solving subproblems on the transformed spaces in parallel. Then the multiple
candidate solutions were used to generate an improved solution to the original
problem. Global convergence and linear rate of convergence of the algorithm
were established under suitable conditions. In this paper, based on the similar
idea of [4] and [7] we propose a special asynchronous PVT algorithm for solv-
ing (1), which is a large-scale problem. Global convergence is established under
suitable assumptions.

This paper is organized as follows. In Section 2, we prove that it is possible
to rewrite problem (1) as an unconstrained optimization problem. In Section 3,
a special asynchronous PVT algorithm is proposed and its global convergence
is established under some basic assumptions.
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Note. The ‖·‖ denotes the Euclidian norm of vectors and matrices through-
out this paper. For a differentiable function f : Rn −→ R, we use ▽f to
denote the n-dimensional vector of partial derivatives with respect to x, and
▽lf denote the nl-dimensional vector of partial derivatives with respect to
xl ∈ Rnl , l = 1, · · · , p. If f is once continuously differentiable on Rn, we say
f ∈ C1(Rn).

2. Equivalent Unconstrained Optimization Problem

Since f is convex, the Karush-Kuhn-Tucher conditions are necessary and suf-
ficient for x being a global minimizer of (1). Friedlander et el [4] used the
KKT-conditions to construct an exact penalty function which defined a primal-
dual box-constrained optimization problem with 2n+m variables. Kanzow [7]
establishes another unconstrained optimization problem which is equivalent to
problem (1) using Fischer’s function [2].

2.1. Unconstrained Problem

Let φ(a, b) : R2 −→ R denote the square of Fischer’s function, that is,

φ(a, b) = (φF (a, b))2 , (2)

where

φF (a, b) =
√

a2 + b2 − a− b .

Theorem 1. (see [7]) (i) φ is continuously differentiable for all (a, b) ∈ R2,
in particular ∇φ(0, 0) = (0, 0).

(ii) φ(a, b) ≥ 0, ∀(a, b) ∈ R2.

(iii) φ(a, b) = 0 ⇐⇒ a ≥ 0, b ≥ 0, ab = 0.

(iv) ∂φ
∂a

(a, b)∂φ
∂b

(a, b) ≥ 0, ∀(a, b) ∈ R2.

(v) ∂φ
∂a

(a, b)∂φ
∂a

(a, b) = 0 =⇒ φ(a, b) = 0.

Due to Theorem 1 (ii) and (iii), Kanzow [7] rewrites the KKT conditions of
problem (1) as the unconstrained minimization problem

minΨI(x, u, λI)

=
1

2
{α‖∇f(x) +ATu− λI‖

2 + β‖Ax− b‖2 + γ
∑

i∈I

φ(xi, λi)} . (3)

Here α, β, γ are positive constants which can be chosen arbitrarily and do not
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act as penalty parameters. Computationally, it is often more useful to replace
the constants α, β and γ by diagonal scaling matrices. Moreover, the function
ΨI is continuously differentiable and can be evaluated at any vector (x, u, λI).
It is different from several well-known exact penalty and augmented Lagrangian
functions.

2.2. Equivalent Theorem

The following result is a direct consequence of Theorem 1 and the definition of
ΨI .

Theorem 2. If f ∈ C2(Rn) is convex and Ax = b is consistent, then
(x∗, u∗, λ∗I) is a KKT point of (1) if and only if (x∗, u∗, λ∗I) is a stationary point
of ΨI .

Proof. Let λI = (λi, i ∈ I). Suppose that (x∗, u∗, λ∗I) is a KKT point of (1),
then

∇f(x∗) +ATu∗ − λ∗I = 0
Ax∗ = b

x∗iλ
∗
i = 0, x∗i ≥ 0, λ∗i ≥ 0 (i ∈ I).

(4)

Without loss of generality, we assume that α = β = γ = 1. According to
Theorem 1 (i), function ΨI is continuously differentiable. Using the last three
formulas of (4) and Theorem 1 (iii), we obtain

φ(x∗i , λ
∗
i ) = 0 (i ∈ I). (5)

According to the definition of φ(a, b), this means that (x∗i , λ
∗
i ) are global

minimizers of function φ. Consequently, we have

∇φ(x∗i , λ
∗
i ) = 0 (i ∈ I) , (6)

that is
∂φ

∂xi

(x∗i , λ
∗
i ) = 0 ,

∂φ

∂λi

(x∗i , λ
∗
i ) = 0 (i ∈ I) . (7)

Let ei (i ∈ I) denote the i-th column vector of the identity matrix In, then
we obtain from (4) and (7) that

∇2f(x∗)(∇f(x∗) +ATu∗ − λ∗I) +AT (Ax∗ − b) +
∑

i∈I

∂φ

∂xi

(x∗i , λ
∗
i )ei = 0 , (8)

A(∇f(x∗) +ATu∗ − λ∗I) = 0 , (9)

− (∇f(x∗) +ATu∗ − λ∗I) +
∑

i∈I

∂φ

∂λi
(x∗i , λ

∗
i )ei = 0 . (10)



ON THE CONVERGENCE OF ASYNCHRONOUS PARALLEL... 333

Hence, we have

∇ΨI(x
∗, u∗, λ∗I) = 0.

On the other hand, if (x∗, u∗, λ∗I) is a stationary point of ΨI , then (8), (9)
and (10) are obvious.

By pre-multiply (8) with (∇f(x∗) + ATu∗ − λ∗I)
T , and using (9) and (10)

we obtain

(∇f(x∗) +ATu∗ − λ∗I)
T∇2f(x∗)(∇f(x∗) +ATu∗ − λ∗I)

+
∑

i∈I

∂φ

∂xi
(x∗i , λ

∗
i )
∂φ

∂λi
(x∗i , λ

∗
i ) = 0 . (11)

Since f is a twice continuously differentiable convex function, the Hessian ma-
trix ∇2f(x∗) is positive semi-definite. Thus, we get from (11) and Theorem
1(iv)

∂φ

∂xi
(x∗i , λ

∗
i )
∂φ

∂λi
(x∗i , λ

∗
i ) = 0 (i ∈ I) . (12)

From Theorem 1(v), (5) is true.

Hence, it follows from Theorem 1(iii) that the last three formulas of (4)
hold.

According to the definition of φ(a, b), this means that (x∗i , λ
∗
i ) (i ∈ I) are

global minimizers of function φ. Thus (7) is true. According to (10) we obtain
the first formula of (4).

Then, (8) can be rewritten as

AT (Ax∗ − b) = 0 .

This means that x∗ satisfies the sufficient and necessary optimality conditions
of the convex quadratic programming problem

min
x∈Rn

1

2
‖Ax− b‖2 .

Since the linear system Ax = b is consistent, it follows that the second formula
of (4) holds.

Hence (x∗, u∗, λ∗I) is a KKT point of (1).

According to Theorem 2, the constrained optimization (1) is equivalent to
a differentiable unconstrained optimization problem with 2n+m variables.
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3. Partial Asynchronous PVT Algorithm

In this section, we present an asynchronous PVT algorithm to solve problem
(1). Suppose that the algorithm is implemented on p processors, where p is
an arbitrary positive integer. Each iteration of the algorithm consists of a
parallelization phase and a synchronization phase. In the parallelization phase,

if there exists some processor l0 ∈ {1, 2, · · · , p} such that ∇ϕ
(i)
l0

(0) = 0, our
algorithm will terminate without waiting for other processors.

3.1. PVT Algorithm for Unconstrained Minimization

The following PVT steps are defined for solving the unconstrained smooth
minimization problem, min

x∈Rn
f(x), see [5].

Algorithm 3.1

Step 0 (Initialization)
Given an initial point x(0) ∈ Rn and set k := 0.
Step 1 (Parallel)

For each l ∈ {1, 2, · · · , p}, choose an n ×ml matrix A
(k)
l ,

p
∑

l=1

ml ≥ n. And find

an approximate solution y
(k)
l ∈ Rml to the minimization problem

minϕ
(k)
l (yl) ≡ f(A

(k)
l yl + x(k)).

If ∇lϕ
(k)(0) = 0, for all l ∈ {1, 2, · · · , p}, then stop. Otherwise, go to step 2.

Step 2 (Synchronization)
Find an approximate solution zk to the minimization problem

minψ(k)(z) ≡ f(Ekz) .

Set xk+1 = Ekzk, Ek is an n × (p − 1) matrix whose columns consisting of

x(k) and A(k)y
(k)
l + x(k), l = 1, · · · , p .z(k) = (z

(k)
0 , z

(k)
1 , · · · , z

(k)
p )T ∈ Rp+1. Set

k := k + 1, loop at step 1.

3.2. APVT Algorithm for Linearly Constrained Optimization

We rewrite (3) as follows

min
z∈R2n+m

h(z) = min ΨI(x, u, λI ), x ∈ Rn, u ∈ Rm, λI ∈ Rn. (13)

Algorithm 3.2

Step 0 (Initialization)
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Choose an initial point z(0) ∈ R2n+m and set i := 0. Let p be the number of
parallel processors.
Step 1 (Parallel)
For each l ∈ {1, 2, · · · , p}, find an approximate solution yi

l ∈ Rnl+p−1 to the
minimization problem

min
yi

l
∈Rnl+p−1

ϕi
l(yl) = h(Ai

lyl + zi) , (14)

where

Ai
l =

(

Il 0
0 Di

l̄

)

∈ R(2n+m)×(nl+p−1) (15)

Il is an nl ×nl identity matrix, and nl is the number of the l-th block variables,
Di

l̄
is a matrix composed of negative gradient on zi, that is

Di
l̄
= diag(di

1, d
i
2, · · · , d

i
l−1, d

i
l+1, · · · , d

i
p) ,

where

di
l = −∇lh(z

i), l = 1, 2, · · · , p

and −∇lh(z
i) denotes the vectors of partial derivative of h(z) on block zl.

If there exists l0 ∈ {1, 2, · · · , p} such that ∇ϕi
l0
(0) = 0, then stop.

If there exists lj ∈ {1, 2, · · · , p} such that ϕi
lj
(yi

lj
) satisfies the descent condition

ϕi
lj
(yi

lj
) ≤ ϕi

lj
(0) − σlj‖∇ϕ

i
lj
(0)‖2 , (16)

where σl is a positive constant, go to step 2.
Step 2 (Synchronization)
Compute zi+1 such that the following condition is satisfied

h(zi+1) ≤ min
lj
ϕi

lj
(yi

lj
) + λ(min

lj
σlj )‖∇h(z

i)‖2 , (17)

where λ ∈ (0, 1) is a constant, yi
lj

is an approximate solution of the subproblem
on processor lj . Set i = i+ 1, return to step1.

We presume that nl, the number of variables in each subproblem (14), is
significantly smaller than n, the number of variables in problem (1).

To establish global convergence of the PVT algorithm, we need the following
assumptions:

(A1) Suppose that each block diagonal elements of the matrix Di
l̄
, di

t(t =

1, 2, · · · , p, t 6= l) satisfy ‖di
t‖2 = 1.

(A2) for each l, there exists a constant λl ≥ 0 such that

‖Ai
l‖ ≤ λl for all i = 0, 1, · · · .

For ∀y ∈ Rn, let di
l = − yl

‖yl‖
, then (A2) is easy to satisfy. Hence, similar to
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the proof of Fukushima [5], the decreasing condition (16) can always be satisfied
if the algorithm does not stop at step 1.

Theorem 3. Suppose that, at each iteration of the asynchronous PVT
algorithm, subproblem (14) is solved in step 1. Assume in addition that con-
ditions (A1) and (A2) are satisfied. Then Algorithm 3.2 either terminates at a
stationary point of problem (3) or generates an infinite sequence {zi} such that
lim
i→∞

∇h(zi) = 0 and every accumulation point of {zi} is a stationary point of

problem (3).

Proof. First, suppose that the algorithm terminates at iteration i. Then
there must exist l0, such that ∇ϕi

l0
(0) = 0.

From (14) in step 1 of Algorithm 3.2, we obtain

(Ai
l0

)T∇h(zi) = 0 .

According to assumption (A1) we have

di
l = −

∇lh(z
i)

‖∇lh(zi)‖
.

Hence, it follows from assumption (A2) that

‖∇h(zi)‖ = ‖(Ai
l0

)T∇h(zi)‖ = 0,

that is,

∇h(zi) = 0 .

This means that zi is a stationary point of problem (3).

Next, suppose that Algorithm 3.2 generates an infinite sequence {zi}. Then,
for each i,∇h(xi) 6= 0 and hence ‖∇h(zi)‖ > 0.

Since the decreasing condition (16) and assumption (A1) are satisfied, (A2)
guarantees that

h(zi) − ϕi
lj
(yi

lj
) = ϕi

lj
(0) − ϕi

lj
(yi

lj
) ≥ σlj‖∇h(z

i)‖2 .

Hence,

h(zi) − min
lj
ϕi

lj
(yi

lj
) ≥ σlj‖∇h(z

i)‖2 ≥ (min
lj
σlj)‖∇h(z

i)‖2 . (18)

It follows from (17) and (18) that

(min
lj
σlj )‖∇h(z

i)‖2 ≤ h(zi) − min
lj
ϕi

lj
(yi

lj
) ≤ h(zi) − [h(zi+1)

−λ(min
lj
σlj )‖∇h(z

i)‖2] = h(zi) − h(zi+1) + λ(min
lj
σlj)‖∇h(z

i)‖2 . (19)
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Hence,

h(zi) − h(zi+1) ≥ (1 − λ)(min
lj
σlj )‖∇h(z

i)‖2 .

Since λ ∈ (0, 1) and ∇h(zi) 6= 0 for all i, it follows that

h(zi) − h(zi+1) ≥ c‖∇h(zi)‖2 , (20)

where c = (1 − λ)(min
lj
σlj ) > 0.

(20) implies that {h(zi)} is a monotone decreasing sequence. For the special
case of (3), {h(zi)} is also a sequence with lower bound.

Hence, we obtain that {h(zi) − h(zi+1)} → 0, which together with (20)
implies that lim

i→∞
∇h(zi) = 0. And, Theorem 2 shows that ∇h(z) is continuous.

Therefore, every accumulation point of the sequence {zi} is a stationary point
of problem (3).

Corollary 4. Every accumulation point of {zi} produced by Algorithm
3.2 is a KKT point of (1).

We can easily obtain that the stationary point produced by Algorithm 3.2
is a KKT point of (1) according to Theorem 2. So the global convergence of
our algorithm for (1) is presented.
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