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Abstract: In a previous study, we developed various ranking schemes based
on the Perron-Frobenius Theorem. These methods will be applied to cases in
which teams or individuals have the same ranking or score for the results of
a sport match or exam. The absolute ranking method is one of the ranking
schemes applied to the scores obtained by students. If this method is applied,
clear ranking will be determined even among students who achieved the same
score, but the ranking does not depend on the order of high score because of
the characteristic of the generation process of absolute ranking. Therefore, we
introduce a method of generating a controlled absolute ranking that coincides
with the order of high score with the maximum influence of the characteristic
of absolute ranking.

AMS Subject Classification: 15A48
Key Words: ranking, Perron-Frobenius

1. Introduction

In general, a ranking for the elements of a set is obtained through either
competition or trial. Such sets, referred to herein as constructed sets and de-
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noted by A, include examples such as baseball teams and classes of students.
If the set A is a class of students and the competition or trial is an exam in
some subject, the ranking will be based on the scores achieved by the students.
The simplest method is to generate the ranking according to the score, which
is referred to as normal ranking. This ranking scheme has the advantage of
simplicity and provides an understanding of the overall trends of a class. How-
ever, differences in ability among the students belonging to set A are difficult to
observe. Since exams contain problems of varying difficulty, we cannot deter-
mine the ability of an individual student without investigating the distribution
of scores achieved by all students for individual problems. As a solution to this
problem, we have proposed the following two ranking methods (see [5]):

(I) Absolute Ranking Method. The ranking generated by this method de-
pends on the success in obtaining scores for difficult problems.

(II) Relative Ranking Method. This ranking generated by this method re-
flects the relative superiority of one of two students for each problem.

The absolute ranking method (I) reflects the ability to successfully answer
difficult problems directly in the ranking among the students in A. On the
other hand, the relative ranking method (II) has the characteristic, whereby a
student who achieves uniformly high scores for each problem has a high rank
among the students in A. The mathematical foundation of these two ranking
methods comes from the Perron-Frobenius Theorem (see [1], [7]) for a non-
negative irreducible matrix. Using these ranking methods, we obtain a clear
and unique ranking even among students who achieved identical scores (see [8]).
However, the ranking does not depend on the order of high score because of the
characteristic of the generation process of these rankings. The rate of differ-
ences in order between the absolute ranking and the normal ranking is higher
than that between the relative ranking and the normal ranking for almost all
application examples. We then select the absolute ranking method and present
the method of generating the ranking, which is based on the normal ranking
with the maximum influence of the characteristic of the absolute ranking. We
refer to the ranking generated by this method as the controlled absolute ranking

method (CARM). Here, in the process of generating this ranking, the results
of exam are applied as data. With regard to the form of exam, we adopt the
multiple choice form, which has a high probability with respect to the existence
of students who achieved the same scores. That is, adopting the multiple choice
form allows the results of the present study to be expressed more clearly. This
form is composed of questions for which the examinee chooses the correct an-
swer from several candidates for a single question. This type of question allows
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the exam to be scored easily, so many examiners select the multiple choice for-
mat. In testing students by multiple choice form, some of the features of the
testing exam are as follows:

(a) An answer can be obtained with no consideration of choice for a question.

(b) Several students will achieve the same score because partial scores for
one question are not considered.

As mentioned earlier, (b) is solved by the controlled absolute ranking method.
The method of solving (a) is described in Section 3.

2. Absolute Ranking Method

Before presenting CARM, we introduce both the absolute ranking method and
the disadvantage in applying the absolute ranking method. We first present
the method of the irreducible matrix in order to apply the Perron Frobenius
Theorem.

2.1. Irreducible Matrix

In this subsection, we present the method of generating an irreducible matrix,
referred to herein as the absolute evaluation matrix. Let A = {a(i) | i =
1, 2, · · · n} be the set of students, and let Q = {a(j) | j = n + 1, n + 2, · · ·m} be
the questions. From the relation between the scores achieved by students and
the overall scores for the question, we create the square evaluation matrix

Mabs(A) = {mabs(A)[i, j]}1≤i≤n, n+1≤j≤n+m

according to the following rule:

mabs(A)[i, j] =







a (i ; j) (1 ≤ i ≤ n, n + 1 ≤ j ≤ n + m) ,
k − a (j ; i) (n + 1 ≤ i ≤ n + m, 1 ≤ j ≤ n) ,
0 otherwise ,

(1)

where a(i; j) shows the score that student a(i) achieved on question a(j) and
the value of k shows the full points for each question. In the present paper, we
refer to the matrix Mabs(A) as the absolute evaluation matrix corresponding to
the constructed set A.
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a(4) a(5) a(6) Total

a(1) 10 3 10 23
a(2) 9 6 7 22
a(3) 8 5 9 22

Mean 9.0 4.7 8.7

Table 1: Relation between students and questions

2.2. Example of Generating an Absolute Evaluation Matrix

Table 1 shows the scores in mathematics for three students,

A = {a(1), a(2), a(3)}.

The exam has three problems,

Q = {a(4), a(5), a(6)},

and ten marks are assigned to each question. From Table 1, we can create the
absolute evaluation matrix Mabs(A) as follows:

Mabs(A) =

















0 0 0 10 3 10
0 0 0 9 6 7
0 0 0 8 5 9

0 1 2 0 0 0
7 4 5 0 0 0
0 3 1 0 0 0

















.

Using the power method (see [2], [6]), we have an eigenvector for matrix Mabs(A),
denoted by rabs(A), corresponding to the spectral radius λabs(A) as follows:

{

λabs(A) = 11.783,
rabs(A) = {0.392011, 0.49142, 0.458677, 0.11956, 0.594343, 0.164045} .

(2)
The ranking vector rabs(A) is normalized with respect to l2 − norm. The
first through third entries represent the degree of superiority for each student,
and the fourth through sixth entries represent the degree of difficulty for each
question. The ranking method obtained using this analysis is called the absolute

ranking method. The absolute ranking method provides a clear ranking, even
if some students have the same score. As shown in equation (2), the ranks of
a(2) and a(3), both of whom achieved scores of 22, are different, and the rank
of a(1) is lowest, even though a(1) achieved the highest score among the three
students. The reason for the occurrence of these phenomena is that the most



A CONTROLLED ABSOLUTE RANKING METHOD APPLIED... 271

difficult question is a(5), and a(2), who achieved the highest score for a(5), has
the highest ranking among students. As mentioned in Section 1, the absolute
ranking method (I) directly reflects the act of successfully answering difficult
problems in the ranking among the students, and the ranking generated by this
method is adjusted relative to the original ranking, which is determined by the
order of high score. Thus, we present the method of controlling the change of
ranking by applying weights to both students and questions.

3. Controlled Absolute Ranking Method

In this section, we not only present the method of generating the controlled
absolute ranking, we give the total balance of difficulty for each question. In
general, the difficulty of each question is induced by the investigation of the ratio
of correct answers for all students. However, this index for each question is not
sufficient to represent the degree of difficulty of a question, Because this index
cannot represent whether a given question is difficult or easy for an individual
student. Therefore, we introduce another index of difficulty for each question
by mixing the problem’s ranking with examiner’s ranking. In this way, we can
estimate whether the given exam is suitable for the examinees.

3.1. Analysis

Before presenting the CARM, we describe the treatment of (a). The exam
adopted herein has 10 questions and five possible answers are provided in
multiple-choice form. Since each question is worth 4 points, the penalty for
an incorrectly answered question is −1 point. Since the probability of the rate
of correct answers is 4/5 for one question, the expected value of the answer is

4

5
× (−1) +

1

5
× 4 = 0.

In this way, (a) will be solved. Applying this method, an examinee may obtain
−1 point, 0 point, or 4 points for a question, and the question may take 5
points, 4 points, or 0 point from the examinee.

3.1.1. Generate the Evaluation Matrix in CARM

Here, we present a method of generating an evaluation matrix in CARM. In
order to use the Perron-Frobenius Theorem, it is necessary for each element in
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−1 point 0 point 4 points 5 points

0.125 0.25 0.75 0.875

Table 2:

a matrix to be non-negative. Therefore, we adjust the possible points −1, 0, 4
and 5 for each question proportionally, according to the distribution of ten
scores shown in Table 2. Questions that are left blank appear to be difficult
questions rather than good questions for the examinees. Thus, in the present
study, we assign greater value to good questions that are answered incorrectly
than to difficult questions that are left blank.

Next, we will generate the evaluation matrix in CARM from Table 2. Let
A = {a(i)|i = 1, 2, · · · , n} (the number of examinees is n) be the set of exam-
inees and Q = {a(j)|j = n + 1, n + 2, · · · , n + m} (the number of questions
is m) be the set of questions. The elements of set A shall be placed in order
according to the highest total score on the exam. According to Table 2, we re-
set the actual number of points to a non-negative value and generate a square
evaluation matrix M = {m[i, j]} by rule(3) as follows:

m[i, j] =























a(i; j) (1 ≤ i ≤ n, n + 1 ≤ j ≤ n + m) ,
a(i; j) (n + 1 ≤ i ≤ n + m, 1 ≤ j ≤ n) ,
wa(i) (1 ≤ i ≤ n, 1 ≤ j ≤ n, i 6= j) ,

wa(j) (n + 1 ≤ i ≤ n + m, n + 1 ≤ j ≤ n + m, i 6= j) ,

0, otherwise ,

(3)

where a(i; j) refers to the score that a(i) achieved on a(j). The matrix M is
created from rule (3) as follows:

M =
(

WA A

Q WQ

)

. (4)

The matrix M is a block matrix. Matrices A and Q represent the adjusted
points between the scores examinees achieved and the scores questions took,
respectively. The entry wa(i) in Matrix WA represents the weight of student
a(i) with respect to student a(j) according to a comparison of a(i) and a(j).
In a similar manner, the value of wq(j) is obtained according to a comparison
between each question. By controlling weights wa(i) and wq(j), matrix M is
created. The method of generating the matrix of M is given by Step 1 through
Step 4, as follows:

Step 1. As a first step, let

wa(i) = wa(j) = 0 .
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This process is for the case in which the weight of both an examinee and a
question does not exist at all. We denote a matrix constructed by Step 1 as
M0, and an eigenvector corresponding to a spectral radius as

r0 = {r(0;i)| 1 ≤ i ≤ n + m}.

We refer to r0 as the ranking vector corresponding to M0. A ranking vector
is normalized with respect to l2-norm. The entries from 1 through n represent
the ability for each examinee, and the entries from n + 1 through n + m rep-
resent the difficulty of each question in {r(0;i)}1≤i≤n+m. Comparing the entries
in {r(0;i)}1≤i≤n+m, we can determine both the rankings of examinees and ques-
tions, respectively. However, from the process of generating these rankings, the
following problem occurs:

(c) It is possible that the generated ranking will not depend on the order
of high score of the examinees.

The absolute ranking presented earlier has a characteristic, whereby the
ranking of an examinee who achieves a high score for difficult problems has a
high score among the examinees. CARM provides a solution to (c), and through
the process of CARM, we present another index described earlier as follows:

(d) The index that shows the degree of difficulty of each question for indi-
vidual students.

CARM can generate a ranking depending on the scores examiners obtained
by maintaining the characteristic of the absolute ranking (I). The technique of
presenting CARM in order of Step 2, Step 3, and Step 4 is proposed. Here,
the corollary used in the process of the following analysis is as follow.

Corollary 1. If x = (x1, x2, · · · , xn)t, xi > 0, and ||x||2 = 1, then the

variance,

δ :=
1

n

n
∑

i=1

(

xi −

∑n
i=1 xi

n

)2
,

for the elements {x1, x2, · · · , xn} is obtained with ||x||1.

Proof.

δ =
1

n

n
∑

i=1

(

xi −

∑n
i=1 xi

n

)2
=

1

n

{

1 −
2(

∑n
i=1 xi)

2

n
+

(
∑n

i=1 xi)
2

n

}

=
1

n

{

1 −
(
∑n

i=1 xi)
2

n

}

=
1

n

(

1 −
||x||21

n

)

. �

Step 2. The ranking vector r0 is normalized with respect to l2-norm, so the
bias of entries in r0 is obtained from ||r0||1 by Corollary 1. Then, we define the
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biases of both examinees and questions as follows:

w(0;A) =
n

∑

k=1

r(0;k), w(0;Q) =
n+m
∑

k=n+1

r(0;k),

where w(0;A) represents the bias of the student and w(0;Q) represents the bias
of the questions.

To obtain an index in (d), we define the difficulty of each question. We can
estimate the macro difficulty of each question comparing entries from (n + 1)
through m in {r(0;i)| i = n + 1, n + 2, · · · , n + m}. However, this estimation
represents only one aspect of difficulty for each question because the difficulty of
each question for each student is not represented. Then, in order to generate a
new index of difficulty for each question, we will combine a difficulty ranking for
each question with the ranking of an examinee. We can thus estimate whether
each question is difficult for each student according to the combined rankings of
questions and students. To create this estimation, we first attempt to control
both the average bias for students and the average bias for questions, so that
these biases become nearly equal. Then, it is assumed that equation (5) is
satisfied between the entries in the ranking vector r0.

1

n

n
∑

k=1

r(0;k) <
1

m

n+m
∑

k=n+1

r(0;k) . (5)

From the assumption in equation (5), the average bias for questions is higher
than that for students. Therefore, adding a uniform weight d to all entries of the
matrix except the diagonal entries WA in the block matrix given in equation
(4), the potential of all students is controlled to be up. Since the diagonal
entries of WA shows the superiority over itself, the diagonal entries are all set
to 0. The optimal value of d∗ is found to change the value of d in increments
of 0.01 in order to make the values of both sides in equation (5) approximately
equal. The evaluation matrix generated by the determination of d∗ is set to
M1. Analyzing this matrix M1, (d) is solved. Next, a method of solving (c)
will be presented.

Step 3. From the investigation of the entries {r(1;i)| i = 1, 2, · · · , n} in the
ranking vector r1 corresponding to M1, the ranking inversion arises between
students’ rankings according to score and absolute ranking. Then, if the rank-
ings of a(i) and a(j) (i < j) are reversed, the uniform weight will be added to all
of the students {a(k)| k = 1, 2, · · · , i} until the ranking inversion phenomenon
of a(i) and a(j) will be corrected. Repeating these operation for students a(n)
to a(1), (c) is solved. The evaluation matrix generated by this technique is set
to M2.
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a(21) a(22) a(23) a(24) a(25) a(26) a(27) a(28) a(29) a(30) Total Rank1
a(1) 4 4 4 4 4 4 4 4 4 4 40 1
a(2) 4 4 -1 4 4 4 4 4 4 4 35 2
a(3) -1 4 4 4 4 4 4 4 4 4 35 2
a(4) 4 4 4 -1 4 -1 4 4 4 4 30 2
a(5) 4 4 -1 4 4 -1 4 4 4 4 30 2
a(6) 4 4 -1 4 0 -1 4 4 4 4 26 6
a(7) -1 4 4 -1 4 4 4 4 4 -1 25 7
a(8) 4 4 -1 -1 -1 4 4 4 4 4 25 7
a(9) 4 4 -1 4 4 -1 4 4 -1 4 25 7
a(10) 4 4 -1 -1 4 4 -1 4 4 4 25 7
a(11) 4 4 4 4 -1 -1 4 4 4 -1 25 7
a(12) 4 -1 4 -1 -1 4 4 4 4 4 25 7
a(13) 4 4 -1 4 0 -1 4 4 4 0 22 13
a(14) 4 0 -1 -1 4 4 4 4 4 -1 21 14
a(15) -1 4 4 4 4 -1 -1 4 4 -1 20 15
a(16) 4 4 4 -1 -1 -1 4 4 4 -1 20 15
a(17) 0 4 4 -1 4 0 4 0 4 0 19 17
a(18) 4 4 -1 -1 -1 -1 -1 4 4 4 15 18
a(19) -1 4 -1 -1 4 4 -1 -1 4 -1 10 19
a(20) 4 -1 -1 0 4 -1 -1 0 4 -1 7 20
Mean 3.0 3.5 1.5 1.5 2.6 1.5 3.0 3.6 4.0 2.1

Table 3: Relation between students and questions

Step 4. By the process of Step 3, the relation between the averages of
students and questions is represented in equation (6), as follows:

1

n

n
∑

k=1

r(2;k) >
1

m

n+m
∑

k=n+1

r(2;k). (6)

Then, in order to solve (d), adding a uniform weight d2 to all entries (except
the diagonal entries) of matrix WQ, until the value of both sides in equation
(6) is nearly equal. The evaluation matrix generated by this technique is set
to M3, and the controlled absolute ranking is generated by investigating the
entries of the ranking vector r3 corresponding to M3.

4. Data Analysis

In this section, the controlled absolute ranking that satisfies conditions (c) and
(d) is generated by applying the technique described in the preceding chapter.
Table 3 shows the results for the scores for 20 students, a(1), a(2), · · · , a(20).
The exam has ten problems, each of which has four possible scores.



276 I. Hofuku, K. Oshima

4.1. Data Analysis of Step 1

From Table 3, the evaluation matrix M0 is represented as follows:

M0 =
(

0 A0

Q0 0

)

, (7)

where A0 and Q0 are

A0 =



































3/4 3/4 3/4 3/4 3/4 3/4 3/4 3/4 3/4 3/4
3/4 3/4 1/8 3/4 3/4 3/4 3/4 3/4 3/4 3/4
1/8 3/4 3/4 3/4 3/4 3/4 3/4 3/4 3/4 3/4
3/4 3/4 3/4 1/8 3/4 1/8 3/4 3/4 3/4 3/4
3/4 3/4 1/8 3/4 3/4 1/8 3/4 3/4 3/4 3/4
3/4 3/4 1/8 3/4 1/4 1/8 3/4 3/4 3/4 3/4
1/8 3/4 3/4 1/8 3/4 3/4 3/4 3/4 3/4 1/8
3/4 3/4 1/8 1/8 1/8 3/4 3/4 3/4 3/4 3/4
3/4 1/8 3/4 3/4 1/8 3/4 3/4 1/8 3/4 3/4
3/4 3/4 1/8 1/8 3/4 3/4 1/8 3/4 3/4 3/4
3/4 3/4 3/4 3/4 1/8 1/8 3/4 3/4 3/4 1/8
3/4 1/8 3/4 1/8 1/8 3/4 3/4 3/4 3/4 3/4
3/4 3/4 1/8 3/4 1/4 1/8 3/4 3/4 3/4 1/4
3/4 3/4 1/4 1/8 1/8 3/4 3/4 3/4 3/4 1/8
1/8 3/4 3/4 3/4 3/4 1/8 1/8 3/4 3/4 1/8
3/4 3/4 3/4 1/8 1/8 1/8 3/4 3/4 3/4 1/8
1/4 3/4 3/4 1/8 3/4 1/4 3/4 1/4 3/4 1/4
3/4 3/4 1/8 1/8 1/8 1/8 1/8 3/4 3/4 3/4
1/8 3/4 1/8 1/8 3/4 3/4 1/8 1/8 3/4 1/8
3/4 1/8 1/8 1/4 3/4 1/8 1/8 1/4 3/4 1/8



































,

Q0 =

































1/4 1/4 7/8 1/4 1/4 1/4 7/8 1/4 1/4 1/4 1/4 1/4 1/4 1/4 7/8 1/4 3/4 1/4 7/8 1/4

1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 7/8 1/4 3/4 1/4 1/4 1/4 1/4 1/4 7/8

1/4 7/8 1/4 1/4 7/8 7/8 1/4 7/8 7/8 7/8 1/4 1/4 7/8 7/8 1/4 1/4 1/4 7/8 7/8 7/8

1/4 1/4 1/4 7/8 1/4 1/4 7/8 7/8 1/4 7/8 1/4 7/8 1/4 7/8 1/4 7/8 7/8 7/8 7/8 3/4

1/4 1/4 1/4 1/4 1/4 3/4 1/4 7/8 1/4 1/4 7/8 7/8 3/4 1/4 1/4 7/8 1/4 7/8 1/4 1/4

1/4 1/4 1/4 7/8 7/8 7/8 1/4 1/4 7/8 1/4 7/8 1/4 7/8 1/4 7/8 7/8 3/4 7/8 1/4 7/8

1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 7/8 1/4 1/4 1/4 1/4 7/8 1/4 1/4 7/8 7/8 7/8

1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 3/4 1/4 7/8 3/4

1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 7/8 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4

1/4 1/4 1/4 1/4 1/4 1/4 7/8 1/4 1/4 1/4 7/8 1/4 3/4 7/8 7/8 7/8 3/4 1/4 7/8 7/8

































.

The ranking vector r0 corresponding to the matrix M0 is generated. Column
r(0;i) in Table 4.3 represents the value of each entry. A column of Rank 1 give
the ranking with regard to only the set of students corresponding to r0. As
mentioned in Step 1, the generated ranking is a unique ranking of students,
even if some of the students have the same scores. In addition, in a few cases,
the student’s rank does not agree with student’s rank as determined by test
score.
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4.2. Data Analysis of Step 2

The matrix M0 described in the previous subsection is adjusted to solve (d) in
Step 1. Each of the values is obtained as follows:

1

20

20
∑

k=1

r(0;k) = 0.161741,
1

10

30
∑

k=21

r(0;k) = 0.207582. (8)

From equation (8), the average bias for all questions is higher than that for
all students. Therefore, a uniform weight is added to each entry in matrix
WA in order to increase the value of the average bias for students. Numerical
analysis reveals that the optimal value of d is 0.19, so that the values of both
sides in equation (5) are approximately equal. The entries of the ranking vector
r1 = {r(1;i)|1 ≤ i ≤ 30} corresponding to M1 is represented on a column of
r(1;i) in Table 4.3.

4.3. Data Analysis of Step 3

To solve (b) in Step 1, the matrix M1 is adjusted as follows:

M2 =
(

W′
A A0

Q0 0

)

, (9)

where matrix W′
A = {w′

A[i; j]} is

wA′[i; j] =































0.216 (1 ≤ i ≤ 6, 1 ≤ j ≤ 20, i 6= j) ,
0.203 (7 ≤ i ≤ 13, 1 ≤ j ≤ 20, i 6= j) ,
0.202 (i = 14, 1 ≤ j ≤ 20, i 6= j) ,
0.197 (15 ≤ i ≤ 16, 1 ≤ j ≤ 20, i 6= j) ,
0.190 (17 ≤ i ≤ 20, 1 ≤ j ≤ 20, i 6= j) ,
0 otherwise .

From the created matrix M2, entries {r(2;i)} of ranking vector r2 are obtained.
The column r(2;i) in Table 4.3 represents each entry of r(2;i), and a column of
Rank 2 represents the ranking among students corresponding to r2. As shown
in Table 4.3, Rank 2 is a better solution of (c), compared to Rank 1.
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r(0;i) r(1;i) r(2;i) r(3;i) Rank1 Rank2 Rank3

a(1) 0.231852 0.225524 0.229701 0.228096 1 1 4
a(2) 0.206188 0.209026 0.213714 0.212246 3 3 6
a(3) 0.214075 0.214232 0.218788 0.217112 2 2 5
a(4) 0.181572 0.193064 0.198327 0.196974 4 4 8
a(5) 0.180863 0.192726 0.197933 0.196594 5 5 9
a(6) 0.164912 0.182518 0.188053 0.186702 9 6 10
a(7) 0.167414 0.183924 0.184690 0.183288 8 9 14
a(8) 0.161294 0.180106 0.180896 0.179646 12 12 17
a(9) 0.168196 0.184723 0.185309 0.183875 7 8 13
a(10) 0.164463 0.181870 0.182658 0.181339 11 11 16
a(11) 0.164883 0.182317 0.183061 0.181722 10 10 15
a(12) 0.172391 0.187236 0.187833 0.186296 6 7 11
a(13) 0.147548 0.171200 0.172257 0.171049 15 13 18
a(14) 0.147874 0.171223 0.171973 0.170670 14 14 19
a(15) 0.150274 0.172789 0.171636 0.170207 13 15 20
a(16) 0.139927 0.166157 0.165183 0.164018 17 16 21
a(17) 0.143978 0.168750 0.165089 0.163776 16 17 23
a(18) 0.119198 0.152811 0.149561 0.148466 18 18 25
a(19) 0.111139 0.147403 0.144429 0.143029 19 19 26
a(20) 0.0967842 0.138065 0.135333 0.133993 20 20 28
a(21) 0.190994 0.162730 0.160398 0.163895 22
a(22) 0.156499 0.135008 0.133165 0.137405 27
a(23) 0.275729 0.237752 0.234982 0.236500 1
a(24) 0.268117 0.232884 0.229185 0.230836 3
a(25) 0.214224 0.183873 0.181520 0.184502 12
a(26) 0.272087 0.234895 0.231959 0.233563 2
a(27) 0.180176 0.158448 0.155660 0.159276 24
a(28) 0.148706 0.130087 0.127872 0.132242 29
a(29) 0.136089 0.115333 0.113975 0.118761 30
a(30) 0.233198 0.203880 0.200429 0.202838 7

Table 4: Results of ranking vector

4.4. Data Analysis of Step 4

Finally, to solve (d), the matrix M2 is reformed in accordance with Step 4, as
follow:

M3 =
(

W′
A A0

Q0 WQ

)

, (10)

where the matrix WQ = {wQ[i, j]} is

wQ[i; j] =

{

0.04 (21 ≤ i, j ≤ 30, i 6= j) ,
0 otherwise .

The column r(3;i) in Table 4.3 represents each entry of ranking vector r3 cor-
responding to M3, and a column of Rank 3 represents the final ranking by
investigating the value of entries in r(3;i), (1 ≤ i ≤ 30). Since Rank 3 repre-
sents a ranking that combines students and questions, comparing the order of
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questions with that of students provides an estimate of the degree of difficulty
for each question. From Rank 3, it is determined that there is a tendency for
the ranking of a question is concentrated slightly at the higher rank and the
low rank.

5. Conclusion

In the present paper, we proposed a mathematical model that determines a
clear ranking, even among students who achieve identical scores on a test. The
difficulty of an exam is generally evaluated using the average, deviation score,
etc., and the difficulty of each test question is estimated based on the ratio
of correct answers for all students within the set of all questions. Thus, these
methods cannot represent how the difficulty of each question with respect to an
individual student. CARM indicates that an examinee who has a ranking higher
than a certain question means that the examinee should be able to solve the
question, and that a question having a higher ranking than certain examinees
means that these examinees should not be able to answer these questions. We
were able to observe a mixed ranking involving all examinees and all questions
in a group.
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