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Abstract: Near-exact retro Banach frames has been discussed with the help
of examples. A Krein-Milman-Rutman type stability result for retro Banach
frames has been obtained. Finally, it has been proved that a block sequence
with respect to a retro Banach frame can be extended to a retro Banach frame.

AMS Subject Classification: 42C15
Key Words: retro Banach frame, Banach frame, frame

1. Introduction

Frames for Hilbert spaces were introduced by Duffin and Schaeffer [4]. Coifman
and Weiss [3] introduced the notion of atomic decomposition for function spaces.
Feichtinger and Gröchenig [5] extended the notion of atomic decomposition to
Banach spaces. Gröchenig [6] introduced a more general concept for Banach
spaces called Banach frame. Banach frames were further studied in [1, 2, 8].
Retro Banach frames were introduced and studied in [7].

In the present paper, we study retro Banach frames and prove a stability
condition of Krein-Milman-Rutman type for retro Banach frames. Finally, we
consider block sequences with respect to a retro Banach frame and prove that
a block sequence with respect to a retro Banach frame can be extended to a
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retro Banach frame.

2. Preliminaries

Throughout this paper, E will denote a Banach space over the scalar field K

(R or C), E∗ the conjugate space of E, [xn] the closed linear span of {xn} in

the norm topology of E, [f̃n] the closed linear span of {fn} in the σ(E∗, E)-
topology of E∗, Ed and (E∗)d, respectively, the associated Banach spaces of the
scalar-valued sequences indexed by N. A sequence {fn} in E∗ is said to be total
over E if {x ∈ E : fn(x) = 0, n ∈ N} = {0}.

Lemma 2.1. (see [9]) If E is a Banach space and {fn} ⊂ E∗ is total over

E, then E is linearly isometric to the associated Banach space Ed = {{fn(x)} :
x ∈ E}, where the norm is given by ‖{fn(x)}‖Ed

= ‖x‖E , x ∈ E.

Finally, in this section, we give the definition of a retro Banach frame in-
troduced in [7].

Definition 2.2. Let E be a Banach space and E∗ be its conjugate
space. Let (E∗)d be a Banach space of scalar valued sequences associated with
E∗, indexed by N. Let {xn} ⊂ E and T : (E∗)d → E∗ be given. The pair
({xn}, T ) is called a retro Banach frame for E∗ with respect to (E∗)d if

(i) {f(xn)} ∈ (E∗)d, for each f ∈ E∗.

(ii) There exist positive constants A and B with 0 < A ≤ B < ∞ such that

A‖f‖E∗ ≤ ‖{f(xn)}‖(E∗)d
≤ B‖f‖E∗ , f ∈ E∗ . (2.1)

(iii) T is a bounded linear operator such that T ({f(xn)}) = f , f ∈ E∗ .

The positive constants A and B, respectively, are called lower and upper

frame bounds of the retro Banach frame ({xn}, T ). The operator T : (E∗)d →
E∗ is called the reconstruction operator (or, the pre-frame operator). The
inequality (2.1) is called the retro frame inequality.

3. Main Results

Definition 3.1. A retro Banach frame ({xn}, T )({xn} ⊂ E,T : (E∗)d →
E∗) for E∗ is said to be near exact retro Banach frame for E∗ if it can be
transformed into an exact retro Banach frame by omitting a finite number of
its elements.
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Towards the existence of a near retro exact Banach frame, we have the
following examples.

Example 3.2. Let E = c0. Define a sequence {xn} ⊂ E by




x1 = x2 = . . . = xk = (1, 0, 0, . . .)

xn = (0, 0, . . . , 1
↓

(n−k)-th position

, 0, 0, . . .), n = k + 1, k + 2, . . .

Then, by Lemma 2.1, there exists an associated Banach space (E∗)d = {{f(xn)} :
f ∈ E∗} with norm given by ‖{f(xn)}‖(E∗)d

= ‖f‖E∗ , f ∈ E∗ togetherwith
a reconstruction operator T : (E∗)d → E∗ such that ({xn}, T ) is a retro
Banach frame for E∗. Further, since for each i = 1, 2, . . . , k, xi ∈ [xn]n 6=i,
({xn}, T ) is non-exact. Again, by Lemma 2.1, there exists an associated Ba-
nach space (E∗)dk

= {{f(xn)}n 6=1,2,...,k : f ∈ E∗} and a reconstruction operator
U : (E∗)dk

→ E∗ such that ({xn}n 6=1,2,...,k, U) is an exact retro Banach frame
for E∗. Thus ({xn}, T ) is a near-exact retro Banach frame for E∗.

Example 3.3. Let E = ℓp (1 ≤ p < ∞). Let {xn} be the sequence of unit
vectors in E. Define {yn} ⊂ E by

y2n−1 = y2n = xn, n ∈ N.

Then, by Lemma 2.1, there exists an associated Banach space (E∗)d = {{f(yn)} :
f ∈ E∗} and a reconstruction operator S : (E∗)d → E∗ such that ({yn}, S) is
a retro Banach frame for E∗. Further, one may observe that ({yn}, S) is not a
near-exact retro Banach frame for E∗.

The following result gives a Krein-Milman-Rutman type stability result.

Theorem 3.4. Let E be a separable Banach space. Let ({xn}, T ) ({xn} ⊂
E,T : (E∗)d → E∗) non-near exact retro Banach frame for E∗ with respect to

(E∗)d. Then for any sequence of positive numbers {ηn}, there exists a retro

Banach frame ({yn}, U) for E∗ such that

‖xn − yn‖ ≤ ηn, for all n ∈ N.

Proof. Since ({xn}, T ) is a non-near exact retro Banach frame for E∗, one
can find an infinite sequence of indices {σ(n)} such that

[xi]i6=σ(1),σ(2),... = [xn] .

Since E is separable, one can find a complete sequence {zn} in E such that
‖zn‖ = 1, for all n ∈ N.
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Define {
yσ(n) = xσ(n) + ησ(n)zn, n ∈ N

yα(n) = xα(n), n ∈ N,

where {αn} = N \ {σ(n)}. Then {yn} ⊂ E is such that ‖xn − yn‖ ≤ ηn,
for all n ∈ N. Let f ∈ E∗ be such that f(yn) = 0, for all n ∈ N. Then
f(xn) = 0, for all n ∈ N. Therefore, ησ(n)f(zn) = −f(xσ(n)) = 0. Since
ησ(n) 6= 0, n ∈ N, f(zn) = 0, for all n ∈ N. Since [zn] = E, f = 0. Thus
[yn] = E. Therefore, by Lemma 2.1, there exists an associated Banach space
(E∗)d = {{f(yn)} : f ∈ E∗} with norm given by ‖{f(yn)}‖(E∗)d

= ‖f‖E∗ ,
f ∈ E∗ together with a bounded linear operator U : (E∗)d → E∗ given by
U({f(yn)}) = f , f ∈ E∗ such that ({yn}, U) is a retro Banach frame for
E∗.

Recall that for a given sequence {xn} in E, a sequence {yn} ⊂ E is called
a block sequence with respect to {xn} if it is of the form

yn =

mn∑

i=mn−1+1

αixi 6= 0 , n ∈ N . (3.1)

where {mn} is an increasing sequence of positive integers with m0 = 0,

Theorem 3.5. Let ({xn}, T ) be a retro Banach for E∗. Let {yn} be a

block sequence of the form (3.1). Then there exists an associated Banach space

(E∗)d0
together with a reconstruction operator U such that ({zn}, U) is a retro

Banach frame, where {zn} is an extension of {yn}.

Proof. Since ({xn}, T ) is a retro Banach frame, [xn] = E. Therefore, one
can find an extension of {yn}, say {zn}, such that [zn] = E. Then, by Lemma
2.1, there exist an associated Banach space (E∗)d0

= {{f(zn)}; f ∈ E∗} with
norm given by ‖{f(zn)}‖(E∗)d0

= ‖f‖E∗ , f ∈ E∗ together with a reconstruction

operator U : (E∗)d0
→ E∗ given by U({f(zn)}) = f , f ∈ E∗ such that ({zn}, U)

is a retro Banach frame for E∗ with respect to (E∗)d0
.
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