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Abstract: The study of special Finsler spaces has been introduced by M.
Matsumoto [4]. The purpose of the present paper is to study hypersurfaces
of special Finsler spaces like quasi-C-reducible, C-reducible, Semi-C-reducible,
P2-like, P-reducible, S3-like, and C2-like. And also we proved some hypersur-
faces are Riemannian under the condition that the vector Ci is tangential to
hypersurface.
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1. Introduction

The study of spaces endowed with generalized metrics was initiated by P. Finsler
in 1918. Since then many important results have been achieved with respect to
both the differential geometry of Finsler space and its application to variational
problems, theoretical physics and engineering. L. Berwald and E. Cartan made
a great contribution in developing tensor calculus of Finsler spaces correspond-
ing to that on Riemannian spaces.

The theory of hypersurfaces in general depends to a large extent on the

Received: March 27, 2008 c© 2008, Academic Publications Ltd.

§Correspondence author



68 S.K. Narasimhamurthy, P. Kumar, S.T. Aveesh

study of the behavior of curves in them. The authors G.M. Brown, Moor,
C. Shibata, M. Matsumoto, B.Y. Chen, C.S. Bagewadi, L.M. Abatangelo,
Dragomir and S. Hojo have studied different properties of subspaces of Finsler,
Kahler and Riemannian spaces.

The author G.M. Brown [1] has published a paper – A study on ten-
sors which characterize hypersurfaces of a Finsler space. M. Kitayama [2]-
Finsler hypersurfaces and metric transformations. U.P. Singh-Hypersurfaces of
C-reducible Finsler spaces, The authors S.K. Narasimhamurthy and C.S. Bage-
wadi (see [5], [6], [7], [8]) have studied C-conformal properties of special Finsler
spaces and its applications.

2. Preliminaries

Let Fn = (Mn, L) be a Finsler space on a differentiable manifold M endowed
with a fundamental function L(x, y). By a Finsler space, we mean a triple
Fn = (M,D,L), where M denotes n-dimensional differentiable manifold, D is
an open subset of a tangent vector bundle TM endowed with the differentiable
structure induced by the differentiable structure of the manifold TM and L :
D −→ R is a differentiable mapping having the properties:

i) L(x, y) > 0, for (x, y) εD,

ii) L(x, λy) = |λ|L(x, y), for any (x, y) εD andλ εR,

such that (x, λy) εD,

iii) The d-tensor field gij =
1

2
∂̇i∂̇jL

2, for (x, y) εD,

where ∂̇i = ∂
∂yi , is non degenerate on D.

We have the following identities (see [1] and [9]):

a) gij =
1

2
∂̇i∂̇jL

2, gij = (gij)
−1, ∂̇i =

∂

∂yi
,

b) Cijk =
1

2
∂̇kgij , Ck

ij =
1

2
gkm( ˙∂mgij), hij = gij − lilj

c) γi
jk =

1

2
gir(∂jgrk + ∂kgrj − ∂rgjk),

d) Gi =
1

2
γi

jky
jyk, Gi

j = ∂̇jG
i, (2.1)

Gi
jk = ∂̇kG

i
j , Gi

jkl = ∂̇lG
i
jk,

e) F i
jk =

1

2
gir(δjgrk + δkgrj − δrgjk),
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f) Phijk = u(hi){Cijk/h + ChjrC
r
ik/0},

g) Shijk = u(jk){ChkrC
r
ij},

where δj = ∂j − Gr
j ∂̇r, the index 0 means contraction by yi and the notation

u(jk) denotes the interchange of indices j, k and subtraction.

3. Hypersurface F
n−1 of the Finsler Space F

n

Finsler hypersurface Fn−1 = (Mn−1, L(u, v)) of a Finsler space Fn = (Mn, L(x,
y)) (n ≥ 4) may be parametrically represented by the equation xi = xi(uα),
where Latin indices i, j, . . . take values 1, . . . , n and Greek indices α, β, . . . take
values 1, 2, . . . , n − 1.

The fundamental metric tensor gαβ and Cartan’s C-tensor Cαβγ of Fn−1

are given by [2], [9]:

a) gαβ(u, v) = gij(x, ẋ)Bi
αBj

β, (3.1)

b) Cαβγ = CijkB
i
αBj

βBk
γ ,

where the matrix of projection factor Bi
α = ∂xi

∂uα is of range n−1. The following
notation are also employed

Bi
αβ =

∂2xi

∂uα∂uβ
, Bi

oβ = vαBi
αβ, Bijk...

αβγ.... = Bi
αBj

βBk
γ . . . ..

If the supporting element yi at a point uα of Mn−1 is assumed to be tan-
gential to Mn−1, we may then write yi = Bi

α(u)vα, where vα is thought of as
the supporting element of Mn−1 at a point uα.

We use the following notation on Finsler hypersurface (see [8], [9]):

a) Cα
βγ = Bα

i Ci
jkB

jk
βγ ,

b) Cα = Bi
αCi,

c) Bα
i = gαβgijB

j
β, (3.2)

d) gαβ = gijBαβ
ij ,

e) hαβ = gαβ − lαlβ, and hαβ = hijB
ij
αβ ,

f) lα = Bi
αli.
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4. Hypersurface of the Special Finsler Spaces

Now we consider the special Finsler spaces like quasi-C-reducible, C-reducible,
P2-like, P-reducible, S3-like, and C2-like. Then we prove all these special
Finsler space are well-defined in Finsler hypersurface Fn−1 under some con-
ditions.

Definition 1. (see [5]) A Finsler space Fn(n > 2) is called a quasi-C-
reducible, if the torsion tensor Cijk is written as

Cijk = AijCk + AjkCi + AkiCj, (4.1)

where Aij is a symmetric Finsler tensor field satisfying Aio = Aijy
j = 0.

Contracting (4.1) by projection factor Bijk
αβγ , we obtain

CijkB
ijk
αβγ = (AijCk + AjkCi + AkiCj)B

ijk
αβγ ,

CijkB
ijk
αβγ = AijB

ij
αβCkB

k
γ + AjkB

jk
βγCiB

i
α + AkiB

ki
γαCjB

j
β.

Using equation (3.1) and (3.2) we obtain

Cαβγ = AαβCγ + AβγCα + AγαCβ, (4.2)

where we setting Aαβ = AijB
ij
αβ is a symmetric Finsler tensor field on hyper-

surface Fn−1. Thus we have:

Theorem 1. A hypersurface Fn−1 of a quasi-C-reducible Finsler space
Fn is quasi-C-reducible.

Suppose we assume that Cα = 0, that implies

CiB
i
α = 0, (4.3)

it means that Ci is tangential to the hypersurface Fn−1, then from (4.2), we
have Cαβγ = 0, therefore by Deicke’s theorem the quasi-C-reducible Finsler
hypersurface is Riemannian, which proves the following:

Theorem 2. A quasi-C-reducible Finsler hypersurface Fn−1 is Rieman-
nian, if the vector Ci is tangential to hypersurface Fn−1.

Definition 2. (see [3]) A Finsler space Fn(n > 2) with non-zero length
C of the torsion vector Ci is said to be semi-C-reducible, if the torsion tensor
Cijk is of the form

Cijk = p(hijCk + hjkCi + hkiCj)/(n + 1) + qCiCjCk/C
2, (4.4)

where C2 = gijCiCj = CiC
i and p + q = 1.
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Contracting (4.4) by Bijk
αβγ and using (3.1) and (3.2(b), (e)), we obtain

CijkB
ijk
αβγ = p(hijCk + hjkCi + hkiCj)B

ijk
αβγ/(n + 1) + q(CiCjCk/C

2)Bijk
αβγ .

A direct calculation will give

Cαβγ = p(hαβCγ + hβγCα + hγαCβ)/(n) + qCαCβCγ/C
2
, (4.5)

where C
2

= CαCα, Cα = CiB
i
α, Cα = CiBα

i . Therefore we have:

Theorem 3. A hypersurface Fn−1 of a semi-C-reducible Finsler space Fn

is semi-C-reducible.

Again by using condition (4.3) in (4.5), we obtain the following:

Theorem 4. A hypersurface Fn−1 of semi-C-reducible Finsler space is
Riemannian, if the torsion vector Ci is tangential to the hypersurface Fn−1.

Definition 3. (see [6]) A Finsler space Fn(n > 2) is said to be C-reducible,
if it satisfies the equation

(n + 1)Cijk = hijCk + hjkCi + hkiCj , (4.6)

where Ci = gjkCijk.

Contracting (4.6) by Bijk
αβγ and using (3.1) and (3.2(b), (e)), we obtain

nCαβγ = hαβCγ + hβγCα + hαγCβ, (4.7)

where Cα = CiB
i
α = gβγCαβγ . Hence we have:

Theorem 5. (see [10]) A hypersurface of a C-reducible Finsler space is a
C-reducible.

Using the condition (4.3) in (4.7), we state that the following result:

Theorem 6. A hypersurface Fn−1 of a C-reducible Finsler space is Rie-
mannian, if the torsion vector Ci is tangential to hypersurface Fn−1.

Definition 4. (see [7]) A Finsler space Fn(n ≥ 2) with C2 = CiC
i 6= 0 is

called C2-like, if the torsion tensor Cijk is satisfies the equation

Cijk = CiCjCk/C
2. (4.8)

Contracting (4.8) by Bijk
αβγ and using (3.1) and (3.2(b), (e)), we obtain

Cαβγ = CαCβCγ/C
2
, (4.9)

where C
2

= CαCα. Now we consider the special case for p = 0 in equation
(4.5), and by virtue of p+q = 1, we have q = 1 and thus we led to the following
theorem.
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Theorem 7. A semi-C-reducible Finsler hypersurface Fn−1 is C2-like
Finsler hypersurface, if p = 0.

Consequently, taking into account of condition (4.3) in (4.9), we state the
following:

Theorem 8. A C2-like Finsler hypersurface Fn−1 is Riemannian, if the
torsion vector Ci is tangential to hypersurface Fn−1.

Definition 5. A Finsler space Fn(n > 2) is P2-like, if it is characterized
by

Phijk = KhCijk − KiChjk, (4.10)

where Kh = Kh(x, y) is a covariant vector field.

Contracting (4.10) by Bhijk
δαβγ and using (3.1), we have

PhijkB
hijk
δαβγ = (KhCijk − KiChjk)B

hijk
δαβγ ,

Pδαβγ = KhBh
δ CijkB

ijk
αβγ − KiB

i
αChjkB

hjk
δβγ ,

Pδαβγ = KδCαβγ − KαCδβγ ,

where we set Kα = KiB
i
α is a covariant vector field on Fn−1. Thus we obtain:

Theorem 9. A hypersurface of a P2-like Finsler space is P2-like.

Definition 6. (see [7]) A Finsler space Fn is called a P-reducible, if the
torsion tensor Pijk is written as

Pijk = (hijPk + hjkPi + hkiPj)/(n + 1), (4.11)

where Pi = Pm
im = Ci/0.

Contracting (4.11) by Bαβγ
ijk and using (3.2(e)), we obtain

PijkB
ijk
αβγ = (hijPk + hjkPi + hkiPj)B

ijk
αβγ/(n + 1),

PijkB
ijk
αβγ = (hαβPγ + hβγPα + hγαPβ)/n,

where we set PiB
i
α = Pα = Cα/0. Hence we have the following result.

Theorem 10. A hypersurface of a P-reducible Finsler space is P-reducible.

Next we consider the curvature tensor of Fn

Shijk = ChkrC
r
ij − ChjrC

r
ik.

Contracting above equation by Bhijk
δαβγ and using (2.1), we have

ShijkB
hijk
δαβγ = (ChkrC

r
ij − ChjrC

r
ik)B

hijk
δαβγ
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= ChkrC
r
ijB

hijk
δαβγ − ChjrC

r
ikB

hijk
δαβγ ,

Sδαβγ = CδγθC
θ
αβ − CδβθC

θ
αγ .

Hence Sδαβγ is the curvature tensor of Fn−1.

Definition 7. (see [7]) A Finsler space Fn(n > 3) is called S3-like, if the
curvature tensor Shijk is satisfies the equation

L2Shijk = S(hhjhik − hhkhij), (4.12)

where the scalar curvature S = Shijkg
hjgik is a function of position alone.

Contracting (4.12) by Bhijk
δαβγ and using (3.2(e)), we get

L2ShijkB
hijk
δαβγ = S(hhjhik − hhkhij)B

hijk
δαβγ ,

L2Sδαβγ = S(hδβhαγ − hδγhαβ),

where the scalar curvature S = Sδαβγgδβgαγ and gαβ = gijBαβ
ij . Thus we state:

Theorem 11. A hypersurface of a S3-like Finsler space is S3-like.
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