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Abstract: Let A,B be bounded operators on a complex Hilbert space H.
When does AnB = BAn, for n = 2, 3, ..., imply AB = BA? We give a sufficient
condition in terms of the spectrum of A which guarantees this implication in
the cases where A is invertible, and A is normal.
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1. Commuting Powers of Invertible Operators

Let B(H) be the algebra of bounded linear operators on a complex Hilbert
space H. In this section we study commuting powers of invertible operators in
B(H). The results are also valid in a general Banach algebra with a unit.

Let ωk = e2kπi/n for k = 0, 1, 2, ...n − 1, be the n-th roots of unity.

Let A ∈ B(H) be an invertible operator (so that 0 /∈ σ(A)). The σ(A) is
said irrotational(mod(2π/n) if σ(A)∩σ(ωkA) = ∅, for k = 1, 2, ...n− 1 (see [1],
p. 89).

We denote by Hol(A) the algebra of all functions that are holomorphic in
an open set Ω containing σ(A).

Theorem 1. Let A ∈ B(H) be invertible, B ∈ B(H) and suppose AnB =
BAn, for n = 2, 3, .... If σ(A) is irrotational (mod(2π/n)), then AB = BA.
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Proof. Let ρ = r(A) = supλ∈σ(A) |λ| be the spectral radius of A. Since σ(A)
is compact and irrotational (mod(2π/n)), there are real numbers α, β such that

σ(A) ⊆ Ω = {reiθ : 0 < r < ρ,α < θ < β with 0 < β − α < 2π/n}.

It follows that f(λ) = λn is one-to-one holomorphic in Ω, and so, it has a
holomorphic inverse f−1 : f(Ω) → Ω such that f−1(f(λ) = λ and f(Ω) is open
(see, e.g. [4], p. 84). By the spectral mapping theorem we have

σ(f(A)) = f(σ(A)) ⊆ f(Ω).

Hence, f−1 ∈ Hol(f(A)). Since f(A)B = Bf(A), by the properties of the holo-
morphic functional calculus, we have f−1(f(A))B = Bf−1(f(A)), and therefore
(f−1 ◦ f)(A)B = B(f−1 ◦ f)(A). Thus, AB = BA.

The following corollary is a direct consequence of Theorem 1.

Corollary 1. Let A,B ∈ B(H) be invertible operators and suppose σ(A)
and σ(B) are irrotational (mod(2π/n)). If AnBn = BnAn, for n = 2, 3, ..., then
AB = BA.

Let N ∈ B(H) be normal. An invertible operator A such that An = N , is
called an n-th root of N . S. Kurepa in [3, Theorem 4] (and for the case n = 2,
see [6]) give a sufficient condition in terms of the numerical range of A, for the
normality of the n-th root A of the normal operator N . The sufficient condition
in terms of the spectrum of A reads as follows.

Theorem 2. Suppose that A is an n-th root of N and N is invertible and
normal. If σ(A) is irrotational (mod(2π/n)), then A is a normal operator.

Proof. Since σ(A∗) = {λ̄ ∈ C : λ ∈ σ(A)}, A∗ is invertible and its spectrum
is also irrotational (mod(2π/n)). As An = N is normal, Corollary 1, gives the
result.

For an alternative proof of the following corollary, using derivations (see [1]
p. 89)

Corollary 2. Let A,B ∈ B(X). Suppose A is invertible and σ(A) is
irrotational (mod(2π/n)). If An = Bn, for n = 2, 3, ..., then AB = BA.

Proof. Observe AnB = BnB = BBn = BAn and apply Theorem 1.

Corollary 3. Let A,B ∈ B(H) be invertible and positive. If An = Bn,
for n = 2, 3, ..., then A = B (Thus, an invertible positive operator has a unique
n-th root).

Proof. Since σ(A) ⊆ (0,∞), σ(A) is automatically irrotational (mod(2π/n)).
By Corollary 2, AB = BA. Let U be the Abelian von Neumann algebra gener-
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ated by B. If Γ denotes the Gelfand isomorphism from U onto C(Y ), where Y
is the maximal ideal space of U , then by the continuous functional calculus, we
have An = Bn ⇒ Γ(An) = Γ(Bn) ⇒ Γ(A)n = Γ(B)n on (0,∞). Since f(λ) = λn

is one-to-one on (0,∞), it follows that Γ(A) = Γ(B), and so A = B.

Corollary 4. Let A,B ∈ B(H) be both invertible and suppose σ(AB)
is irrotational (mod(2π/n)). If AnBn = (AB)n = BnAn, for n = 2, 3, ..., then
AB = BA.

Proof. We have An(AB)n = AnBnAn = (AB)nAn. Since σ(AB) is ir-
rotational (mod(2π/n)), Theorem 1, implies that ABAn = AnAB = AAnB.
Multiplying from the left by A−1, this gives BAn = AnB. Now, using the
hypothesis, (AB)nB = BnAnB = BnBAn = BBnAn = B(AB)n. By Theorem
1, again, we have ABB = BAB and the invertibility of B gives AB = BA.

Corollary 5. Let A ∈ B(H) be invertible. If An(A∗)n = (AA∗)n =
(A∗)nAn, for n = 2, 3, ..., then A is normal.

Proof. Since σ(AA∗) ⊆ (0,∞), σ(AA∗) is irrotational (mod(2π/n)). Now
apply Corollary 4.

2. Commuting Powers of Normal Operators

Let A ∈ B(H) be a normal operator. The Borel functional calculus is a * homo-
morphism from B(σ(A)), the C*-algebra of the bounded Borel complex-valued
functions on σ(A), to W ∗(A), the abelian von Neumann algebra generated by A,
defined by Φ(f) = f(A) =

∫
σ(A) f(λ)dE(λ) such that Φ(1) = I and Φ(id) = A,

where E is the associated spectral measure of A and id is the identity function
id(λ) = λ ∀λ ∈ σ(A). For a Borel subset ∆ of σ(A), the spectral measure of ∆
is given by E(∆) = X∆(A) (see, e.g. [2], IX).

The spectrum σ(A) is said generalized-irrotational (mod(2π/n)) if there is
a Borel subset ∆ of σ(A) such that

E(∆ ∩ (ωk∆)) = 0

for k = 1, 2, ...n − 1, and E(σ(A)\∆) = 0.

Theorem 3. Let A ∈ B(H) be normal, B ∈ B(H) and suppose AnB =
BAn, for n = 2, 3, .... If σ(A) is generalized-irrotational (mod(2π/n)), then
AB = BA.

Proof. Since σ(A) is generalized-irrotational (mod(2π/n)) there is a Borel
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subset ∆ of σ(A) such that E(∆ ∩ (ωk∆)) = 0 for k = 1, 2, ...n − 1, and
E(σ(A)\∆) = 0. Let Ω = ∆\

⋃n−1
k=1(∆ ∩ (ωk∆)). Then f(λ) = λn is one-to-one

on Ω and E(Ω) = I. Let ‖f‖ = supλ∈σ(A) | f(λ)| and choose λ0 ∈ C such that
|λ0| > ‖f‖ + ρ, where ρ = r(A) is the spectral radius of A.

Define

f̃(λ) =

{
f(λ) if λ ∈ Ω ,
λ + λ0 if λ ∈ (σ(A)\Ω) .

Then f̃ is one-to-one bounded Borel function on σ(A) with a Borel inverse
function f̃−1 : f̃((σ(A)) → σ(A). Moreover, since f̃ − f = Xσ(A)\Ω(f̃ − f) and

E(σ(A)\Ω) = 0, it follows that f̃(A) = f(A) = An. By the spectral image
theorem we have

σ(f(A)) = σ(f̃(A)) ⊆ f̃(σ(A))

(see, e.g. [5], Proposition 3.6).

No matter how we extend f̃−1 on f̃(σ(A)), we have that f̃−1 ∈ B(σ(f(A)))
and f̃−1 ◦ f̃ = id on σ(A).

Now, since f(A) is normal and f(A)B = Bf(A), the spectral theorem
(applied to f(A)), implies that

f̃−1(f(A)B = Bf̃−1(f(A).

Finally, by the composition property of the Borel functional calculus, we
have (f̃−1 ◦ f̃)(A)B = B(f̃−1 ◦ f̃)(A). Thus, AB = BA.

Corollary 6. Let A,B ∈ B(H) be normal operators and suppose σ(A)
and σ(B) are generalized-irrotational (mod(2π/n)). If AnBn = BnAn for n =
2, 3, ..., then AB = BA.

Corollary 7. Let A,B ∈ B(H). Suppose A is normal and σ(A) is
generalized-irrotational (mod(2π/n)). If An = Bn for n = 2, 3, ..., then AB =
BA.
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