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Abstract: For square contingency tables with nominal categories, Tomizawa
[8] and Tomizawa, Seo and Yamamoto [9] considered power-divergence-type
measure to represent the degree of departure from symmetry. This paper pro-
poses another measure to represent the degree of departure from symmetry.
The proposed measure is defined by using the Matusita distance [5], [6], which
is the true distance measure. The proposed measure would be useful for com-
paring the degree of departure from symmetry in several tables. Some examples
are given.
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1. Introduction

For the analysis of data of square contingency tables with the same row and
column classifications, the independence between the row and column variables
does not tend to hold because many observations concentrate on or near the
main diagonal in the table, for example, as the data in Table 1. Instead, we are
interested in whether the row and column classifications are symmetric.
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Consider an R×R square contingency table with the same nominal row and
column classifications. Let pij denote the probability that an observation will
fall in the i-th row and j-th column of the table (i = 1, . . . , R; j = 1, . . . , R).
Bowker [3] considered the symmetry model defined by

pij = pji, for i = 1, . . . , R; j = 1, . . . , R; i 6= j;

see also Bishop, Fienberg and Holland [2, p. 282]. When the symmetry model
does not hold for analyzing the data, we are also interested in measuring the
degree of departure from the symmetry.

Tomizawa [8] and Tomizawa, Seo and Yamamoto [9] proposed the measure
Φ(λ), which represents the degree of departure from symmetry, defined by

Φ(λ) =
λ(λ + 1)

2λ − 1
I(λ)({p∗ij}; {ps

ij}) (λ > −1),

where
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1

λ(λ + 1)

R
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δ
(i 6= j), δ =

R
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R
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i6=j

pij, ps
ij =

(p∗ij + p∗ji)

2
(i 6= j),

and the value at λ = 0 is taken to be the continuous limit as λ → 0. Note
that I(λ)({p∗ij}; {ps

ij}) is the power-divergence between two distributions {p∗ij}
and {ps

ij}, and especially I(0)(·; ·) is the Kullback-Leibler information between

them (for more details of the power-divergence I(λ)(·; ·), see Cressie and Read
[4], and Read and Cressie [7, p. 15]). Note that a real value λ is chosen by the
user.

In general, a distance d is defined on a set W if for any two elements x, y ∈
W , a real number d(x, y) is assigned that satisfies the following postulates:

(a) d(x, y) ≥ 0 with equality if and only if x = y,
(b) d(y, x) = d(x, y),
(c) d(x, z) ≤ d(x, y) + d(y, z), x, y, z ∈ W (the triangle inequality)

(see also Read and Cressie, [7, p. 111]).

Consider d({pij}, {qij}) = I(λ)({pij}; {qij}) for two probabilities {pij} and
{qij}, where

I(λ)({pij}; {qij}) =
1

λ(λ + 1)

R
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R
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]

(−∞ < λ < ∞),
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where the values at λ = −1 and λ = 0 are taken to be the limit as λ → −1
and λ → 0, respectively. Then, the power-divergence I(λ)({pij}; {qij}) does
not satisfy the postulate (c), however, the square root of I(−1/2)({pij}; {qij})
satisfies all three postulates. Hence, it is a true distance measure known as the
Matusita distance,

M =





R
∑

i=1

R
∑

j=1

(
√

pij −
√

qij)
2





1/2

(Matusita, [5], [6]; Read and Cressie, [7, p. 112]).

The purpose of this paper is to propose a measure which represents the
degree of departure from symmetry and satisfies all three postulates of distance.

2. Measure of Departure from Symmetry

Assuming that {pij +pji > 0} for i 6= j, we shall consider a measure to represent
the degree of departure from symmetry as follows:

Φ∗ =

√

√

√

√

√

√
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2

2
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Note that the measure Φ∗ is the square root of Φ(− 1

2
). Then the measure

Φ∗ satisfies all three postulates of distance. Namely, Φ∗ represents essentially
the true distance between the conditional probability {p∗ij} and the conditional
probability {ps

ij} with the structure of symmetry.

Note that the measure Φ∗ must lie between 0 and 1. Also, (i) there is
a structure of symmetry in the R × R table, i.e., {pij = pji}, if and only if
Φ∗ = 0; and (ii) the degree of departure from symmetry is the largest, in the
sense that pij = 0 (then pji > 0) or pji = 0 (then pij > 0) for i = 1, . . . , R; j =
1, . . . , R; i 6= j (say, the complete asymmetry), if and only if Φ∗ = 1. The
Φ∗ is the true distance measure for representing the degree of departure from
symmetry, which is different from the Φ(λ).
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3. Approximate Confidence Interval for Measure

Let nij denote the observed frequency in the i-th row and j-th column of the
square table (i = 1, . . . , R; j = 1, . . . , R). Assuming the {nij} result from full
multinomial sampling, we consider an approximate standard error and large-
sample confidence interval for Φ∗, using the delta method, descriptions of which
are given by Bishop et al [2, Section 14.6]. The sample version of Φ∗, i.e., Φ̂∗, is
given by Φ∗ with {pij} replaced by {p̂ij}, where p̂ij = nij/n and n =

∑∑

nij.
Using the delta method,

√
n(Φ̂∗ −Φ∗) has asymptotically (as n → ∞) a normal

distribution with mean zero and variance

σ2[Φ∗] =
1
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Let σ̂2[Φ∗] denote σ2[Φ∗] with {pij} replaced by {p̂ij}. Then, σ̂[Φ∗]/
√

n is
an estimated standard error for Φ̂∗, and Φ̂∗ ± zp/2σ̂[Φ∗]/

√
n is an approximate

100(1− p)% confidence interval for Φ∗, where zp/2 is the percentage point from
the standard normal distribution that corresponds to a two-tail probability
equal to p.

4. Examples

Consider the data in Tables 1a and 1b, which were earlier analyzed by Andersen
[1, p. 226]. As reported by Andersen, these data are the forecasts for production
and prices for the coming three year periods given by experts in July 1956 and
actual production figures for production and prices in May 1959 given from
Danish factories.

Because the confidence intervals for Φ∗ applied to the data in Tables 1a and
1b do not include zero (see Table 2), these would indicate that there is not a
structure of symmetry in each of Tables 1a and 1b.

When the degrees of departure from symmetry in Tables 1a and 1b are com-
pared using the confidence intervals for Φ∗, the degree of departure in Table 1b
is greater than that in Table 1a. Namely, the degree of departure from symme-
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(a) Production

Actual 1959
Forecast 1956 Higher No change Lower

Higher 532 394 69
No change 447 1727 334
Lower 39 230 231

(b) Prices

Actual 1959
Forecast 1956 Higher No change Lower

Higher 209 169 6
No change 190 3073 184
Lower 3 62 81

Table 1: The forecasts for production and prices in 1956 and actual
production figures for production and prices in 1959 given from Danish
factories; from Andersen [1, p. 226]

Applied Estimated Standard Confidence
data measure error interval

Table 1a 0.094 0.017 (0.061, 0.127)
Table 1b 0.218 0.027 (0.165, 0.270)

Table 2: Estimate of Φ∗, estimated approximate standard error for Φ̂∗,
approximate 95% confidence interval for Φ∗, applied to Tables 1a and
1b

try between forecast and actuality is greater for prices than for production.

5. Concluding Remarks

The measure proposed, Φ∗, is the true distance measure which satisfies all
three postulates of distance, although the measure Φ(λ) is not the true distance
measure.

The measure Φ̂∗ always ranges between 0 and 1 independent of the dimen-
sion R and sample size n. So, Φ̂∗ may be useful for comparing the degrees of
departure from symmetry in several tables.

Let G2 denote the likelihood ratio chi-squared statistic for testing goodness-
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of-fit of symmetry with R(R − 1)/2 degrees of freedom. It may seem to many
readers that G2 is a reasonable measure for representing the degree of departure
from symmetry. However, G2 is not a reasonable measure. Indeed, the measure
Φ∗ is useful when we want to measure what degree the departure from symmetry
is toward the complete asymmetry by the true distance measure; although we
cannot measure it by the test statistic G2.

(a) n = 4324

1561 55 191
179 1544 127
99 85 483

Note:
p̂12

p̂21
= 0.307,

p̂13

p̂31
=1.929,

p̂23

p̂32
=1.494

(b) n = 4406

1317 98 417
285 1142 198
253 181 515

Note:
p̂12

p̂21
=0.344,

p̂13

p̂31
=1.648,

p̂23

p̂32
=1.094

Table 3: Artificial data (n is sample size)

Consider the artificial data in Table 3. The values of G2 are 107.27 for
Table 3a and 136.65 for Table 3b, respectively. Thus, the value of G2 is less for
Table 3a than for Table 3b. Also the value of estimated measure Φ̂∗ is 0.254 for
Table 3a and 0.205 for Table 3b. Thus, the value of Φ̂∗ is greater for Table 3a
than for Table 3b. In terms of {p̂ij/p̂ji}, i < j (see Table 3), it seems natural
to conclude that the degree of departure from symmetry is greater for Table 3a
than for Table 3b. Therefore Φ̂∗ would also be preferable to the test statistic
G2 for comparing the degrees of departure from symmetry in several tables.
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