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Abstract: In Thermodynamics the Gibbs correction factor is included into the
definition of the partition function, which is usually motivated by the fact that
the micro-constituents of a fluid are indistinguishable. The correction factor
has influence on the formula for the chemical potential of a thermodynamic
system.

We present a computer experiment where the micro-constituents of a vir-
tual fluid are enumerated by positive integers which entails that they are dis-
tinguishable. The statistical evaluation of the computer experiment yields that
the corrected term for the chemical potential leads to a better prediction of a
thermodynamic parameter than the uncorrected term. This can be viewed as
a novel justification of Gibbs correction factor.
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1. Introduction

Let us consider a 2-dimensional container which is modelled by a subset B ⊂ R
2.

A fluid consisting of N hard disks of mass m > 0 and radius r > 0 is injected
into B.

A momentary microstate of the fluid is represented by

(x;u) := (x(1), . . . , x(N);u(1), . . . , u(N)) ∈ BN × R
2N , (1.1)

where x(j) ∈ B denotes the position and u(j) ∈ R
2 the momentum of the j-
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th disk. The tuple x = (x(1), . . . , x(N)) is called configuration. The potential
energy of configuration x is given by

Ep(x) =
∑

i<j

Φ(|x(i) − x(j)|) , (1.2)

where |.| denotes the Euclidean norm on R
2 and Φ is defined according to

Φ(s) =

{

0 if s ≥ 2r
∞ if s < 2r.

(1.3)

Φ obviously penalizes overlapping of disks.

An important notion in thermodynamics is the partition function

Z(N,A, T ) :=
1

h2N
·

∫

BN
×R2N

exp

(

− 1

kBT
· H(x;u)

)

dxdu , (1.4)

where h and kB denote Planck and Boltzmann constants, respectively; T is in-
terpreted as temperature and A is the volume of container B. The Hamiltonian

H : BN × R
2N → R

is defined by

H(x;u) :=

N
∑

j=1

1

2m
< u(j), u(j) > +

∑

i<j

Φ(|x(i) − x(j)|). (1.5)

Integration w.r.t. variable u in (1.4) is related to handling multivariate Gaussian
distributions and can be performed exactly; integration w.r.t. variable x is
harder such that an approximation of Z is required.

In [2] the following approximation of Z is proposed:

Z(N,A, T ) ≈ AN

(

2πmkBT

h2

)N

exp



−
6

∑

j=1

aj · (γr2)j · 1

j
· N j+1

Aj



 , (1.6)

where γ := 2
√

3 and a1, . . . , a6 are the virial coefficients whose numerical ap-
proximations are available (cf. [5]). (1.6) is valid if the fluid is not too dense.

J.W. Gibbs (1839-1903) proposed a correction of (1.4) introducing a modi-
fied version ZG of the partition function:

ZG(N,A, T ) :=
1

N !
· Z(N,A, T ). (1.7)

In this context 1/N ! is called Gibbs correction factor.

The historically original justification of the correction factor is based on
Gibbs paradox (cf. [1], p. 132 and [4], p. 243) appearing in connection with a
gedankenexperiment in which the uncorrected version of the partition function
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is involved entailing counterintuitive behavior of entropy.

A justification of Gibbs correction factor from the viewpoint of contempo-
rary physics may be formulated as follows:

The micro-constituents of a thermodynamic system are essentially indistin-
guishable; therefore the states of a system should be counted in such a way
that the exchange of two micro-constituents does not entail a new state. The
term N ! in (1.7) corresponds exactly to the number of permutations of micro-
constituents involved in the system.

In the present contribution we describe a computer experiment where the
micro-constituents of a virtual fluid are enumerated by positive integers, which
entails that they are distinguishable (Section 2). We derive two formulas for
the chemical potential of the hard disk fluid based on the uncorrected/corrected
versions of the partition function. Equating the chemical potentials in two parts
of an appropriate container entails two predictions of a thermodynamic param-
eter corresponding to the uncorrected/corrected versions (Section 3). It turns
out in the course of the computer experiment (which is reported in Section 4)
that the corrected version of the chemical potential leads to a better prediction
of the thermodynamic parameter, which can be viewed as a novel justification
of Gibbs correction factor.

2. The Computer Experiment

Let us consider a rectangular container

B := [−a, a] × [0, a]

which is divided into two parts by a semipermeable membrane M = {0}× [0, a]
where a > 0. We inject N1 red disks of mass m > 0 and radius r > 0 into the left
part BL := [−a, 0]× [0, a] of container B according to the uniform distribution
on BL subject to the condition of mutual non-overlapping. Afterwards we
inject N2 blue disks according to the uniform distribution on B subject to the
condition of mutual non-overlapping.

We generate the initial velocities of the disks according to the 2-dimensional
normal distribution

N(0, σ2) ⊗ N(0, σ2)

with the the thermal interpretation

σ2 =
kB · T

m
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of variance σ2. This initial microstate complies with Maxwell hypothesis (cf. [3],
Chapter 1).

Now, Newtonian dynamics is imposed on the system with the specification
that red molecules are confined to the left part of container B (they are reflected
at the semipermeable membrane) and that blue molecules ignore M and move
freely through the whole container.

The position and velocity vectors of the disks are represented in a computer
program by a standard data structure entailing that all disks are distinguishable
because they are enumerated by positive integers.

Let NL(t) and NR(t) denote the number of blue disks confined to the left
and to the right part of container B at time t ≥ 0, respectively. Intuitively,
some of the blue disks are repelled from left part BL of container B due to the
presence of red disks; therefore we expect that typically

NL(t) < NR(t).

The thermodynamic parameter of interest is now the time average

NR(τ) :=
1

τ
·

τ
∫

0

NR(t)dt (2.1)

which stabilizes itself in the course of the computer experiment.

3. The Chemical Potential of the Hard Disk Fluid

The considerations in this section are based on approximation (1.6) of partition
function Z; we suppress, however, the distinction between Z and its approx-
imation. According to the thermodynamic formalism chemical potential µ of
the hard disk fluid is given by

µ(N,A, T ) := −kBT
∂

∂N
ln Z(N,A, T ) (3.1)

(cf. [1], p. 167).

Recall the experimental situation and the quantities introduced in Section
2.

The (approximative) uncorrected partition function ZL for the hard disk
fluid mixture in the left part of container B is given by

ZL(N1, NL, A, T ) =

(

2πmkBTA

h2

)N1+NL
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× exp



−
6

∑

j=1

aj(γr2)j · 1

j
· (N1 + NL)j+1

Aj



 , (3.2)

where A = a2 denotes the volume of left part BL of container B. The uncor-
rected version of the chemical potential of the blue disks in left part BL is given
by

µL(N1, NL, A, T ) = −kB · T · ∂

∂NL
ZL(N1, NL, A, T );

standard computation yields

µL(N1, NL, A, T ) = −kB · T

×



ln

(

2πmkBTA

h2

)

−
6

∑

j=1

aj(γr2)j · j + 1

j
· (N1 + NL)j

Aj



 . (3.3)

Analogously, the uncorrected version µR of the chemical potential of blue disks
in right part BR of container B can be obtained:

µR(NR, A, T ) = −kB · T

×



ln

(

2πmkBTA

h2

)

−
6

∑

j=1

aj(γr2)j · j + 1

j
· N j

R

Aj



 . (3.4)

Introducing Gibbs correction entails the corrected version ZL
G of the partition

function

ZL
G(N1, NL, A, T ) =

1

N1! · NL!
· ZL(N1, NL, A, T )

for left part BL and

ZR
G(NR, A, T ) =

1

NR!
· ZR(NR, A, T )

for right part BR of container B. The corrected pendants µL
G and µR

G of µL and
µR, respectively, are obtained applying (3.1) and Stirling approximation of the
factorial:

ln N ! ≈ N ln N − N.

4. The Outcome of the Computer Experiment and its Predictions

In the computer experiment the numbers N1 = 1000 and N2 = 3000 of red
and blue disks, respectively, have been fixed. We have put r = 10−10m and
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Figure 1: The thermodynamic parameter and its predictions

m = N−1
A for the radius and mass of the disks, respectively, where NA =

6.02 · 1026kg−1 denotes the modified Avogadro number. The edge length a in
rectangular container B has been specified according to

2a2 = 4 · 2
√

3 · r2 · (N1 + N2)

which corresponds to the average relative density of 25%. The temperature
T = 300K has been adjusted.

Figure 1 shows a screen shot of the experiment. In the upper window the
container filled with the fluid mixture is visualized.

For the first prediction of the average number NR(τ) of blue disks in right
part BR of B (cf. (2.1)) the uncorrected versions of the chemical potentials have
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been equated

µL(N1, NL, A, T ) = µR(NR, A, T )

subject to the condition NL+NR = N2; the obtained prediction NR is visualized
by the horizontal dashed line in the diagram of the screen shot.

The second prediction N
G
R obtained by equating the corrected versions µL

G

and µR
G of the chemical potentials is visualized as the horizontal continuous line

in the diagram.

The dotted line corresponds to the averages NR(τj) sampled at appropriate
time points τ1, τ2, . . . of the computational process imitating the thermal motion
of the micro-constituents of the fluid mixture.

The diagram in Figure 1 reveals that the level of the empirical dotted line
is better predicted by the continuous than by the dashed line, which provides a
computer experimental justification for the inclusion of Gibbs correction factor
into the definition of the partition function (cf. (1.7)).

Analogous result is obtained for different initializations of the thermody-
namic parameters involved in the experiment.
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