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Abstract: In this paper a novel algorithm for filtering of nonlinear systems
corrupted by noise in the state equations and measurements is presented. It is
based on two steps. The first step makes use of a standard nonlinear observer
in order to compute the prediction state estimation. The second step makes
use of the extended Kalman filter for computing the correction, by means of
a linearization around the previously computed prediction state estimation.
The estimation is provided at sampling times, with arbitrarily chosen sampling
period.
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1. Introduction

The extended Kalman filter is the worldwide popular algorithm used for the
state estimation of nonlinear systems corrupted by white noise in state equa-
tions and measurements. As is well known, it is based on the linearization of the
model on the current estimation and on the application of the linear Kalman
filter. It is also well known that, while the linear Kalman filter is proved to
yield optimal estimation in case of Gaussian noise, no theoretical results are
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available in the literature as far as the optimality of the extended Kalman filter
is concerned. On the other hand, very good results have been achieved in the
case of observer algorithms for nonlinear deterministic systems. In particular,
in (Ciccarella, Dalla Mora and Germani [2]) a nonlinear observer is proposed
which yields exponential stability of the estimation error. That is, the observer
can follow very well the dynamics of the system. In this paper, we present
a novel algorithm for filtering of nonlinear systems, which tries to exploit the
advantages of the nonlinear observer, related to the above exponential conver-
gence, and the advantages of the Kalman filter, related to the optimality in the
linear case. In principle, any of the observers developed in the literature may
be used as part of the algorithm which is here proposed. A continuous time
output is used, while the estimation is given at sampling times, with arbitrarily
chosen sampling period, which is sufficient for many engineering applications.
The well known Michaelis-Menten model in pharmacokinetics is presented as
an illustrative example, showing the effectiveness of the new proposed filter.

2. Preliminaries: Observer and EKF

For the reader’s convenience, here some of the results (for the case here con-
cerned) in (Ciccarella, Dalla Mora and Germani [2]) and the Extended Kalman
Filter, which will be used in next sections, are briefly reported. Let us consider
the problem of state observation for the autonomous nonlinear system of the
type

ẋ(t) = f(x(t)), y(t) = Cx(t), t ≥ 0, (1)

where x(t) ∈ Rn, u(t), y(t) ∈ R, the vector function f is C∞, C is a matrix of
suitable dimensions. For system (1), it is useful to define the following square
map z = Φ(x), where h(x) = Cx is considered,

z =
[
h(x) Lfh(x) · · · Ln−1

f h(x)
]T

= Φ(x),

where the symbol Lk
fh(x) denotes the k-th order repeated Lie derivative of

the function h along the vector field f . The system (1) is said globally drift-
observable if the function z = Φ(x) is a diffeomorphism in all Rn. The main
assumption needed for the derivation of the observer and for the proof of expo-
nential convergence of the observation error to zero is the following:

H1) System (1) is globally drift-observable, and the diffeomorphism z =
Φ(x) and its inverse x = Φ−1(z) are globally uniformly Lipschitz in Rn. If
system (1) is globally drift-observable, the Jacobian of the map Φ(x) is non-
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singular for all x ∈ Rn. Let us denote with Q(x) such a Jacobian, that is

Q
(
x) = ∂Φ(x)

∂x
. Let Ab ∈ Rn×n, Bb ∈ Rn×1, Cb ∈ R1×n be a Brunowskii

triple. Let H(x) = BbL
n
fh(x), H̃(z) = H(Φ−1(z)). The following assumption

is needed also in the proof of exponential convergence of the observer proposed
in (Ciccarella, Dalla Mora and Germani [2]):

H2) The vector function H̃(z) is globally uniformly Lipschitz with respect
to z. The observer proposed in (Ciccarella, Dalla Mora and Germani [2]) is
the following

˙̂x(t) = f(x̂(t)) +Q−1(x̂(t))K
(
y(t) − h(x̂(t))

)
, (2)

where the vector K = [k1 k2 · · · kn] is chosen such to assign the eigenvalues
of the matrix Ab − KCb in the asymptotically stable half complex plane. If
the hypotheses H1, H2 are satisfied, then, for any positive α there exists a
gain vector K for the observer (2) and a constant µ̃ such that ‖x(t) − x̂(t)‖ ≤
µ̃ e−αt‖x(0) − x̂(0)‖, t ≥ 0.

Let us consider now the following stochastic nonlinear system

ẋ(t) = f(x(t)) + Fw(t), y(t) = Cx(t) +Gw(t) , t ≥ 0, (3)

where x(t) ∈ Rn is the state vector, w(t) ∈ Rs is the noise, n, s are positive
integers, as usual f is C∞, C is a matrix of suitable dimensions, for any fixed
positive real T , the noise w belongs to the Hilbert space Hw = L2([0, T ];Rs)
equipped with the standard Gaussian Cylinder measure (this corresponds to
model w as a white noise process, see Balakrishnan [1]), F and G are suitable
matrices with GF T = 0. Here we suppose without loss of generality that
GGT = I, where I denotes the identity matrix. Moreover let Hx be the Hilbert
space L2([0, T ];Rn). Let us here assume that the vector field f in (3) is such
that the map x : Hw ×Rn → Hx defined by the solution of system (3)

x(t) = x(0) +

∫ t

0
f(x(τ))dτ +

∫ t

0
Fw(τ)dτ (4)

defines a physical random variable (i.e. it induces a countable additive measure
onHx, see Germani and Sen [4], Balakrishnan [1], De Santis, Gandolfi, Germani,
Tardelli [3]). With this choice of the stochastic model, it is possible to avoid
Ito’s calculus. The Extended Kalman-Bucy Filter is given by the following
equations

x̂(t) = f(x̂(t)) + P (t)CT (y(t) − Cx̂(t)) ,

Ṗ (t) = A(t)P (t) + P (t)AT (t) − P (t)CTCP (t) + FF T ,

A(t) =
∂f

∂x
(x̂(t)) . (5)
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As is well known, though the Extended Kalman-Bucy Filter is highly used
in applications, to our best knowledge, no theoretical convergence results are
available in the literature.

3. A Mixed Observer-Kalman Filter

In this section a new algorithm is proposed for system (3). Let T be a positive
real, indicating the sampling period. Let, for a positive integer k, the estimation
x̂(kT ) and the error covariance matrix Pc(kT ) be given. We want to find out
the estimation and the error covariance at time (k + 1)T. We find out these
quantities as follows. Consider the following equations in [kT, (k+1)T ], setting
the initial conditions as xo(kT ) = x̂(kT ), ψ(kT ) = 0, P (kT ) = Pc(kT ),

ẋo(t) = f(xo(t)) +Q−1(xo(t))Ko(y(t) − Cxo(t)) ,

ψ̇(t) = A(t)ψ(t) −Q−1(xo(t))Ko(y(t) − Cxo(t))

+ P (t)CT (y(t) − Cxo(t) − Cψ(t)) ,

A(t) =
∂f

∂x
(xo(t)) ,

Ṗ (t) = A(t)P (t) + P (t)AT (t) − P (t)CTCP (t) + FF T . (6)

Then, x̂((k + 1)T ) = xo((k + 1)T ) + ψ((k + 1)T ), Pc((k + 1)T ) = P ((k + 1)T ).
So, the estimation is found at every times kT, k = 0, 1, . . . , starting from the
best possible estimation and error covariance matrix at time 0. The algorithm
(6) mixes the nonlinear observer and the extended Kalman filter showed in
the previous section. The objective is to obtain a better estimation from the
extended Kalman filter by using the exponential stability of the estimation
error for the observer. The advantage of using the nonlinear observer mixed
with the extended Kalman filter, instead of the only extended Kalman filter, is
due to the fact that the observer follows better the nonlinear dynamics of the
system without noise (take into account the exponential stability) by means of
a suitable nonlinear gain, while the extended Kalman filter, which makes use of
a linear gain which multiplies the error between measures and estimates, may
follow very badly such dynamics. On the other hand, an estimation at sampling
times, which can be sufficient from an engineering point of view, is given by the
algorithm here proposed. In the following we show the above facts on the well
known Michaelis-Menten model.

Illustrative Example. Let us consider the following nonlinear model,
which is the famous Michaelis-Menten model in pharmacokinetics
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Figure 1: True and estimated x1 (left plots) and x2 (right plots)

ẋ1(t) = −k1x1(t) + vm
x2(t)

km + x2(t)
,

ẋ2(t) = −vm
x2(t)

km + x2(t)
, (7)

where k1, km, vm are positive parameters (here set equal to 1, 2, 3 respectively,
as in paper Komatsu and Takata [7]), x1(t) is drug concentration in distribution
in the blood, x2(t) is drug concentration in absorption in the blood. Here we
suppose that a white Gaussian noise Fω(t) adds to the state equations, and that
the output is given by y(t) = x1(t)+Gω(t). In two plots of Figure 1, the first and
the second true state variables (solid line), the first and the second estimated
variables by means of the extended Kalman-Bucy Filter (dashed line), the first
and the second estimated variables by means of the mixed observer-Kalman
filter (pointed line) are reported, respectively. The white Gaussian noise ω(t)

is chosen with identity as covariance matrix, matrix F is set as F =

[
3 0 0
0 6 0

]
.

The initial state is set to x1(0) = 0, x2(0) = 10, while the observer and the
extended Kalman filter first and second variable initial values are set equal to
0.4 and 10.4, respectively. The improvement of the mixed observer-Kalman
filter with respect to the extended Kalman-Bucy filter is evident.
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