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Abstract: In this paper, a numerical method for solving first-order hyperbolic
partial differential equations has been developed. These methods are developed
approximating to the first-order spatial derivative through second-order back-
ward difference approximations and first-order hyperbolic partial differential
equation is reduced to the system of the ordinary differential equations using
the method of lines. A matrix exponential function in the recurrence relation
of the exact solution is approximated with a factorized non-polynomial approx-
imation having real roots. A recursive algorithm is developed and tested on a
personal computer with Maple V Release 5 for a numerical example.
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1. Introduction

In this paper, we examine the numerical solution of the first-order hyperbolic
partial differential equation
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∂u(x, t)

∂t
+ λ

∂u(x, t)

∂x
= 0, λ > 0, x ≥ 0, t > 0 (1)

with initial conditions u(x, 0) = g(x) and boundary conditions u(0, t) = f(t).
The solution u(x, t) of the model problem equation (1) is to be determined in
some arbitrary region [0 < x ≤ X] × [t > 0]. Dividing the interval [0, X]
into N subintervals each of width h, so that Nh=X , and the time variable t
into time steps each of length k gives a rectangular mesh of points with co-
ordinates (xm, tn)=(mh, nk) (m=0, 1, 2, ...,N and n=0,1,2,...) covering the
region R=[0 < x < X]×[t > 0] and its boundary ∂R consisting of the lines
x=0, x=X and t =0.

There are many finite difference schemes (Lax-Wendroff, Lax-Friedrichs,
Leapfrog, Crank-Nicolson, Forward Euler,...) in the literature, for solving the
first-order hyperbolic partial differential equation. Several authors (Khaliq and
Twizell [4], Oliger [8] , Arigu et al [1], Mitchell [7]) used the method of lines
with appropriate finite difference formulas for space derivative in equation (1).

Cheema et al [3] used the third-order finite-difference approximations for
the space derivative in the model equation (1) and reduced the equation (1)
into the first-order ordinary differential equations system. Their third-order
approximation is

∂u(x, t)

∂x
=

1

6h
{−u(x − 2h, t) + 2u(x − h, t) − 9u(x, t) + 10u(x + h, t)

− 2u(x + 2h, t)} +
h3

4

∂4u(x, t)

∂x4
+ O(h4) as h → 0 , (2)

dU(t)

dt
= −λAU(t) + b(t), t > 0 , (3)

with initial distribution U(0) = g in which U(t) = [U1(t), ..., UN (t)]T , g =
[g(x1), ..., g(xN )]T , b(t) = λ

6h
[3f(t), f(t), 2f(t), 0, ..., 0]T , and

A =
1

6h
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They obtained

U(t + τ) = exp(−λτA)U(t) +

t+τ
∫

t

exp[−λA(t + τ − s)b(s)ds , (4)

solving equation (3) with initial condition. Taj and Twizell [12] approximated
the matrix exponential function exp(−λτA)in equation (4) by exp(−λτA) ≈
D−1Q in which D=[I +a1λτA+a2λ

2τ2A2 +(1
6 −

1
2a1 +a2)λ

3τ3A3] and Q=[I −
(I−a1)λτA+(1

2−a1+a2)λ
2τ2A2], where a1 and a2 are constants chosen so that

the method is L-acceptable uses real arithmetic when D and Q are factorized
into linear factors (Taj and Twizell [12]). They approximated to integral term
in equation (4) by the weighted methods.

A.Q.M. Khaliq and E.H. Twizell [6] used a first order and a second order
backward for the space derivative in equation (1) and obtained the resulting
system of first-order ordinary differential equations was solved using A0-stable
and L0-stable methods. They approximated to the exact solution of the sys-
tem of first-order ordinary differential equations by a recurrence relation. The
matrix exponential function in the recurrence relation was approximated using
the (m, k) Pade approximant. Finally, accuracy was improved further by using
higher order Pade approximants to the matrix exponential function [13].

Mitchell [7] was replaced the space derivative with the backward difference
formula as

∂u

∂x
=

{u(x, t) − u(x − h, t)}

h
+ O(h) (5)

in equation (1). After that he applied the method of lines method and obtained

dU

dt
= −λAU + λVt (6)

where

U(t) = [U1(t), ..., UN (t)]T , A =



















1 0 . . . 0
−1 1 0 . . . 0
0 −1 1 . . . 0
...

. . .
. . .

0 . . . −1 1



















N×N

,

and Vt is a vector with N components given by [vt, 0, ..., 0]
T , where vt is the nu-

merical value of the boundary condition. The solution equation (6) is satisfying
the recurrence relation

U(t + τ) = A−1Vt + exp(−λτA){U(t) − A−1Vt}. (7)
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Using the (0,1) Pade approximant to the exponential matrix function in
equation (6) leads to U(t + τ) = A−1Vt + (I − λτA){U(t) − A−1Vt} + O(τ2),
where I is the identity matrix of order N. This scheme is an explicit form. It
appears in Mitchell [7] and is known to be first order accurate in time.

Reusch [6] factorized [m/m] Pade approximations in to the form

Rm,m(x) =
Pm(x)

Qm(x)
=

m
∏

k=1

1 − x
ck

1 + x
c∗
k

(8)

which yields the efficient multiplicative algorithm for serial computer as

u(0) = u(t),

solve
(

I + ηA
c∗
k

)

uk =
(

I − ηA
ck

)

uk−1 sequentially, k = 1, 2, ...,m ,

u(t + η) = um ,

(9)

for the one dimensional heat equation in which A was a diagonal reel matrix
and ck, c∗k roots were coefficients. For k=1, ck, c∗kare real, but k6= 1, ck, c∗k
are complex numbers. They treated the diagonal Pade approximations to the
exponential matrix function. The simplest of these diagonal Pade methods is
the Crank-Nicolson, which is same as [1/1] Pade approximation (m=1). In
case m > 1 algorithms were not strongly stable at infinity. Calculations in
algorithm include complex arithmetic because of the complex roots of Qm(x)
and Pm(x). Although Pade approximations generate useful matrix approxima-
tions to exp(A), higher order Pade approximation have not as yet been used in
practical applications; presumably because of their apparent complexity [10].

The first aim of this article, within the known difficulties, is to use back-
ward difference formula for the space derivative in equation (1) in a way that
it prevents ossilations that might occure in the solution of initial and boundary
conditions. Khaliq and E.H. Twizell [6] state that it is advantageous to choose
backward different equations in the first-order hyperbolic partial differential
equation (1) for oscillation situations for the space derivatives. The second aim
is to achieve an effective factorized non-polynomial approach for the exponential
matrix function in the exact solution of the system of the ordinary differential
equations without complex roots. Thus both the difficulties in calculations will
be eliminated and the oscillations will be minimized. Using factorized diagonal
Pade approach in the solution of the system of the ordinary differential equa-
tions, Reusch [9] devised a recursive algorithm which reduces the faults arising
from calculations. This idea of Reusch [9] has been a beacon for the third aim
of this study. The third aim of this study is to obtain an algorithm in recursive
form with the help of a factorized non-polynomial approach devised for recur-
rence relation corresponding to analytical solution of the first-order hyperbolic
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partial differential equation (1) which is reduced to the system of the ordinary
differential equation through the method of lines. Thus, this algorithm, due to
its programmable aspect in computer, will provide easiness leading to reduction
in errors in calculations. This was examined in Section 2 in the light of the aims
mentioned above.

2. The Method

We consider the one-dimensional advection equation (1) with the boundary
condition

u(0, t) = f(t) , t > 0 , (10)

and the initial condition

u(x, 0) = g(x) , x ≥ 0 , (11)

where g(x) is a given continuous function of x≥ 0, is considered as the model
problem. There will exist a discontinuity between the initial condition and the
boundary condition at the origin if g(0)6= f(0).

N is positive integer number, subdivide the interval 0 < x ≤ X into N equal
subintervals by the grid lines xi=ih, i=0,1,...,N, where Nh=X. and the time
variable t into time steps each of length k gives a rectangular mesh of points
with co-ordinates (xm, tn)=(mh, nk) (m=0, 1, 2, ...,N and n=0,1,2,...) covering
the region R=[0 < x < X]×[t > 0] and its boundary ∂R consisting of the lines
x=0, x=X and t =0.

It will definite the finite difference equation for the space derivation in the
equation (1). Respectively, the Maclaurin series of the u(x-h,t) and u(x-2h,t)
are

u(x − h, t) = u(x, t) − h
∂u(x, t)

∂x
+

1

2
h2 ∂2u(x, t)

∂x2
+ O(h3) , (12)

u(x − 2h, t) = u(x, t) − 2h
∂u(x, t)

∂x
+ 2h2 ∂2u(x, t)

∂x2
+ O(h3) . (13)

Using equations (12), (13), the second-order backward difference formula for
the space derivative in equation (1) is obtained. This difference formula is

∂u(x, t)

∂x
=

1

2h
{3u(x, t) − 4u(x − h, t) + u(x − 2h, t)} + O(h2). (14)

In this paper because of choosing that is “the use of backward difference
replacements has the advantage that the oscillations which are always present
with central difference replacements, do not arise” [6]. Applying equation (1)
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with (14) to N mesh points of the grid, as appropriate, at time level t =tn pro-
duces a system of N first-order ordinary differential equations given in vector-
matrix form as

dU(t)

dt
= −

1

2
λDU(t) +

1

2
λb(t), t > 0 , (15)

with initial distribution

U(0) = g . (16)

Here U(t) = [U1(t), ..., UN (t)]T , b(t) = 1
h
[2f(t),−f(t), 0, ..., 0]T , g = [g(x1),

g(x2), ..., g(xN )]T , T denoting transpose, and D is the N×N tridiagonal matrix
which has the small range of eigenvalues

D =
1

h
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N×N

.

Exact solution of the equation (15) subject to equation (16) gives the solu-
tion

U(t) = D−1b(t) + {exp(−
1

2
λtD)}{g − D−1b(t)} ,

which satisfies the recurrence relation

U(t + τ) = D−1b(t) + {exp(−
1

2
λτD)}{U(t) − D−1b(t)}. (17)

Several authors used Pade approximant for the matrix exponential function
is exp(−1

2λτD) [7], [6], [9]. We approximate to the matrix exponential function
with factorized non-polynomial approximation. The non-polynomial approx-
imation (see J. Buchanan and P.R. Turner [2]) is used in this paper for the
matrix exponential function. Computing non-polynomial approximation to ex,
m and n in Pm(x)

Qn(x) are taken equal such that the form of approximation function
is that

Pm(x)

Qm(x)
=

a0 + a1x + ... + amxm

1 + b1x + ... + bmxm
. (18)

Non-polynomial approximation should be factorized. It is not obtained
recursive algorithm for recurrence relation in equation (17). In this paper,
the non-polynomial approximation in equation (17) for ex is factorized m th-

order non-polynomial approximation as Pm(x) =
m
∏

k=1

(

1 − x
sk

)

, Qm(x) =
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m
∏

k=1

(

1 − x
s∗
k

)

. Respectively sk and s∗k (k=1,. . . ,m) are roots of Pm(x) and

Qm(x). Factorized [m/m] diagonal non-polynomial approximations to ex form
is

NPmm(x) = NP (m,m) =
Pm(x)

Qm(x)
=

m
∏

k=1

1 − x/sk

1 + x/s∗k
. (19)

While no difference is noticed at first glance between Pade approach and
non-polinomial approach, the difference is easily understood when looked at the
roots. The roots of the factorized diagonal Pade approximation ck, c∗k are real
numbers for m = 1 (k = 1, . . . ,m), but ck, c∗k are complex numbers for m > 1,
(k=1,. . . ,m) in equation (8). These roots can be seen in Reusch [9]. The roots of
the non-polynomial approximation sk, s∗k in equation (19) are all real numbers
for m ≥ 1 (k = 1, . . . ,m). It can be seen in Table 1. Gustafsson’s theorems
show that difference equation given by equation (15) obtained in this section
using equation (14) with the non-polynomial approximation for exponential
function is unconditionally stable and converges at the same rate as the more
accurate approximation.

Using the second-order backward difference formula equation (14) for the
space derivative in equation (1), it is obtained the system of the ordinary dif-
ferential equations equation (15) by the method of lines. The solution of the
equation (15) is satisfying recurrence relation equation (17). Equation (17) is
not recursive form. For this reason there are difficulties for calculations. So
that for the matrix exponential function in equation (19) is approximated by
NPmm(x)=NP(m,m) (factorized non-polynomial approximation) in equation
(19) which has real roots. Equation (19) helps to yield a recursive algorithm
for equation (17). In this paper, this recursive algorithm is defined by

H(t) = U(t) − D−1b(t) ,
1 ≤ m ≤ M, H0 = U(0) − D−1b(0) ,

solve (I −
(0, 5)τλD

sm
)Hm = (I +

(0, 5)τλD

s∗m
)Hm−1 ,

H(t + τ) = Hm ,

u(t + τ) = −D−1b(t) + Hm ,

(20)

where H(t) is N×1 dimensional vector. The results of the algorithm (20) for
a numerical example which is section three are calculated a personal computer
with MapleV Release 5.



736 K. Altiparmak

Table 1: The results for Pade(4,0) and NP(1,1) at time level t = 1

3. A Numerical Example

We have selected the first order hyperbolic partial differential equation in equa-
tion (1) with λ = 1, g(x)=sin 4πx, 0 ≤ x ≤ 1, f(t) = − sin 4πt. The solution
of the partial differential equation is U(x,t)=Sin4πx(x−t). The numerical solu-
tion is calculated by NP(1,1), NP(2,2), NP(3,3) approximations for the matrix
exponential function in equation (17), using algorithm (20) for equation (17).
The results of this numerical example with NP(1,1), NP(2,2), NP(3,3) are pre-
sented in tables. Then they compared with Pade(4,0), Pade(1,1), and analytic
solution at time levels t=1, t=2.5 and t=5. h=0.1 issued in all calculations
The results clearly show the effect of the oscillatory terms in finite difference
solution with Pade(4,0) and Pade(1,1) increases with increasing x. At the same
time results in Tables 1, 2, 3 and Figures 1, 2, 3 give better values for h=0.1,
t=1, t=2,5 and t=5 in finite difference solution with NP(1,1), NP(2,2), NP(3,3)
approximations. It is seen that the method including factorized non-polynomial
approximations have higher accuracy than other methods including Pade ap-
proximations for the matrix exponential function

4. Conclusion

The first-order hyperbolic partial differential equation can be reduced to the
system of the ordinary differential equations by the method of lines. Several
authors used this method for reducing partial differential equation to the ordi-
nary differential equations system [1], [4], [11], [9]. In this paper, suitable finite
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Table 2: The results for Pade(1,1) and NP(1,1), NP(2,2), NP(3,3) at
time level t = 2, 5

Table 3: The results for Pade(1,1) and NP(2,2) at time level t = 5

difference approximation for the space derivative in equation (1) choosed for
reducing equation to the ordinary differential equations system. It can be used
backward, central, and forward difference approximation for the space deriva-
tive in equation (1). But the forms of the backward difference formula are more
appropriate than the forms of the central difference formula for oscillation [6].
So in this study the backward difference formula used for the space derivative.

The solution of the ordinary differential equations system yields to a recur-
rence relation which is including the matrix exponential function. Many authors
try to approximate the matrix exponential function by different polynomial and
non-polynomial functions [10], [6], [8]. Generally Pade approximation is approx-
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Figure 1: The graphics for Pade(4,0) and NP(1,1) at time level t = 1

Figure 2: The graphics for Pade(1,1) and NP(1,1), NP(2,2), NP(3,3) at
time level t = 2, 5

imated to the matrix exponential function. Using Pade approximations (1,1),
(1,0), (2,0), (3,0). . . .(m,0) (m∈ N) is not more suitable for sensitive results.
Other Pade approximations (m,m) (m 6= 1) gives calculation difficulties while m
is rising. Higher order Pade approximation has not as yet been used in practical
applications; presumably because of their apparent complexity [10].

In this paper a factorized non-polynomial approximation is used for the ma-
trix exponential function. The reason of the using the factorized non-polynomial
approximation is that this approximation has real roots. So that calculations do
not include complex arithmetic. It is not sufficient to use the non-polynomial
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Figure 3: The graphics for Pade(1,1) and NP(2,2) at time level t = 5

approximation for the matrix exponential function in equation (17) to give
better result. Equation (17) needs a recursive algorithm for reducing the er-
rors form calculations. A recursive algorithm containing the factorized non-
polynomial approximation for the matrix exponential function is written by
equation (20). No contrived oscillations are observed for the numerical exam-
ple in Section 3. This algorithm does not need to a serial computer because of
its recursive construction.

We believe that the numerical method developed in this paper give better
results some non-linear first-order hyperbolic partial differential equations and
some parabolic partial differential equations. In future our aim is that we want
to apply this method on these equations.
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