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Abstract: The purpose of this note is to investigate the global stability of
the positive equilibrium of the following high order nonlinear rational difference
equation:

xn+1 =
xn−ixn−jxn−k + xn−i + xn−j + xn−k + a

xn−ixn−j + xn−ixn−k + xn−jxn−k + 1 + a
,

where n = 0, 1, ..., i, j, k ∈ N are fixed. A simple and short proof for the globally
asymptotically stability of positive equilibrium is shown and our result including
the results of the fourth-order rational difference equations in [8, 9, 10, 14].
Furthermore, the same result is also obtained for a more general difference
equations.
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1. Introduction and Preliminaries

Li [8] claims that it is paramount important and interesting to study rational
difference equations. Since some prototypes for the development of the basic
theory of global behavior of nonlinear difference equations of order greater than
one come from the results for rational difference equations. However, there
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have not been any effective general methods to deal with the global behavior of
rational difference equations of order greater than one so far. Li [8] also claims
that it is extremely difficult to understand thoroughly the global behaviors of
solutions of rational difference equations although they have simple forms (or
expressions). It is very challenging and rewarding to study of rational difference
equations of order than one. So, the study of rational difference equation of
order greater than one is worth further consideration.

Ladas [5] proposed to study the rational difference equation

xn+1 =
xn + xn−1xn−2 + a

xnxn−1 + xn−2 + a
, n = 0, 1, 2, ... .

From then on, rational difference equations with the unique positive equilibrium
x = 1 have received considerable attention, one can refer to [2-13] and the
references cited therein. Though the expressions of some rational difference
equations look very similar, the lengths of positive and negative semicycles for
nontrivial solutions occur successively may very differently.

Recently, Li [8, 9, 10] by using a method called “semicycle analysis method”
investigated the following fourth-order difference equations:

xn+1 =
xn−1xn−2xn−3 + xn−1 + xn−2 + xn−3 + a

xn−1xn−2 + xn−1xn−3 + xn−2xn−3 + 1 + a
, n = 0, 1, ... , (1)

xn+1 =
xnxn−1xn−3 + xn + xn−1 + xn−3 + a

xnxn−1 + xnxn−3 + xn−1xn−3 + 1 + a
, n = 0, 1, ... , (2)

xn+1 =
xnxn−2xn−3 + xn + xn−2 + xn−3 + a

xnxn−2 + xnxn−3 + xn−2xn−3 + 1 + a
, n = 0, 1, ... , (3)

where a ∈ [0, ∞), and the initial values x
−3, x

−2, x
−1, x0 ∈ (0, ∞).

From Li [8, 9, 10], we know that the successive lengths of positive and
negative semicycles of nontrivial solutions of equations (1)-(3) are found to
periodically occur, that are: ..., 3+, 1−, 1+, 2−,3+, 1−, 1+, 2−, ... , or ... ,
3−, 1+, 1−, 2+, 3−, 1+, 1−, 2+, ... ; or..., 3+, 2−, 1+, 1−, 3+, 2−, 1+, 1−, ...
, or ... , 2+, 1−, 1+, 3−, 2+, 1−, 1+, 3−, ... ; or ... , 2+, 1−, 2+, 1−, ... ,
or ... , 1+, 1−, 1+, 1−, 1+, 1−, 1+, 1−, ... , or ..., 2−, 1+, 2−, 1+, ... , or ...
, 3+, 3−, 3+, 3−, ... . By using the rules, the positive equilibriums of equations
(1)-(3) are verified to be globally asymptotically stable.

Note that x = 1 is a unique positive equilibrium of equations (1)-(3). The
above results imply that the perturbations of the initial values will lead to
variations of the trajectory structure rules for the solutions of equations (1)-
(3). That is to say, if we fix some three of the four initial values x

−3, x
−2, x

−1,

x0 ∈ (0, 1) ∪ (1, ∞) and let the residual one perturb around the equilibrium
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x = 1 of equations (1)-(3), then the rules for the trajectory structure of solutions
of the equations may change [10].

The purpose of this paper is to give a simple and short proof of the global
asymptotically stability of the following equation:

xn+1 =
xn−ixn−jxn−k + xn−i + xn−j + xn−k + a

xn−ixn−j + xn−ixn−k + xn−jxn−k + 1 + a
, (4)

where n = 0, 1, ... , and i, j, k ∈ N are fixed, and also consider the following
more general difference equation:

xn+1 = e (xn, ..., xn−i) f (xn, ..., xn−j) xn−k + e (xn, ..., xn−i) + f (xn, ..., xn−j)

+ g (xn, ..., xn−k) �e (xn, ..., xn−i) f (xn, ..., xn−j) + e (xn, ..., xn−i)xn−k

+ f (xn, ..., xn−j)xn−k + g (xn, ..., xn−k) , (5)

where e: [0, ∞)i+1 → [0, ∞) , f : [0, ∞)j+1 → [0, ∞), g: [0, ∞)k+1 →
[0, ∞), n = 0,1, ... , i, j, k ∈ N , are fixed.

To prove our results, we need the following lemma, see Kruse and Nesemann
[4].

Lemma 1.1. Consider the difference equation

xn+k = f (xn+k−1, ..., xn) , n = 0, 1, ..., (6)

where k ∈ N, f : (0, ∞)k → (0, ∞) is a continuous function with some unique
positive equilibrium x. Suppose that there is an m ∈ N such that for all
solutions (xn) of equation (5),

(xn − xn+m)

(

x2

xn

− xn+m

)

≤ 0

with equality if and only if xn = x. Then x is globally asymptotically stable.

2. Main Results

In this section we prove the global asymptotically stability of the positive equi-
libriums of equation (4) and equation (5).

Theorem 2.1. The positive equilibrium x = 1 of equations (4) is globally
asymptotically stable.

Proof. It is not difficult to see that the positive equilibrium x of equation
(4) satisfies

x =
x3 + 3x + a

3x2 + 1 + a
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from which one can see that equation (4) has a unique positive equilibrium
x = 1. We must prove that the positive equilibrium x = 1 of equation (4) is
both locally asymptotically stable and globally attractive now. The linearized
equation of equation (4) about the positive equilibrium x = 1 is

xn+1 = 0 · xn + 0 · xn−i + 0 · xn−j + 0 · xn−k, n = 0, 1, ... .

By virtue of [7, Remark 1.3.1], x = 1 is locally asymptotically stable. In the
following, we prove that x = 1 is globally attract of all positive solutions of
equations (4).

If {xn} is a solution of equation (4), using equation (4), we obtain

xn+1 − xn−k =
(1 − xn−k) [(xn−i + xn−j) (1 + xn−k) + a]

xn−ixn−j + xn−ixn−k + xn−jxn−k + 1 + a
,

and
1

xn−k

− xn+1 =
(1 − xn−k) [(1 + xn−k) (xn−ixn−j + 1) + a]

xn−k (xn−ixn−j + xn−ixn−k + xn−jxn−k + 1 + a)
.

Hence

(xn−k − xn+1)

(

1

xn−k

− xn+1

)

≤ 0,

with equality if and only if xn−k = x = 1, by virtue of Lemma 1.1 the positive
equilibrium x of equation (4) is globally stable with m = k +1. This completes
the proof.

Remark 1.1. In fact, equations (1)-(3) can be treated as the following
high order nonlinear difference equation

xn+1 =
xn−ixn−jxn−k + xn−i + xn−j + xn−k + a

xn−ixn−j + xn−ixn−k + xn−jxn−k + 1 + a
, (7)

where k = 3, and i, j ∈ {0, 1, 2} which is a special case of equation (4). From
equation (7) one can see that equation (1) is the case (i, j, k) = (1, 2, 3),
equation (2) is the case (i, j, k) = (0, 1, 3) and equation (3) is the case
(i, j, k) = (0, 2, 3). So our result including the results in Li [8, 9, 10]. when
(i, j, k) = (0, 3, 4), our result including the results in Zhang [14].

Furthermore, we point out that equation (5) contains equation (4), and
certainly contains equations (1)-(3).

Theorem 2.2. The positive equilibrium x = 1 of equation (5) is globally
asymptotically stable.

Proof. Note that the positive equilibrium x of equation (5) satisfying

x = e (x, ..., x) f (x, ..., x) x + e (x, ..., x) + f (x, ..., x)

+g (x, ..., x) �e (x, ..., x) f (x, ..., x) + e (x, ..., x)x
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+f (x, ..., x)x + g (x, ..., x)

which is equivalent to

(x − 1) [(x + 1) (e (x, ..., x) +) + f (x, ..., x) + g (x, ..., x)] = 0.

From which one can obtain x = 1.

A directly calculation show that

xn+1 − xn−k

= (1 − xn−k) [(1 + xn−k) (e (xn, ..., xn−i) + f (xn, ..., xn−j)) + g (xn, ..., xn−k)]

× (e (xn, ..., xn−i) f (xn, ..., xn−j) + e (xn, ..., xn−i) xn−k + f (xn, ..., xn−j)xn−k

+ g (xn, ..., xn−k))−1 ,

and

1

xn−k

− xn+1

= (1 − xn−k) [(1 + xn−k) e (xn, ..., xn−i) f (xn, ..., xn−j) + g (xn, ..., xn−k)]

×

(

xn−k

[

e (xn, ..., xn−i) f (xn, ..., xn−j) + e (xn, ..., xn−i)xn−k

+f (xn, ..., xn−j)xn−k + g (xn, ..., xn−k)

]

)

−1

.

Hence

(xn−k − xn+1)

(

1

xn−k

− xn+1

)

≤ 0,

with equality if and only if xn−k = x = 1, the stability of the positive equilib-
rium x of equation (7) follows by Lemma 1.1 with m = k + 1. This completes
the proof of theorem.
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