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Abstract: In this paper we consider the problem of estimating the probability
of having an air quality standard exceeded a certain number of times in a time
interval of interest. A non-homogeneous Poisson model is used to study this
problem. The rate function at which the Poisson events occur is given by
λ(t) > 0, t ≥ 0 which depends on some parameters to be estimated. These
parameters are estimated using a Bayesian formulation based on a MetropolisHastings algorithm. A comparison of the performance of this algorithm with
the performance of the WinBugs software is also given.
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1. Introduction

One problem common to large cities throughout the world is air pollution.
Among the many pollutants affecting the inhabitants of those cities we have
ozone. When ozone concentration stays above a certain threshold for a given
period of time, a very sensitive part of the population (elderly, newborn) may
experience serious health problems (see for example [9], [10], [11], [22], [27],
[32], [42]). Therefore, being able to predict when such exceedances may occur
is a very important issue.
The legal threshold used to declare emergency situations may vary from
country to country. The US Environmental Protection Agency (US-EPA) has
established that to avoid adverse health effects, the fourth highest daily maximum 8-hour average ozone concentration measured at each monitor within an
area over each year must not exceed 0.075 parts per million (0.075ppm) (see
[13]). The official environmental law for ozone in Mexico is that an individual
should not be exposed to a concentration of 0.11ppm or above for a period of
one hour or more (see [31]). In Mexico City the threshold used to declare an
emergency situation is 0.22ppm.
Among the several methodologies that have been used in the study of ozone
air pollution we have extreme values theory, time series analysis, multivariate
analysis, neural networks and Markov chains among other. Among the many
works using one or another of the methodologies above we may quote, [6], [7],
[8], [14], [16], [17], [19], [20], [23], [24], [25], [26], [33], [36], [37], [38] and [43].
When the aim is to estimate the number of times that a given environmental
standard is violated, [21], [34], [38] use Poisson processes to model this problem.
However, in all cases the processes used are time homogeneous. It is a well
known fact that time homogeneity is not a property of ozone measurements.
Aiming to overcome the time homogeneity hypothesis, [3], [4], [5] use nonhomogeneous Poisson processes. However, one shortcoming of those works is
the use of the Gibbs sampling algorithm internally implemented in the software
WinBugs (see [39]). Since the Gibbs sampling algorithm not always converge,
the algorithm implemented in WinBugs may present convergence problems.
In the present work we keep the assumption of a non-homogeneous Poisson
model. However, the parameters of the intensity function of the Poisson process
are estimated by using a Metropolis-Hasting type algorithm (see [18], [28]).
The advantage of using a Metropolis-Hastings algorithm is that convergence is
always guaranteed.
This paper is organized as follows. In Section 2 the basic assumptions of
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the Poisson model are presented. Section 3 describes the Bayesian formulation
considered. In Section 4 a Metropolis-Hastings type algorithm is proposed
to estimate the parameters of the intensity function of the Poisson model. An
application to the case of ozone measurements in Mexico City is given in Section
5. In Section 6 some comments about the results are given. Finally, in the
Appendix we give the MATLAB code of the Metropolis-Hastings algorithm
presented in this work.
In here the notation X ∼ F is used to indicate that the random variable X
has distribution function F .

2. A Non-Homogeneous Poisson Model
There are several works that uses non-homogeneous Poisson model to study
problems varying from reliability theory to discovery of new marine species
(see for example [1], [2], [35], [40], and [41] among others). In here the nonhomogeneous Poisson model is used to estimate the probability that an air
pollution standard is exceeded a given number of times in a time interval of
interest.
The problem of interest here is described as follows. Let Mt ≥ 0, t ≥ 0 be
the number of times an environmental standard of a given pollutant is violated
in the time interval [0, t). In order to describe the behaviour of Mt in the
case of ozone, [21] propose the use of a time homogeneous Poisson model with
rate λ > 0. The rate λ was calculated using the environmental standard that
dictates that the ozone standard should not be violated on average more than
once in three years. However, in the case of Mexico City this rule is not true
(see for instance [4]). Therefore, we assume that the number of times that
the ozone standard is violated follows a non-homogeneous Poisson process with
some rate function that depends on time.
Consider a function λ(t) > 0, t ≥ 0 and assume that at time t the random
variable Mt has a Poisson distribution with rate function λ(t) and mean function
m(t) given by
Z t
λ(s) ds,
t ≥ 0.
m(t) =
0

Hence, we have, for k = 0, 1, 2, . . . and t, s ≥ 0, that
[m(t + s) − m(t)]k
P (Mt+s − Mt = k) =
k!
exp (−[m(t + s) − m(t)]) .

(1)
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Note that, when the behaviour of the function λ(t) has been understood we
have that the behaviour of M = {Mt : t ≥ 0} may be predicted and explained.
Hence, the problem of studying M is reduced to studying λ(t), t ≥ 0.
There are several forms that λ(t), t ≥ 0, may assume. It is possible to
observe from [4] that, in general, the number of ozone exceedances has been
decreasing from January 1, 1998 until December 31, 2004. Therefore, it is interesting to have a rate function λ(t), t ≥ 0 that presents a decreasing behaviour
as the time passes. One suggestion (see [29] and also [35]) is to take λ(t), t ≥ 0,
of the exponentiated-Weibull form given by

α
α β−1
e−(t/σ) (t/σ)α−1
α β 1 − e−(t/σ)
h
,
t ≥ 0,
(2)
λ(t) =
β i
σ 1 − 1 − e−(t/σ)α

where α, β and σ are parameters of λ(t), t ≥ 0.

Other forms of λ(t) may also be considered. They are given by the Weibull
(when β = 1 in (2)), Musa-Okumoto (see [30]) and the generalised GoelOkumoto (see [15]) models. In here we consider only the exponentiated-Weibull
because we want to compare the results obtained by the Metropolis-Hastings
algorithm presented here with the results obtained when using the WinBugs
software given in [4]. Therefore, in the present case the vector of parameters to
be estimated is θ = (α, β, σ) ∈ R+ × R+ × R+ .
Remarks. 1. Note that the function (2) will have a monotone decreasing
behaviour if both α and (α β) are smaller or equal to one.
2. Whenever convenient, we assume that the parameters α, β and σ are
independent random variables. The case where α and β are not independent
will be made explicit in the formulation of the model.
The problem here is reduced to estimating the vector of parameters θ that
produces the behaviour of λ(t), t ≥ 0, that is the most adequate to fit the
situation presented by the ozone measurements of the Mexico City monitoring
network. In order to do so, a Bayesian approach will be used.

3. A Bayesian Formulation of the Model
In this section a Bayesian formulation of the model is presented in which the
likelihood function follows a Poisson model with rate function that is time
dependent. The aim is to estimate the parameters of this rate function.
The formulation considered here may be described as follows. Let K > 0
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be a fixed natural number. Assume that there are K days in which an ozone
environmental standard has been violated. Let d1 , d2 , . . . , dK indicate the days
at which these violations occurred. Denote by D = {d1 , d2 , . . . , dK } the set
of observed data. There is a natural relationship among posterior and prior
distributions and the likelihood function of the model given by
P (θ | D) ∝ L(D | θ) P (θ) ,

(3)

where P (θ | D) is the posterior distribution of θ given the data D, P (θ) is the
prior distributions of θ and L(D | θ) is the likelihood function. The components
of (3) are given as follows.
1. (The Likelihood Function) Since a non-homogeneous Poisson model has
been assumed for the problem, we have that the likelihood function will take
the form
#
"K
Y
λ(di ) exp (−m(dK )) .
L(D | θ) =
i=1

The rate function λ(t) given by (2) has mean function given by m(t) =
− log [1 − F (t)] where F (t) = (1 − exp [− (t/σ)α ])β . Therefore,

β−1 
QK α−1 −(di /σ)α 
−(di /σ)α
1
−
e
(α β)K
d
e
i=1 i

hQ
(4)
L(D | θ) ∝

 i
K−1
−(di /σ)α β
1
−
1
−
e
σ αK
i=1

(see for example, [12], [25] and [35]).

2. (The Prior Distribution) The following prior distributions of the parameters are considered.
Due to the restrictions imposed on the behaviour of λ(t), we need to have the
random quantities α and (α β) in the interval [0, 1] and σ ∈ R+ . Hence, we take
the following: α ∼ Beta(a1 , b1 ); σ ∼ Gamma(a2 , b2 ) (in here, Beta(a, b) and
Gamma(c, d) are the Beta and Gamma distributions with means a/(a + b) and
c/d, respectively, and variances ab/[(a + b)2 (a + b + 1)] and c/d2 , respectively).
Assuming a dependence between α and β (since we need αβ < 1 given that
α < 1) we take β ∼ Uniform(0, 1/α). Then, the joint posterior density in this
case takes the form:
P (θ | D)) = P (α, β, σ | D)
∝ αa1 +K β K σ a2 −Kα−1 e−σ b2 (1 − α)b1 −1




QK
α β−1
α−1 −(di /σ)α
−(d
/σ)
1−e i
e
i=1 di
.

 
QK−1 
−(di /σ)α β
1
−
1
−
e
i=1

(5)
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The parameters ai , bi , i = 1, 2 are know hyperparameters that will be
specified later. The sampling of the values of θ will be performed using the
Markov chain Monte Carlo algorithm given in the next section.

4. A Metropolis-Hastings Sampling Algorithm
The aim in this section is to present a Metropolis-Hastings type algorithm (see
[18] and [28]) to obtain a sample from P (θ | D) given by (5). After a sample
is obtained the law of large numbers may be used to estimate the behaviour of
the posterior distribution.
In order to achieve the aim here, we are going to construct an ergodic
Markov chain X = {Xn : n = 0, 1, . . .} whose stationary distribution is (5).
Therefore, if at time n the actual state of the chain is Xn = θ, a candidate
θ ′ to be the next state of the chain is chosen as follows. Generate θ using the
corresponding prior distributions (other distributions may also be used). The
change from θ to θ ′ will occur with probability


P (θ ′ | D) p(θ ′ , θ)
′
,
q(θ, θ ) = min 1,
P (θ | D) p(θ, θ ′ )
where p(θ, θ ′ ) is the proposal distribution used to generate the values θ ′ (in the
present case is the prior distribution of θ). Then, for P (θ | D) given by (5) we
have that
 

′
′ β −1
′ 
α′ −1 −(di /σ′ )α

−(di /σ′ )α
K

1
−
e
e
d

Y i
q(θ, θ ′ ) = min 1, 

α β−1
α−1 −(di /σ)α

−(d
/σ)
i

di e
1−e
i=1


i 
h
α β

K 1 − 1 − e−(di /σ)

′
Y

 r(θ , θ)
,


i
h
′
′ β
r(θ, θ ′ ) 
′ α

i=1 1 − 1 − e−(di /σ )
where

r(θ ′ , θ)
=
r(θ, θ ′ )

′

α′ β ′ σ ′−α
αβσ −α

!K

.

The aim now is to obtain a sample from the posterior distribution using the
information provided by the data of the monitoring network of the Metropolitan
Area of Mexico City. Once the sample is obtained inference about the behaviour
of the rate function λ(t), t ≥ 0, can be performed.
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5. An Application to the Ozone Measurements in Mexico City
In this section we apply the results described earlier in this paper to the case
of ozone measurements of the Metropolitan Area of Mexico City monitoring
network. The Metropolitan Area is divided into five regions or sections corresponding to the Northeast (NE), Northwest (NW), Center (CE), Southeast (SE)
and Southwest (SW) and the ozone monitoring stations are placed throughout the city (see [4] and [6]). The data used in the analysis (obtained from
www.sma.df.gob.mx/simat/) corresponds to seven years (from January 1, 1998
to December 31, 2004) of the daily maximum measurements of each region. The
measurements are obtained minute by minute and the averaged hourly result is
reported at each station. The daily maximum measurement for a given region
is the maximum over all the maximum averaged values recorded hourly during
a 24-hour period by each station placed in the region.
During the period considered here, the Mexican ozone standard of 0.11ppm
was violated on 2063 days. Nevertheless, the daily peaks were double the Mexican standard on 237 days. In here we are going to use the threshold 0.17ppm.
One of the reasons for choosing this threshold is that it is an intermediate
value between 0.11ppm and 0.22ppm. Additionally, we would like to study
the behaviour of Mt , t ≥ 0, if 0.17ppm instead of 0.22ppm is used to declare
emergency situations in Mexico City. Note that from January 1, 1998 until
December 31, 2004, the threshold 0.17ppm was surpassed 980 days. Analysis
were performed for each region separately and only considering the threshold
0.17ppm. Other values could also be considered.
The hyperparameters of the prior distributions were taken as follows. The
parameters a1 and b1 were obtained by imposing the condition that the mean
2
µBeta and the variance σBeta
of the Beta distribution, were the estimated mean
and variance of the parameter α given by [4]. Similar procedure was followed
to obtain a2 and b2 of the Gamma prior distribution of the parameter σ. Table
1 gives the hyperparameters for the prior distributions of the parameters α and
σ. Once the value of α was simulated, it was used to obtain the parameter β.
In order to initialise the algorithm and to perform analysis of its convergence and of the correlation among the generated values, three different values
were used for each parameter. They were, in general, taken as the mean and
the points near the extremes of the 95% credible interval obtained in previous
studies. The values used to generate the sample considered to estimate the
parameters in the present case were α0 = 0.5, β0 = 1 and σ0 = 0.2.
Even though convergence of the algorithm varied according to region and
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a1
b1
a2
b2

NE
0.4748
0.3582
1.6649
1.3874

NW
0.7266
0.3912
4.3719
19.0083

CE
0.9523
0.4081
5.5225
11.75

SE
0.7619
0.3925
4.5918
10.2041

SW
1.3502
0.4264
10.4379
24.8521

Table 1: Values of the hyperparameters for the prior distributions of
the parameters α and σ for regions NE, NW, CE, SE and SW

parameter to be estimated, we have decided to use the same value of burn-in
period as well as the same lag between two consecutive values taken to be part
of the sample used to estimate the parameters of the model. We also use the
same sample size. Therefore, estimates were performed using a sample of size
1000 selected after a burn-in period of 100000 steps and taking every 300-th
generated value.
Table 2 presents the values of the estimated parameters. These values are
similar to the ones obtained when using the WinBugs software (see [4]).

NE

NW

CE

SE

SW

α
β
σ
α
β
σ
α
β
σ
α
β
σ
α
β
σ

Mean
0.92912
0.71094
0.98634
0.55648
1.2332
0.35806
0.67963
1.0221
0.69765
0.68236
1.0144
0.70566
0.55208
1.2403
0.52209

SD
0.082359
0.27162
0.33729
0.063033
0.45217
0.14572
0.062324
0.34843
0.24648
0.069786
0.35447
0.26826
0.061781
0.47493
0.14876

95% Credible Interval
(0.92402, 0.93423)
(0.6941, 0.72777)
(0.96543, 1.0072)
(0.55257, 0.56038)
(1.2051, 1.2612)
(0.34902, 0.36709)
(0.67576, 0.68349)
(1.0005, 1.0437)
(0.68237, 0.71292)
(0.67803, 0.68668)
(0.99246, 1.0364)
(0.68903, 0.72229)
(0.54825, 0.55591)
(1.2108, 1.2697)
(0.51287, 0.53131)

Table 2: Posterior mean, standard deviation (indicated by SD) and 95%
credible interval of the parameters α, β and σ for regions NE, NW, CE,
SE and SW
In order to illustrate how the results obtained here may be used to perform
predictions, consider the case of region SW. We have decided to ilustrate using
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this region because it is the region with more problems related to ozone pollution. Hence, consider the period of time January 1-25, 2005 and we want to
know what is the probability of having 5, 10, 15 and 20 days or less where the
threshold 0.17ppm is surpassed. In this case we have that these probabilities
are respectively, 0.16, 0.81, 1.0 and 1.0. During the first 25 days of 2005 there
were two days in which the threshold 0.17ppm was surpassed. If we consider
the probability of having five days or less with measurements above 0.17ppm,
we have that the Metropolis-Hasting algorithm presented here underestimate
the probability of this event when compared to the result given by the WinBugs
software (which was 0.52).

6. Discussion
If we compare the estimated values for α, β and σ with the ones estimated
using WinBugs (see [4]) we may see that they are very similar. Analysing the
behaviour of λ(t), t ≥ 0, as function of α, β and σ we have that λ(t) is a
decreasing function as a function of β and σ and is an increasing function as a
function of α. Comparing the parameters estimated by the WinBugs software
and the Metropolis-Hastings algorithm presented here, we have that the values
of m(t) for each t ≥ 0 are larger when using the WinBugs software and when
considering regions NW, CE, SE and SW. When taking into account region NE
we have that the value of m(t) is larger when using the Metropolis-Hastings
algorithm.
Comparing the fit of the observed mean and the estimated mean obtained by
the WinBugs software (see [4]) and taking into account the comparison made
above between m(t) obtained by the WinBugs software and the MetropolisHastings algorithm, we have that graphically, the estimates given by the WinBugs produce better fit.
Looking at the values of the parameters estimated using the sample generated by the Metropolis-Hastings algorithm presented here, we have that the
values do not differ much from the ones obtained by using the WinBugs software.
As pointed out before, the fit of the curve of the estimated mean m(t) using the Metropolis-Hastings algorithm is not as good as the fit obtained when
using the WinBugs software. Nevertheless, the Metropolis-Hastings algorithm
has the advantage of always converging to the right distribution. Since WinBugs partly relies upon the Gibbs sampling algorithm, convergence may not
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always occur unless a very informative prior distribution is used. Convergence
of the Gibbs sampling depends on the construction of an ergodic Markov chain.
The Metropolis-Hastings always produces an ergodic chain. Additionally, the
software WinBugs is presented as a black box, hence one is not sure how the
internal implementation of the algorithm is written. In the present case we have
an explicit formulation for the algorithm. Additionally, we present the MATLAB code of the algorithm. Alternatively, one may write one’s own programme
and have one’s own code.
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Appendix
In this section were present the computer code elaborated in MATLAB of the
Metropolis-Hastings algorithm presented here and that was used to estimate
the values of the parameters of the exponentiated-Weibull rate function.
% Metropolis-Hastings.
% Con a~Beta(a1,b1), s~Gamma(a2,b2), b~U(0,1/a).
clc;
clear;
t1 = clock;
%---------- Reading the data set -------------------fecha = ’9804’;
region = ’se’;
d = leer_datos(fecha,region);
nivel = 2;
switch lower(num2str(nivel))
case ’1’
nivelozono = 0.11;
case ’2’
nivelozono = 0.17;
case ’3’
nivelozono = 0.22;
end

ESTIMATING THE NUMBER OF OZONE PEAKS IN...
m = length(d);
%---- Number of Markov chains considered and sample size -ncad = 1;
N = 400000;
percal = 100000;
%---------- Parameters for the prior distributions--------switch region
case ’ne’
mediart_a = 0.57;
mediart_s = 1.2;
var_a = (0.05)^2;
var_s = (0.93)^2;
case ’nw’
mediart_a = 0.65;
mediart_s = 0.23;
var_a = (0.03)^2;
var_s = (0.11)^2;
case ’ce’
mediart_a = 0.7;
mediart_s = 0.47;
var_a = (0.03)^2;
var_s = (0.2)^2;
case ’sw’
mediart_a = 0.76;
mediart_s = 0.42;
var_a = (0.03)^2;
var_s = (0.13)^2;
case ’se’
mediart_a = 0.66;
mediart_s = 0.45;
var_a = (0.04)^2;
var_s = (0.21)^2;
end
[a1,b1] = param_beta(mediart_a,sqrt(var_a))
[a2,b2] = param_gama(mediart_s,sqrt(var_s))
%-------- Seeds -----------------for contador = 1:ncad; % (***)
a_0 = 0.50;
s_0 = 0.20;
b_0 = 1;
I(a_0,b_0,s_0,d,nivel)
% This should be different of zero
II(a_0,b_0,s_0,d,nivel) % This should be different of zero
%------- State of the Markov chain for the first step----------a_ = betarnd(a1,b1);
while (a_ == 0)
a_ = betarnd(a1,b1);
end
s_ = gamrnd(a2,1/b2);
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b_ = unifrnd(0,1/a_);
while (I(a_,b_,s_,d,nivel) == 0) | (II(a_,b_,s_,d,nivel) == 0)
a_ = betarnd(a1,b1);
while (a_ == 0)
a_ = betarnd(a1,b1);
end
s_ = gamrnd(a2,1/b2);
b_ = unifrnd(0,1/a_);
end
Q = [((a_*b_)/(a_0*b_0))^m] * [(s_^a_)/(s_0^a_0)]^(-m);
III = [ I(a_,b_,s_,d,nivel) / I(a_0,b_0,s_0,d,nivel) ] *
[ II(a_0,b_0,s_0,d,nivel) / II(a_,b_,s_,d,nivel) ];
q = min(1,Q*III);
u = unifrnd(0,1);
if u <= q
a(1,1) = a_;
s(1,1) = s_;
b(1,1) = b_;
else
a(1,1) = a_0;
s(1,1) = s_0;
b(1,1) = b_0;
end
%------- State of the Markov chain for steps greater or equal to 2
for n = 2:N
a_ = betarnd(a1,b1);
while (a_ == 0)
a_ = betarnd(a1,b1);
end
s_ = gamrnd(a2,1/b2);
b_ = unifrnd(0,1/a_);
while (I(a_,b_,s_,d,nivel) == 0) | (II(a_,b_,s_,d,nivel) == 0)
a_ = betarnd(a1,b1);
while (a_ == 0)
a_ = betarnd(a1,b1);
end
s_ = gamrnd(a2,1/b2);
b_ = unifrnd(0,1/a_);
end
Q = [((a_*b_)/(a(1,n-1)*b(1,n-1)))^m] *
[(s_^a_)/(s(1,n-1)^a(1,n-1))]^(-m);
III = [ I(a_,b_,s_,d,nivel) / I(a(1,n-1),b(1,n-1),
s(1,n-1),d,nivel) ] * [ II(a(1,n-1),b(1,n-1),s(1,n-1),
d,nivel) / II(a_,b_,s_,d,nivel) ];
q = min(1,Q*III);
u = unifrnd(0,1);
if u <= q
a(1,n) = a_;
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s(1,n) = s_;
b(1,n) = b_;
else
a(1,n) = a(1,n-1);
s(1,n) = s(1,n-1);
b(1,n) = b(1,n-1);
end
end
dlmwrite([’C:results-alpha.dat’], a)
dlmwrite([’C:results-beta.dat’], b)
dlmwrite([’C:results-sigma.dat]’, s)
%--------- Burn-in period (ergodic mean) --------S_a = prom_erg(a);
S_s = prom_erg(s);
S_b = prom_erg(b);
dlmwrite([’C:ergodic-alpha.dat’], S_a)
dlmwrite([’C:ergodic-sigma.dat’], S_s)
dlmwrite([’C:ergodic-beta.dat’], S_b)
hold off
fig = figure(1+9*(contador-1));
plot(1:N,S_a,’.’)
xlabel([’Iteration’])
ylabel([’Ergodic mean’])
saveas(fig,[’C:ergodic-alpha.eps’])
hold off
fig = figure(2+9*(contador-1));
plot(1:N,S_s,’.’)
xlabel([’Iteration’])
ylabel([’Ergodic mean’])
saveas(fig,[’C:ergodic-sigma.eps’])
hold off
fig = figure(3+9*(contador-1));
plot(1:N,S_b,’.’)
xlabel([’Iteration’])
ylabel([’Ergodic mean’])
saveas(fig,[’C:ergodic-beta.eps’])
%-- Eliminate the values generated during the burn-in period -for t = 1:N-percal
a_obs(1,t) = a(1,percal+t);
s_obs(1,t) = s(1,percal+t);
b_obs(1,t) = b(1,percal+t);
end
dlmwrite([’C:generated-alpha.dat’], a_obs)
dlmwrite([’C:generated-sigma.dat’], s_obs)
dlmwrite([’C:generated-beta.dat’], b_obs)
%--------- Correlation values ----kdep = 600;
media_a_obs = mean(a_obs);
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media_s_obs = mean(s_obs);
media_b_obs = mean(b_obs);
dim_a_obs = length(a_obs);
dim_s_obs = length(s_obs);
dim_b_obs = length(b_obs);
for j = 1:dim_a_obs
pk2_a(1,j) = (a_obs(1,j)-media_a_obs)^2;
end
for j = 1:dim_s_obs
pk2_s(1,j) = (s_obs(1,j)-media_s_obs)^2;
end
for j = 1:dim_b_obs
pk2_b(1,j) = (b_obs(1,j)-media_b_obs)^2;
end
for k = 1:kdep
for j = 1:dim_a_obs-k
pk1(1,j) = (a_obs(1,j)-media_a_obs) *
(a_obs(1,j+k)-media_a_obs);
end
pk_a_obs(1,k) = sum(pk1)/sum(pk2_a);
for j = 1:dim_s_obs-k
pk1(1,j) = (s_obs(1,j)-media_s_obs) *
(s_obs(1,j+k)-media_s_obs);
end
pk_s_obs(1,k) = sum(pk1)/sum(pk2_s);
for j = 1:dim_b_obs-k
pk1(1,j) = (b_obs(1,j)-media_b_obs) *
(b_obs(1,j+k)-media_b_obs);
end
pk_b_obs(1,k) = sum(pk1)/sum(pk2_b);
end
dlmwrite([’C:corr-alpha.dat’], pk_a_obs)
dlmwrite([’C:corr-sigma.dat’], pk_s_obs)
dlmwrite([’C:corr-beta.dat’], pk_b_obs)
hold off
fig = figure(4+9*(contador-1));
plot(0:kdep,zeros(1,kdep+1))
hold on
plot(1:kdep,pk_a_obs,’.’)
ylim([-1 1])
xlabel([’Lags’])
ylabel([’Auto-correlation’])
saveas(fig,[’C:corr-alpha.eps’])
hold off
fig = figure(5+9*(contador-1));
plot(0:kdep,zeros(1,kdep+1))
hold on
plot(1:kdep,pk_s_obs,’.’)
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ylim([-1 1])
xlabel([’Lags’])
ylabel([’Auto-correlation’])
saveas(fig,[’C:corr-sigma.eps’])
hold off
fig = figure(6+9*(contador-1));
plot(0:kdep,zeros(1,kdep+1))
hold on
plot(1:kdep,pk_b_obs,’.’)
ylim([-1 1])
xlabel([’Lags’])
ylabel([’Auto-correlation’])
saveas(fig,[’C:corr-beta.eps’])
end % end for (***)
%%%% Estimation of the density of the parameters
kind = 300;
tmuestra = floor((N-percal-1)/kind) + 1;
for t = 1:tmuestra
a_ind(1,t) = a_obs(1, 1 + (t-1)*kind);
s_ind(1,t) = s_obs(1, 1 + (t-1)*kind);
b_ind(1,t) = b_obs(1, 1 + (t-1)*kind);
end
dlmwrite([’C:sample-alpha.dat’], a_ind)
dlmwrite([’C:sample-sigma.dat’], s_ind)
dlmwrite([’C:sample-beta.dat’], b_ind)
hold off
fig = figure(7+9*(contador-1));
hist(a_ind,20)
xlabel([’Alpha’])
ylabel([’Frequency’])
saveas(fig,[’C:freq-alpha.eps’])
hold off
fig = figure(8+9*(contador-1));
hist(s_ind,20)
xlabel([’Sigma’])
ylabel([’Frequency’])
saveas(fig,[’C:freq-sigma.eps’])
hold off
fig = figure(9+9*(contador-1));
hist(b_ind,20)
xlabel([’Beta’])
ylabel([’Frequency’])
saveas(fig,[’C:freq-beta.eps’])
% -------- Mean, standard deviation and 95% credible interval
m_a = mean(a_ind);
m_s = mean(s_ind);
m_b = mean(b_ind);
dst_a = std(a_ind);
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dst_s = std(s_ind);
dst_b = std(b_ind);
z = 1.96;
% cuantil 1-.05/2 de N(0,1)
linf_a = m_a-z*[dst_a/sqrt(length(a_ind))];
lsup_a = m_a+z*[dst_a/sqrt(length(a_ind))];
linf_s = m_s-z*[dst_s/sqrt(length(s_ind))];
lsup_s = m_s+z*[dst_s/sqrt(length(s_ind))];
linf_b = m_b-z*[dst_b/sqrt(length(b_ind))];
lsup_b = m_b+z*[dst_b/sqrt(length(b_ind))];
% -------- Saves results is results.txt ------------------estimaciones = [m_a dst_a linf_a lsup_a alfa_a beta_a; m_s dst_s
linf_s lsup_s alfa_s beta_s; m_b dst_b linf_b lsup_b
alfa_b beta_b];
dlmwrite([’C:results.txt’], ’newline’, ’pc’)
% -------- Save variables in variables.txt ------------------variables = [mediart_a; mediart_s; var_a; var_s; a1; b1; a2; b2; a_0;
s_0; b_0; N; percal; kind; tmuestra];
dlmwrite([’C:variables.txt,’newline’, ’pc’)
t2 = clock;
tiempo_min = etime(t2,t1)/60
tiempo_hrs = etime(t2,t1)/3600
dlmwrite([’C:time_inf.txt’], tiempo_hrs)
fprintf(’\n ****** F I N ****** \n’)
beep;

