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1. Introduction

We study a class of empirical measures on C[0,00) associated with S, (g) =
ZZ: 9(Xg), where (Xj) is a Markov chain with an invariant measure m and
g € L?(m), via an invariance principle corresponding to interpolation of S,,.

Section two introduces the necessary background and provides auxiliary
results for subsequent analysis. In section three we provide criteria which allow
us to establish a martingale decomposition representation for S, (g), the key
element in the proof of the large deviation result presented in the last section
of the paper.
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2. Auxiliary Results

2.1. Functional Almost Everywhere Central Limit Theorems for
Additive Functionals

Let X1, Xo,... be a sequence of i.i.d. random variables on (2, F,P) such that
E(X;)=0,E(X?) =1and S, =Y, X;. Define the interpolation processes,
with ¢y, (£) = Sy for 1 <k <mn,
1
P (t) == Jn (Stng) + (nt = [n2]) (Sjntj41 — Spngy)) , 0 < <1 (2.1)
and empirical processes W,, : C[0,1] — M(C[0, 1]),

Wi () i= ﬁ ; %5{%6.} (2.2)

with L(n) = >}, % The following functional almost everywhere central limit
theorem is due to Brosamler [1].

Theorem 2.1. The random process W,, converges weakly to the Wiener
measure W on C[0, 1], IP-a.e.

Let (X,,) be an ergodic Markov chain with stationary measure m, S,(g) =
ZZ;(I) g(X4) be such that IE,,(S?) = 02 € (0,00) and for any initial distribution
p and any k € N, IE,(57) < co. Define the interpolation processes

1
a/n

and the empirical processes

Wy (t) == (Spry + (nt = [nt])(Spg 11 — Spagy)) » 0 <t < 00 (2.3)

n

1 1
Theorem 2.2. W,, converges weakly to the Wiener measure W on C[0, c0),
IP,-a.e.

Proof. By using our martingale decomposition (see Section 3, Theorem 3.1)
we can write S, = M, + R,,, where (M,,) is a mean zero martingale for which

SUPj<k<n LR—\/’% converges in probability to 0. Define the empirical measures

1 &1
My _
Wy () = 70 > ZoruMey s (2.5)
k=1
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where \Ian is the interpolation process
‘IIM( ) \/—{Mnt (nt - [nt])(M[nt]Jrl - M[nt]) (26)

corresponding to the martingale M = (M,). By [8], WM converges weakly

to the Wiener measure W on C[0, 1], i.e., for any bounded continuous function
f:C0,1] =R, W- ae.,

THOOL Zkfowz (W).

To show that W), converges weakly to the Wiener measure W on C|0, 1], we
check that

nh~>oo L Z A fo\Il;c — n*)oo L Z k fo\IlM
for which it is sufficient to have lim,, oo ||y, — TN HC[O,I] = 0. Indeed,

N0 — T lcjo) = Sl[lp [0y, () — T ()]

= sup
te[0,1]

= B+ 1 ] (R~ RM)}'

< sup sup —\/E|R[nt} + (nt - [nt])(R[nt]Jrl nt )‘ < sup \/—‘Rk‘

1<k<nge[k=1 k] g 1<k<n O
which by (3.2) converges to 0 in probability.

By replacing 1 with N in the above proof the result holds for C[0, N], for
every N > 0. The extension to C[0,00) is standard: v, converges weakly to v
on C[0, o) if for every N > 0, myv;, converges weakly to myv on C[0, N], where
7y of a measure on C[0,00) denotes the measure it induces on C[0, N|.

In our case this means that W,, converges weakly to the Wiener measure
W on C[0, c0). O

2.2. Large Deviation Principle for Ornstein-Uhlenbeck Processes
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Assume that o is an ergodic transformation, and let IP be a o-invariant measure
i.e. IP is the probability measure on the space of trajectories corresponding to
the Ornstein-Uhlenbeck processes starting with stationary distribution at time
t=0.

Let © = C(IR), then for any bounded continuous function we have:

| r@aree) = 5 i ( i f(w)dém> dt= /_ifwtw)dt
- /Q f(w)dm

a.s. as T' — oo by ergodic theorem. This implies the weak convergence Ry = IP
as T' — oo. The exponential decay for the deviations of Ry from IP was given by
Donsker and Varadhan in [2] through the rate function H(Q), @ € M1(C(R))
defined as
HQ) = limy 00 %h(%|[_T7T}(Q)/%\[_T,T] (P)) if @ is o invariant ,
o0 otherwise,
where |7(p) denote the image of a measure p under the restriction map on 1
and h(u/v) is the relative entropy of p with respect to v,
dp .
h(u/v) = { [log(%h) ifp<v, 2.7)

00 otherwise .

Theorem 2.3. For every bounded interval I C IR,
Hi() := inf H(Q)
QeS| ()
is a rate function on M;(C(I)) and for any Borel set A C M;(C(I)),

1
. < Timinf L N
1}110f Hy < ll}ri)g(l)f T log IP{S|;(Rr) € A}

1
< limsup — logIP{3|;(Rr) € A} < —inf Hy.
T—o00 T A
An extension to paths on [0, 00) by using a finer topology than the topology
of uniform convergence on compact sets was obtained by Heck in [4].

Theorem 2.4. Let ®: IR — [0,00) be a continuous function satisfying
lim o) = lim 2 =00 (2.8)
t—00 \/Z t——o00 \/m
and Cp = {w € C(R) : supeg 5l < oo}, Mi(Ca) = {Q € Mi(C(R))
Q(Ce) = 1}. Then H|pq,(c,) is a rate function on M1 (Cs), and for every Borel
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set A C M;(Cqp),
me < hm mf = log P{Ry € A} <limsup — T log P{Rr e A} < —infH.
A

T—o0
Remark 2.5. Under condition (2.8), P € M;(Cs) and P-a.e. Rp €
M;i(Cop).

2.3. Large Deviation Principle for Brownian Motion

Let ¢ : IRy — IRy be a continuous function such that
o) o )
m ———=—— = lim ——= = o0,
t—=0 /t|logt| t—oc /t|logt|
and the set Cy defined as

t
Cp :={w € C[0,00) : sup w(t)] < oo}
teR ¢(t)
Consider the isomorphism F : C(R) — C[0,00), F(w)(t) := Vtw(logt).
Then Flec, : Co — Cyp is a bijective isometry with respect to | - |¢ and |- |4

if &(-) = #exp0) - Tet us denote W := Sp(IP), so W is Wiener measure on

Vexp(")
C[0,00). Theorem 2.4 can be written in terms of Brownian motion as follows:
For any t € IR define 6; : C[0,00) — C[0,00) by fiw(s) := e */?w(els) and

for any 7' > 0 empirical processes St : C[0,00) — M;(C|0, 0)) by

Sr(w) = 2T/ 0p,,dt .

Theorem 2.6. Define for any () in M;(C|[0,00)) the function

1Q) = {

lim7_ o %h(%“e—T’eT](Q)/%|[6—T76T](W)) if Q is O-invariant ,
00 otherwise.

(2.10)
Then I|p, (c,) is a rate function and for any Borel set A € M1(Cy),

1an < hm mf — log W{Sr € A} <lim sup log W{Sr e A} < —inf T,
T— A
where ./Vll(C¢) = {Q S ./Vll( [ , )) : Q(C¢) = 1}.
Let us define for any a > 0, 6, : C[0,00) — C[0, 00) by

Buo(t) = %w(at)
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and empirical processes R : C[0, 00) — M;(C|[0, 00)),
1 /\/T 5 dt
T logT )1
VT
Then (R,,) satisfies LDP with constants (logn) and rate function I, where

limg— o0 mh <Q o |[11,a] JW o hllﬂ}) if Q is f-invariant ,

o0 otherwise,,

Rr

1(Q) :=

(2.11)

which means

1 1
logW{R, € A} <lim sup ¢
n

—inf I < liminf
Ao n—oo log n—oo lOg

logW{R, € A} < —infI.
n A

Since fln 0, % has under W the same distribution as

logn

1 (Vng dt
logn f\% 59157 we

have the following corollary:

Corollary 2.7. Let 7N€n = @ I 5gt%. Then (7N2n) satisfies LDP with
constants (logn) and rate function I defined in (2.11).

2.4. Large Deviation Principle for Sequence of i.i.d. Random
Variables

Let us consider X1, Xo, ... i.i.d. random variables on (2, F, IP) such that IE(X;) =
0,E(X?)=1and S, =", X,

We want to prove the LDP for the functional almost everywhere central
limit theorem given in Theorem 2.1.

Lemma 2.8. Let Y, and Z,, be random variables with values in a metric
space (FE,d) such that for all ¢ > 0,

lim
n—oo logn

logIP{d(Y,,, Z,)) > €} = —00. (2.12)

Then Y,, and Z,, are equivalent with respect to LDP (or exponentially equiv-
alent), which means that if (Y,,) satisfies LDP with constants (logn) and rate
function I, then (Z,) also satisfies LDP with the same constants and rate func-
tion.

To use this lemma for sequences of random variables in M1 (Cy) it is neces-
sary to define a metric, as done in [4].

Let (Cy,| - |) be a metric space, with |w|y = sup,cg, % On M;(Cy)
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define
oy v) = sup{‘/fdu - [ sar]. s ecienm sl < %} L @B

where || f|| = sup,ec, |F(w)| +5up, ec, wrr LELE Then (My(Cy), dy)

becomes a metric space and the following propert‘iuéswh|o¢ld:

(a) dyp < 1.

(b) dy(ogi + (1 — avafi + (1 - @)F) < ady(ufi) + (1 - a)dy(v, D), for
a€[0,1] and p, g, v, v € My(Cy).

(€) dy(0uw,0u) < |w — W'y for w,w’ € Cy.

Then, as shown in [3], we have

Lemma 2.9. Let Y;,Z;, t € [1,00) be random variables with values in the
separable metric space (Cy,| - |4) such that t — Y;, t — Z; are continuous from
the right or left and for all ¢ > 0,

1
lim —loglP ¢ sup |Ys— Zslp >ep=—00. (2.14)
l—o0 lOgl SE[l,l+1)

Then (10;1 i oy, %) and (bén I 5Zs%> are equivalent with respect to LDP.

Let W), = ﬁ > h_1 16y, be as defined in (2.2) and ¢ above satisfies in
addition ¢(t) > ¢35, for ¢ € [0, 1].

Theorem 2.10. (W,,) satisfies LDP with constants (logn) and rate func-
tion I defined by (2.11).

Proof. Let W, = @ fln (51/,[5] %. First we show that W, and W,, are
exponentially equivalent. By Lemma 2.8 it suffices to verify
1 ~
lim log P{dy(W,,, W,) > e} = —o0.

n—oo logn

Given f € C(Cy, R), ||f|| < & we have

n

~ 1 a1 1
| fraw = [rawal =l [Lron G - g X o
B ”’11 LY 1 &1
= logn; 0g(1+ )y, —meI o ()
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1 1 1 = 1.1
< 'L(n) log(1 + Ef(lﬁn) + mkz::l <log(1 + E) - E) f(¥r)
1 1
‘m log 7 Zlog (1+ fwk)
1 1 c logn
SE( L(nzlﬁ ' (n)>’

which converges to 0 uniformly as n — oo.

Let X1, Xo, ... be i.i.d. random variables such that IE(X;) =0, E(X?) =1
and the partial sum S, = > " ; X;. If one shows that (W,,) satisfies the LDP
with constants (logn) and rate function I in the case in which X; are i.i.d.
N (0, 1)-distributed, then the general case follows, see [3], i.e., by Skorokhod’s

Representation Theorem there exists a probability space (2, F,IP) with random
variables (Y;,) and (Z,,) such that Y,,,n € IN are i.i.d. with the same distribution

as X, Z, are i.i.d N(0,1)-distributed and (I;/n) corresponding to (Y;,) and
respectively (Z,) are shown to be equivalent with respect to LDP. Therefore,
it remains to consider the case for X; which are i.i.d. N(0,1)-distributed.

Let (2 = Cy[0,00), F,IP = W) with coordinate map X;(w) = w(t) and X;(w)
=w(i) —w(i—1) ~iid. N(0,1)-distributed. We will show that (ﬁ/n) satisfies
the LDP by checking that VNVn and 7N€n are equivalent with respect to LDP.

By Lemma 2.9, this reduces to checking that for any € > 0

lim
n—oo logn

log W sup  |0s — plp > p = —00. (2.15)
s€[n,n+1)

The probability W{sup,cp, n+1)10s — ¥nly > €} is dominated by the sum of
three probabilities,
€
W{ sup |0, — Y|y > 5},
s€[n,n+1)
1 |w(st) —w(nt)] _ €
W{ sup sup —_—t >
s€[n,n+1) teR4 \/_ (b(t)
w(nt)| _ €

W{ sup sup |— > -

P N L AR

Given ¢ > 0, based on arguments of Lemma 4 in [4], the estimates below hold
for large n and utilize the properties of function ¢ given in Theorem 2.6 along
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with the properties of Brownian motion,

2
w {w € Cpl0,00) : t:}g;ﬂ lw(t) —w(a)| > c} < 2exp < 206 — a))

for all 0 < a < b and ¢ > 0, and the inequalities:
k 1 1 1 1
k[ +1 sup (—= — —) < =32,
2 s€n,n+1) \/ﬁ \/ﬂ 2
In what follows the positive constant c¢;; represent the j-th constant in the i-th
estimate.

Log(el*!) >

Regarding the first estimate we have

w sup  sup |05 — 1/}11‘(}5 > -
s€ 2

[n,n-l—l) teR4

|9n(t)_¢n(t)‘ E n
< W< sup sup —¢) >2\/_}

et i) Ol

<w {sup sup | [(0) ~ (4] > 5 Vg (S) } .

k>1tefk,k+1
Then for sufficiently large n

w{ s fult) —wlb)] > 5 (g)}

1<k<nte[kk+1

<3 i o0 = S ()

e kate
<ZW{ sup  |w(t) —w(k )|>§ e }

telk,k+1)

1 k1+25 2
<Z2exp< £ ) < 2nexp (—%n)
n2e

and

5 k k
o oot - s> S 1o (1)

k>n+1telk,k+1)

< i W{tesup |w(t)—w(k)|>%\/3_k}

k=n+1 [k,k+1)
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> 1e?
< Z 2 exp <—§Z9k> < cppe” 42",
k=n+1

Therefore
2

WH{ sup |0s —nlg > e} < 2nexp <—E—n> + cpre” 2
s€[n,n+1) 8

For the second estimate one obtains

lw(st) —w(nt)| _ €
w sup sup ———————— > —
{sE[n,nJrl) teR, \/g(b(t) 4

<ZW{ sup sup M>

IEZ s€[n,n+1) tefel,eltl) o(t

=1 M

)

ggyv{mp p (50D —w(n »>%m}

IE€Z s€[0,1) te[el el +1) o(t)

o(e')
< g W< sup sup |w((s+n)t) —w(nt
1eZ {s€[0p1)t€[1pe)| ((s+n)t) (nt)| > \/_\/e_}

< ZW{ sup sup |w((s+n)t) —w(nt)| >

1%, s€[0,1) te(l,e)

EVGng&ﬂ><@W>}
4

2

< Zcmn exp(—cae®n (|| + 1)) < caznexp(—caae®n),

I€Z

where ( : [1,00) — [1,00), ((t) := infs€R+\( " Sf(()g)(s), limy o ¢(t) = o0.

Finally
1 1 (nt)] e
w sup  sup > —
{se[n n+1)teR4 \/_ \/_ (b(t) 4

|w(nt)] 3 - |lw(®)| _ en
SW&EM@@>4S§W{ it g }

<D WS sup [w(t)| > s/ Log(el)¢ (el
i el 4
< Z c31 exp(—e®n?esa (1] +1)) < cs9 exp(—czqe’n?).
I€EZ
which establishes (2.15) and concludes the proof. O
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3. Martingale Decomposition of Markov Functionals

In this section we show that certain functionals of Markov chains can be written
as martingales perturbed by random variables whose maxima (scaled by factor
ﬁ) converge in probability to zero at a prescribed rate. The main interest in
such representation stems from the fact that when proving central limit theorem
or large deviation principle, the methods in Markovian versus martingale case
are essentially different (except when the two cases overlap and either method
can be employed), while martingale approach is often preferable. For instance,
martingale maximal inequalities offer a useful tool in handling the tail estimates
which in turn could be applied to Markovian cases whenever possible.

In what follows we provide criteria for a martingale decomposition and
describe the classes of Markov chain functionals that allow such representation.

Let (2, F,IP) be a probability space, (E,Bg) a complete separable metric
space, and let X,,, n > 0 be a Markov chain defined on €2 with values in F. Given
a probability measure ;1 on (F, Bg), one defines the probability measures IP,,
by

P,(B) = plP(B) = /E,u(da:)p(m,B), re€E BeF,

where p(x, B), © € E, B € Bg is the Markov transition function of X,,,n > 0.
We denote by IE, and IE, the expectations corresponding to IP,, and IP, respec-
tively. Inductively one defines the n-step transition probability by p™(x, B) =
P(X, € Bl Xy =1z) =P (X4m € B| X, = ).

Let P be the transition probability operator defined as

Pop(z) = B p(n1)|an = 2] = /E P, dy)p(y)

and denote by P" the n-step transition operator corresponding to the n-step
transition probability p"(x, B).

Theorem 3.1. Let X,,,n > 0 be an ergodic E-valued Markov chain with
initial distribution p and unique invariant probability measure m.
Ifge L*(m):={g: E — R: [, ¢g°dm < oo} satisfies the properties:
(i) [z gdm =0.
(ii) ||Pkg\|L2(m) < pk||g\|L2(m) for some 0 < p <1, k € IN.
eoe k
(iii) % <D < oo, ke N and f{$192($)>n} g% (x)m(dx) < exp(—¢(n)) for

w(z)
log(z)

n large, with ¢ : Ry — IRy such that lim, . — 00.
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(iv) |P*g(x)| < Cn, whenever |g(x)| < n, for some 1 < C < oo, x € E,
k € IN, and large n.

Then
n—1
Sul9) ==Y 9(Xi) = My + Ry, (3.1)
k=0

where M,, is a mean zero martingale relative to (2, F,,IP), with the natural
filtration F,, = o(Xy, ..., X,,) and

1 R
lim log IP {M > 5} = —00. (3.2)
n

n—oo logn

Proof. We show that under our hypothesis the Poisson equation (I — P)u =
g has a unique solution. Notice that I — P is not invertible, while ((1 4 )l —
P)ue = g, € > 0 has unique solution

1 Pkflg
= 3.3
1+s;(1+5)k—1 (3:3)

thanks to 1+ ¢ being in the resolvent of L?(m)-contractive P, whose spectral
radius is 1. Condition (ii) implies that the series in (3.3) converges in L?(m)
and we have

ue=((1+e)I—P)"'g

e—0

u(z) = lim u.(z) = Z PFyg. (3.4)
=0

Therefore, S,(g) = 37 9(Xi) = S0, (u(Xg) — Pu(Xp_1)) +u(Xo) — u(X,,)
and by Markov property

n
My, = (u(Xy) = Pu(Xp_1))
k=1
is a mean zero martingale in L?(m) with respect to the natural filtration F,, =
o(Xo, ..., Xpn). Setting
R, = u(Xo) —u(X,) (3.5)
establishes the martingale decomposition (3.1).
To simplify notation, summation index below and whenever else integer is

needed, is understood as the integer part of the number. For each k£ € IN we
have

VCn

)

Yn
P(u?(Xy) >Cn) < P ||> Plg(Xy)| >
=0
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+ P > Plg(Xy) >\/§_”
R J

The second term with n > 4 satisfies

]P( > Plg(Xy) >@} <E| ) Plg(Xp)
=i

i= Ynt1
e . 0 .
= > Plg(Xy) <| > Plg(Xy)
=Vl p(e) Ni=vat 12(9)
(o)
< Z 1P 9(Xk) 20
i=Yn+1

Using conditions (iii) and (ii) we get
2
PO ) = BP0 = B ([ ot (e

2
=/</g(y)pi($7dy)> pP*(dx) < D||P'g(x)[|72(ny < D™ 9(2) 172 1y -

Consequently, for n sufficiently large,

> v pVr

Pl Y Plg(Xy)| > —— <\/_ ||9\|L2(m)<AeXp( B+/n)
i={/n+1 }

for some positive constants A and B. Turning to the first term, we have

Cn v Cn

R (1o > ).
and for Q = {g*(Xy) > 2} U {g*(X)) < 3} gives

P(IPacr> L) < P> )

P Z Plg(X;)| >

+ P (60 < PP > )

and (iv) makes the second term disappear while the first term, thanks to (ii),

satisfies
P <92(Xk) > %) = pIP* <92 > %) < exp (—@ (%)) :
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Combining the above yields

veCn

P(lgggn |Ri| > VeCn) < nlP(|Rg| > vVeCn) < 2nP(Ju(Xg)| > 5 )
< 2n [Aexp (—B{*/ﬁ) + v/nexp(—¢ (%))}
and (3.2) follows. O

Theorem 3.2. The following classes of processes satisfy the conclusions
(3.1) and (3.2) of Theorem 3.1:

(a) finite state irreducible, aperiodic Markov chains.
(b) uniformly ergodic Markov chains with bounded functions g.

(c) Markov chains obtained by quantization P™ of continuous time Markov
processes P!, that are symmetric on L?(m) (i.e. for which m is a reversible
measure).

Proof. (a) Since there is a unique invariant measure m = (myq, ..., my), the
assumption (i) for g = (g1, ..., gn) can be written as Zf\il gim; = 0. Then by
the Fredholm Alternative, there is a solution of the Poisson equation (I — P)u =
Au = g if and only if ¢ is orthogonal to w where A*w = ATw = 0. The later is
true because mA = 0 or ATm” = 0. We do not need to verify (ii) since that
was only used to prove the existence of solution to the Poisson equation. Also,
since g on {1,..., N} is bounded, (iii) and(iv) clearly hold.

(b) If the Markov chain is uniformly ergodic then the operator @ := I — P
is normally solvable and condition (i) enables the uniqueness of the solution
of the Poisson equation. That is u = Rgg where Ry is the potential operator
defined by Ry := Y -7 ,[P"™ —II] and the projection operator in B(E) is defined
by Ig(z) := [m(dr)g(y)L(z). Since Ry is a bounded operator conclusions
(3.1) and (3.2) follows directly. Moreover, the conditions (iii) and (iv) holds
because ¢ is bounded.

(c) For the sake of the discussion, we consider a class of continuous time
Markov processes in (R?,|-|) such that Ptg = e*4g for smooth functions g,
where the infinitesimal generator A has a discrete spectrum {—\,,n € IN}
with \g = 0 < A\; < A2--- and its corresponding orthonormal in L?(m) set
of eigenfunctions {e,,n € IN} with ¢y = 1. Then for any g in the orthogo-
nal complement 1+, the condition (i) is satisfied and P*e, = e ke, n > 1.
Consequently, for g € 11, g = 30 | apen, Prg(z) = 300 | ae *Fe,, whence
||Pkg(:1:)||L2(m) < pk||gHL2(m) with 0 < p = e™ < 1 and this gives (ii). Fur-
thermore, the invariant measure m often has a density with respect to Lebesque
measure and condition dg—ik < D < oo is satisfied. Finally, given m, the tail
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condition |, (g2>n) g>dm < exp(—p(n)) is readily verifiable for a large class of

g € 11 in addition to which g is chosen to satisfy (iv). We remark that for
any finite linear combination of eigenfunctions from 1+, the condition (iv) is
redundant and the tail condition reduces to [, (2>a) e? dm < e=¥(%) for large a.

Namely, given g = Ef\; 1 e,
1Pl g(@)[> < llglZ2(m(€i(z) + - + ek (@)
and therefore

P(|Pig(X}1)|*> > n) <IP<Z (Xp) > >

=1

| N

N
(X >—><ND 2
z:: ( W)= 115%/{6?>n/1v}el "

as claimed. O

Hypercontractivity Example. Consider a 1-dimensional Ornstein-Uh-
lenbeck process X; satisfying the equation dX; = —%Xtdt + dBy, Xo = =,
where B; is the standard Brownian motion, with 1nﬁn1te81mal generator A =

%% - %x% and the invariant measure dm = \/—2—7r -7 da: Then Plg(z) :=
J 9(y)p*(x,y)dy, where
‘ 1 7(ze7%—y)2
P(@,y) = ———=<e 7,

27(1 —e™t)
is a m-symmetric hypercontractive Hermite semigroup with other examples,
including Laguerre semigroup, studied in [7] and [6].

22 22
Here, for Hermite polynomials H, = (— 1) ez Le~'w, we have Hy =
1,Hi=x2,Hy=2>—1,Hy =23 —3x,..., ey, = \/—_ form an orthonormal basis
for L?(m) and AH,, = —5 H,, gives the correspondmg eigenvalues A\, = —3,
n € IN. Letting t =0, 1,2, ... we obtain the embedded Markov chain X,,. Since
k
_(weT 2 —y)?
dppP* = ;e 2= h) dy,
21(1 — e~F)
then, for example, taking p = §, = dg we have
k 2/ —k
dupP”® 1 6_%(_1767}» - e _p

dm — JT—eF “Ve—-1

It is easy to see that for polynomial domination, |g(z)| < Blz|', I € IN, and for
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large n

2 n2

/ Fdm<Cn?lemT <e T
{g?>n}

IN

whence one may choose p(z) = % to satisfy the tail estimate.

For example, taking g(z) = = one gets

2
Po@P = ([lawr e dl) < Dlallagn = D21 - e+

< 4D max(1,z%)
and condition (iv) holds true with C' = 2D.

For general g, even growing exponentially fast to infinity, it requires some
work through estimates and usually g determines ¢.

4. Large Deviation Principle for Additive Functionals

Let X,,, n > 0 be an ergodic F-valued Markov chain with stationary measure
m, as in Theorem 3.1. Let S, = Y 7—5 g(Xy) and IE,,(S?) = o2 € (0,00).
According to Theorem 3.1, S, = M,, + R,,, where M,, is a mean zero martingale
and R, satisfies (3.2). Let W,, and W;¥ be the empirical measures defined in
(2.4) and (2.5) corresponding to the interpolation processes ¥,, and ¥ defined
by (2.3) and (2.6) respectively. By Theorem 2.2, W,, converges weakly to the
Wiener measure W on C[0, c0). To conclude our analysis we invoke a martingale
LDP [5], applied here to W™, and show that WM and W,, are LDP equivalent.
Lemma 4.1. If
lim

n—oo logn

then (W,,) = (ﬁ Sh1 +6w,e.) and (WM) = (ﬁ Py %5%\46) are equiva-
lent with respect to LDP.

log P{|¥,, — M|, > e} = —c0, (4.1)

Proof. By the above lemma, we need to verify

log P{dy(W,,, WM) > e} = —o0, (4.2)

lim
n—oo logn

where dg is defined in (2.13). For f € C(Cy,R), ||f| < & we have

‘/den—/de% ;

< oo 2 ) = fu)

k=1
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[n/?) " 3
. . 1 Lf(g) — f(O)]
= ST AT — FEM)] 2

() ; 2 L(n) k[;m L T i
L([nE/Q] L(n) N L([nE/Z]) M
Uy, — UM, < sup W=
[Py, ko L(n) 2L(n) 1+[n€/2}§k§n| ' e
1
< E_|__ sup |‘Ifk_‘l/£/[‘¢
2 2 2 <h<n

whence
P{dy(W,,,WM) > e} <PP{ sup [Ty — M|, > e}
1+[ne/2]<k<n
Condition (4.1) implies that for every ¢ > 0 and N > 0, there exists ko such
that for any k > ko, | ¥y — UM|, < k= k=2, Therefore,

n

P{dy(Wo, W) > e} < 0 P, — ] > e}

k=[ns/2]+1
n o0
< Z l{:f%k*2 < n—N Z E2 = cniN,
k=[ns/2]+1 k=1
where ¢ is a positive constant and (4.2) holds. O

Assume in addition to the conditions of Theorem 3.1 that > exp(—¢(k))
< L, for any positive v, for large n (for example, p(z) ~ 2%, a > 0).

Theorem 4.2. The sequence (W,,) satisfies the large deviation principle
with constants (logn) and rate function I|x, c,) defined in (2.11), that is, for
any Borel set A C M;(Cy),

—infI < liminf !
A° n—oo logn

logIP{W,, € A}

< limsup
n—oo logmn

where M1(Cy) :={Q € M;(C[0,0)) : Q(Cy) = 1}, and ¢ is defined in (2.9).

logIP{W,, € A} < —infT,
A

Proof. By Lemma 4.1 it suffices to check that (4.1) holds. We have

_gM
P{|¥, — V)|, > e} =T {tselll%lj_ |\Pk(t)¢(t‘)ljk (t)] - s}

sup sup

1<k<o0 eii=1 k] TV ¢(t)

_p 1 [Rpny — (nt = [nt])(Rpngs1 — Ring| - 6}
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k = E\°
<X sup |Ri|>eovne(—) SZIP |Ri| > eov/ny | | —
1<k<oco n 1 n
- k k
+ Y PR > eov/ny[=Log(=) p < nlP{|Ry| > eov/n}
n n
k=n+1
+ Z P{|Ry;| > eoV3k} <cainexp(—caov/n)+caznexp(—p(n)+n=7,
k=n+1
which ends the proof. ]

Acknowledgements

This research was supported by Mathematical Sciences Division, US Army Re-
search Office, Grant No. W911NF-07-0283.

1]

2]

References

G.A. Brosamler, An almost everywhere central limit theorem, Math. Proc.
Cambridge Phil. Soc., 104 (1998), 561-574.

M.D. Donsker, S.R.S. Varadhan, Asymptotic evaluation of certain Markov
process expectations for large time iv, Comm. Pure Appl. Math., 36 (1983),
183-212.

M.K. Heck, The principle of large deviations for the almost everywhere cen-
tral limit theorem, Stochastic Processes and their Applications, 76 (1998),
61-75.

M.K. Heck, Principles of large deviations for the empirical processes of the
Ornstein-Uhlenbeck process, Journal of Theoretical Probability, 12 (1999),
147-179.

M.K. Heck, F. Maaouia, The principle of large deviations for martingale
additive functionals of recurrent Markov processes, FElectronic Journal of

Probability, 6 (2001), 1-26.

A. Korzeniowski, On logarithmic Sobolev constant for diffusion semi-
groups, Journal of Functional Analysis, 71 (1987), 363-370.



LARGE DEVIATIONS FOR ADDITIVE... 459

[7] A. Korzeniowski, D.W. Strook, An example in the theory of hypercontrac-
tive semigroups, Proceedings of the American Mathematical Society, 94
(1985), 87-90.

[8] F. Maaouia, Principes d’invariance par moyennisation logarithmique pour
les processus de Markov, The Annals of Probability, 29 (2001), 1859-1902.



460



