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under some assumptions.
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1. Introduction

We consider a semi-linear elliptic equation

−∇2
Aψ = f(|ψ|2)ψ in Ω, (1.1)

where Ω is a bounded domain in R
n and f is a real-valued function on R+ =

[0,∞). Here A is a real vector-valued function (called magnetic potential), ψ is
a complex-valued function. ∇A and ∇2

A are defined by ∇A = ∇−iA, i =
√
−1,

∇ is the gradient operator and

∇2
Aψ = ∆ψ − i[2A · ∇ψ + (div A)ψ] − |A|2ψ.

This type of operator is extensively considered by the author Aramaki [2], [1],
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[3], [4], [5], [6], Pan [19] and Pan and Kwek [20].

Associated with the magnetic potential A = (A1, A2, . . . , An), define an
anti-symmetric n× n matrix B = (Bij) called the magnetic vector field by

Bij = ∂xi
Aj − ∂xj

Ai for i, j = 1, 2, . . . , n.

Let us recall that superconductivity in two or three dimensional space can be
described by a pair (ψ,A), where ψ is a complex-valued function called the
order parameter and A is a real vector-valued function called the magnetic
potential, which is a minimizer of the so-called Ginzburg-Landau functional.
The Euler equations of the functional become

{

−∇2
Aψ = κ2(1 − |ψ|2)ψ in Ω,

ν · ∇Aψ = 0 on ∂Ω,
(1.2)

where Ω ⊂ R
n with n = 2 or n = 3 is a bouded domain and ν is the outer

unit normal vector at ∂Ω. It is well known that any solution of (1.2) satisfies
|ψ| ≤ 1 a.e. in Ω. If we choose a real-valued function f on [0,∞) so that
f(t) = κ2(1 − t) for 0 ≤ t ≤ 1, the first equation of (1.2) is of the form (1.1).

In the superconductivity theory or the Landau-de Gennes model of liquid
crystal, it is important to know the third critical field Hc3 or Qc3 . That is
associated with the lowest eigenvalue of the magnetic Schrödinger operator of
type −∇2

qA, i.e.,
{ −∇2

qAψ = µ(qA)ψ in Ω,

ν · ∇qAψ = 0 on ∂Ω.
(1.3)

If we put f(t) = µ(qA) which is a constant, the first equation of (1.3) is also
of form (1.1). For the superconductivity theory, see Lu and Pan [14], [15] and
Pan [18]. For the theory of liquid crystal with A = n which is a unit vector
field, see Pan [17]. Helffer and Mohamed [12] and Helffer and Morame [13] have
extensively considered the eigenvalue problem for the magnetic Schrödinger
operator of type −∇2

A for n ≥ 2.

In the previous paper [2], we showed that the nodal set and the singular
set of any non-trivial solution of (1.1) in the general n dimensional domain are
(n − 1) and (n− 2)-rectifiable, respectively.

In this note, we shall obtain the Ap-estimate of any non-trivial complex-
valued solution ψ of (1.1).

Throughout this paper, we denote an open ball with radius R > 0 and with
center at x0 by BR(x0) and the volume of BR(x0) by |BR(x0)|.

We are in a position to state the main theorem.

Theorem 1.1. Let Ω be a bounded domain in R
n (n ≥ 3) and assume
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that A ∈ W 1,∞(Ω; Rn) and let ψ ∈ W 1,2
loc (Ω; C) be any weak solution of (1.1)

with ∇Aψ ∈W 1,2(Ω; Cn) and f∞ := ‖f(|ψ|2)‖L∞(Ω) <∞. Then if ψ 6≡ 0 in Ω,

then the following Ap-estimate for |ψ|2 holds: There exist constants p > 1 and

A > 0 such that for any B2R(x0) ⊂ Ω,
(

1

|BR(x0)|

∫

BR(x0)
|ψ|2dx

)(

1

|BR(x0)|

∫

BR(x0)
|ψ|−2/(p−1)dx

)p−1

≤ A.

Here A and p depend only on n,Ω, ψ, f∞ and ‖A‖W 1,∞(Ω;Rn), but does not

depend on x0 ∈ Ω and R > 0 with B2R(x0) ⊂ Ω.

Here we say that ψ ∈W 1,2
loc (Ω; C) is a weak solution of (1.1) if

∫

Ω
∇Aψ · ∇Aϕdx =

∫

Ω
f(|ψ|2)ψϕdx

for all ϕ ∈W 1,2
0 (Ω; C).

A condition like the estimate in the Theorem 1.1, where |ψ|2 is replaced
by a non-negative function w ∈ L1

loc(R
n), was first introduced in Muckenhoupt

[16]. He studied the continuity of the Hardy-Littlewood maximal operator on
L2(wdx). See also Coifman and Fefferman [8] and Garofalo and Lin [9].

2. Proof of the Main Theorem

Since the result heavily relies on the doubling property of the solution, we again
carry a theorem which was got in [2].

In the following, we impose weaker conditions than our hypothesis on A in
Theorem 1.1:

(H) A ∈ L∞(Ω; Rn),div A ∈ Lq
loc(Ω) with q > n/2 if n ≥ 4 and q ≥ 2 if

n = 3, and B ∈ L∞(Ω; Rn2

).

Theorem 2.1. (see [2]) Let Ω ⊂ R
n (n ≥ 3) be a bounded domain, and

assume that (H) holds. If ψ ∈W 1,2
loc (Ω; C) is any complex-valued weak solution

of (1.1) with ∇Aψ ∈ W 1,2
loc (Ω; Cn) and f∞ := ‖f(|ψ|2)‖L∞(Ω) < ∞, then we

have the following doubling property :

There exists a constant C > 0 such that for any B2R(x0) ⊂ Ω,
∫

B2R(x0)
|ψ|2dx ≤ C

∫

BR(x0)
|ψ|2dx. (2.1)

Here the constant C depends on n,ψ, f∞ and ‖A‖L∞(Ω), and does not depend

on x0 and R > 0 with B2R(x0) ⊂ Ω.
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Next, we introduce the regularity of the solution.

Proposition 2.2. (see [2]) Let Ω be a bounded domain in R
n (n ≥ 3) and

assume that the condition (H) holds. Let ψ ∈W 1,2
loc (Ω; C) be any weak solution

of (1.1). Then ψ ∈ W 2,q
loc (Ω; C), and for any 1 < p ≤ q, there exists a constant

C > 0 depending on p, q and ‖A‖L∞(Ω) such that for any B2R(x0) ⊂ Ω,

R2‖D2ψ‖Lp(BR(x0)) +R‖∇ψ‖Lp(BR(x0))

≤ C{‖ψ‖Lp(BR(x0)) +R2‖f(|ψ|2)ψ − i(div A)ψ‖Lp(BR(x0))}.

We shall prove the main theorem.

Proof of Theorem 1.1. First we note that since A ∈ W 1,∞(Ω; Rn) by our
hypothesis, we can apply the above Proposition 2.2 for any q > 1. Therefore,
by the Sobolev imbedding theorem, we see that ψ ∈ W 2,q

loc (Ω; C) ⊂ C1,α
loc (Ω; C)

for any α ∈ (0, 1).

We rewrite the equation (1.1) into the form

−∆ψ + 2iA · ∇ψ + [idiv A + |A|2 − f(|ψ|2)]ψ = 0 in Ω. (2.2)

Since the coefficients of ∇ψ and ψ in the equation (2.2) are bounded, then the
Gilbarg and Trudinger [11, Theorem 8.17] teaches us that for any B2R(x0) ⊂ Ω
and any p > 1, we have

sup
BR(x0)

|ψ| ≤ CR−n/p‖ψ‖Lp(B2R(x0)),

where C depends only on n,Ω, p and ‖A‖W 1,∞(Ω;Rn), but does not depend on
R > 0 and x0 with B2R(x0) ⊂ Ω. Applying this inequality with p = 2, we have

sup
BR(x0)

|ψ|2 ≤ CR−n‖ψ‖2
L2(B2R(x0)) ≤ C

1

|BR(x0)|

∫

B2R(x0)
|ψ|2dx. (2.3)

Here and from now we denote various constants depending only on n,Ω, p and
‖A‖W 1,∞(Ω;Rn), but independent of R > 0 and x0 with B2R(x0) ⊂ Ω by C which
may vary from line to line.

On the other hand, we can trivially see that for every δ > 0,
(

1

|BR(x0)|

∫

BR(x0)
|ψ|2(1+δ)dx

)1/(1+δ)

≤ sup
BR(x0)

|ψ|2. (2.4)

From (2.3) and (2.4), we get
(

1

|BR(x0)|

∫

BR(x0)
|ψ|2(1+δ))dx

)1/(1+δ)

≤ C
1

|BR(x0)|

∫

B2R(x0)
|ψ|2dx.

By the doubling property (2.1), we see that |ψ|2 satisfies a “reverse Hölder
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inequality”:
(

1

|BR(x0)|

∫

BR(x0)
|ψ|2(1+δ)dx

)1/(1+δ)

≤ C
1

|BR(x0)|

∫

BR(x0)
|ψ|2dx.

Then it follows from [8] that there exist p ∈ (1,∞) and A > 0 depending only
on n,Ω, p and ‖A‖W 1,∞(Ω;Rn) such that

(

1

|BR(x0)|

∫

BR(x0)
|ψ|2dx

)(

1

|BR(x0)|

∫

BR(x0)
|ψ|−2/(p−1)dx

)p−1

≤ A.

We note that we can choose p = 1 + 1/δ. This completes the proof of the main
theorem.

Corollary 2.3. Under the hypothesis of Theorem 1.1, let ψ ∈W 1,2
loc (Ω; C)

be a non-trivial weak solution of (1.1). Then the following are equivalent.

(i) (A Reverse Hölder Inequality) There exist constants C > 0 and δ > 0
such that for any B2R(x0) ⊂ Ω,

(

1

|BR(x0)|

∫

BR(x0)
|ψ|2(1+δ)dx

)1/(1+δ)

≤ C
1

|BR(x0)|

∫

BR(x0)
|ψ|2dx.

(ii) (Ap-Estimate) There exist p > 1 and A > 0 such that for any B2R(x0) ⊂
Ω,

(

1

|BR(x0)|

∫

BR(x0)
|ψ|2dx

)(

1

|BR(x0)|

∫

BR(x0)
|ψ|−2/(p−1)dx

)p−1

≤ A.

(iii) (The Doubling Condition) There exists a constant C > 0 such that for

any B2R(x0) ⊂ Ω,
∫

B2R(x0)
|ψ|2dx ≤ C

∫

BR(x0)
|ψ|2dx.

Proof. We have already proved in Theorem 1.1 and its proof that (iii) =⇒
(i) =⇒ (ii). It follows from [8] that (ii) implies (i). Therefore, it suffices to
prove that (i) implies (iii). We borrow the argument from Giaquinta [10].

Let E ⊂ B2R(x0). By the Hölder inequality and (i), we have

∫

E
|ψ|2dx ≤

(
∫

E
|ψ|2(1+δ)dx

)1/(1+δ)

|E|δ/(1+δ)

≤ |B2R(x0)|
(

1

|B2R(x0)|

∫

B2R(x0)
|ψ|2(1+δ)dx

)1/(1+δ)

×
( |E|
|B2R(x0)|

)δ/(1+δ)

≤ C

( |E|
|B2R(x0)|

)δ/(1+δ) ∫

B2R(x0)
|ψ|2dx (2.5)
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where |E| denotes the Lebesgue measure of E. Choose a ∈ (0, 1) so that
β := C(1 − an)δ/(1+δ) < 1 where the constant C is as in (2.5). Then we note
that

β = C

( |B2R(x0) \B2aR(x0)|
|B2R(x0)|

)δ/(1+δ)

.

Applying (2.5) with E = B2R(x0) \B2aR(x0), we see that
∫

B2R(x0)\B2aR(x0)
|ψ|2dx ≤ β

∫

B2R(x0)
|ψ|2dx. (2.6)

Therefore, from (2.6), we have
∫

B2R(x0)
|ψ|2dx ≤

∫

B2aR(x0)
|ψ|2dx+

∫

B2R(x0)\B2aR(x0)
|ψ|2dx

≤
∫

B2aR(x0)
|ψ|2dx+ β

∫

B2R(x0)
|ψ|2dx.

Thus we get
∫

B2R(x0)
|ψ|2dx ≤ 1

1 − β

∫

B2aR(x0)
|ψ|2dx.

By finitely many iteration, we finally obtain the conclusion of (iii).

In the following, we say that a function f ∈ L2
loc(Ω) vanishes of infinite

order at a point x0 ∈ Ω if
∫

BR(x0)
|f |2dx = O(RN ) as R→ 0

for any integer N ≥ 0. We have the following corollary on the unique continu-
ation.

Corollary 2.4. Under the hypothesis of Theorem 1.1, let ψ ∈W 1,2
loc (Ω; C)

be a weak solution of (1.1). Then if one of (i), (ii) and (iii) holds, then we see

that ψ cannot vanish of infinite order at a point in Ω, unless ψ ≡ 0 in Ω.

For the proof, see [2] or [9].
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