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Abstract: A singularly perturbed reaction-diffusion problem with two small
parameters is considered. Due to these two small parameters boundary layers
exist. To resolve the boundary layers a piecewise-uniform Shishkin mesh has
been taken and we have shown that the Ritz-Galerkin method has almost second
order parameters-uniform convergence. Numerical experiments support these
theoretical results.
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1. Introduction

In this paper, we consider the two-parameter singularly perturbed reaction-
diffusion boundary value problems. This kind of problems arises in transport
phenomena in chemistry, biology, chemical reactor theory, lubrication theory
and dc motor theory [21, 3, 2, 4, 5].

Ly(x) ≡ −ǫy′′(x) + µa(x)y′(x) + b(x)y(x) = f(x), x ∈ Ω = (0, 1), (1)

with
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y(0) = α, y(1) = β, (2)

with two small parameters 0 < ǫ ≪ 1 and 0 < µ ≪ 1, such that µ2/ǫ → 0
as ǫ → 0. The functions a(x), b(x), and f(x) are assumed to be sufficiently
smooth with a(x) ≤ −a⋆ < 0 and b(x) ≥ b⋆ > 0 for x ∈ [0, 1]. This problem
encompasses the reaction-diffusion problem when µ = 0. It is well-known that
standard numerical methods are unsuitable for singularly perturbed problems
and fail to give accurate solutions. There is a vast literature dealing with
numerical methods for convection-diffusion and associated problems [16, 12].
A good number of research papers can be found in the litrature for single
parameter convection-diffusion and reaction-diffusion problems but only a very
few authors have discussed two-parameter singular perturbation problems [8,
19, 17, 7, 23, 20, 10].

The nature of the two-parameter problem was asymptotically examined
by O’Malley [13, 14, 15] in 1967. After a decade Shishkin and Titov [19],
used an exponentially fitted finite difference scheme on a uniform mesh for
solving (1) and (2), showed that method is convergent and independent of ǫ
and N . Instead of using exponential fitting, the use of layer adapted meshes
have been more popular. Linß and Roos [10], consider linear two-parameter
singularly perturbed convection-diffusion problem and use the simple upwind-
difference scheme on Shishkin mesh to establish almost first-order convergence,
independently of the parameters ǫ and µ. Roos and Uzelac [17], also consider the
two parameter singularly perturbed boundary value problem and use stream-
line diffusion finite element method (SDFEM) on properly chosen Shishkin mesh
and proved almost second-order pointwise convergence uniformly with respect
to the parameters ǫ and µ.

Valarmathi and Ramanujam [20] used fitted operator method (FOM) and
the other is boundary value technique (BVT). In FOM, they suggest an ex-
ponentially fitted finite difference (EFFD) scheme throughout the domain of
definition of the differential equation and the error estimates are derived. In
BVT, the domain of definition of the differential equation is divided into three
subintervals called inner and outer regions. Then they solved the two-parameter
SPBVP over these regions as two-point boundary value problems. This method
is not economical because one have to divide the main problem into three equiv-
alent problems.

In this paper, we use the Ritz-Galerkin finite element method on Shishkin
mesh to solve the two parameter boundary value problem given by (1) and
(2). We have shown that method is almost second order parameters uniform
convergent. The rest of the paper is organized as follows. In Section 2, we
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provide some a priori estimates for the problem Ly(x) = f(x). The piecewise
uniform Shishkin mesh has been described in Section 3. Section 4 deals with
the design of a Ritz-Galerkin finite element method and convergence analysis.
Two numerical examples demonstrating the parameter-uniform convergence of
the proposed method are given in Section 5. Finally, the conclusions are given
in Section 6. Through out the paper we will take C as positive generic constant
which can take different values.

2. A Priori Estimates of the Continuous Problem

The construction of a layer-adapted mesh as well as the analysis of the finite
element method require information about the behaviour of derivatives of the
exact solution. To describe the exponential layers at x = 0 and x = 1 we use
the characteristic equation

−ǫλ2(x) + µa(x)λ(x) + b(x) = 0.

It has two real solutions λ0(x) < 0 and λ1(x) > 0 which characterize the layers
at x = 0 and x = 1, respectively. Let

µ0 = − max
x∈[0,1]

λ0(x) and µ1 = min
x∈[0,1]

λ1(x).

The quantity λ0(x) < 0 describes the boundary layer at x = 0, while λ1(x) > 0
characterises the layer at x = 1. The situations of two external layers are
characterised by µ2 ≪ ǫ or µ2/ǫ → 0 as ǫ → 0, which implies that µ0 ≈ µ1 ≈
√

b⋆

ǫ
and we have the layers similar to the reaction-diffusion case µ = 0. We first

establish a priori bounds for the solution and its derivatives. The differential
operator L satisfies the following maximum principle:

Lemma 2.1. Let π be any sufficiently smooth function satisfying π(0) ≥ 0
and π(1) ≥ 0 and let Lπ(x) ≥ 0, ∀ x ∈ Ω implies that π(x) ≥ 0, ∀ x ∈ Ω̄.

Proof. The proof is by contradiction. If possible suppose that there is a
point x∗ ∈ [0, 1] such that π(x∗) < 0 and π(x∗) = min

x∈Ω̄
π(x). It is clear from

the given conditions x∗ /∈ {0, 1}, therefore π′(x∗) = 0 and π′′(x∗) ≥ 0. Thus we
have

Lπ(x) |x=x∗ = −ǫπ′′(x) + µa(x)π′(x) + b(x)π(x) |x=x∗

= −ǫπ′′(x∗) + a(x∗)π′(x∗) + b(x∗)π(x∗) < 0,

a contradiction. It follows that π(x∗) ≥ 0 and so π(x) ≥ 0 ∀ x ∈ Ω̄.

Lemma 2.2. For any 0 < p < 1 we have up to a certain order q that it
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depends on the smoothness of the data

|yk(x)| ≤ C
{

1 + µk
0e

−pµ0x + µk
1e

−pµ1(1−x)
}

, for 0 ≤ k ≤ q. (3)

Proof. We shall prove (3) by induction with respect to k. For k = 0 the
estimate fallows immediately from the maximum principle.

Since

(Ly)′ = Ly
′

+ µa′y′ + b′y.

Then by differentiating the original equation k times, we get

Lky
(k) = −ǫy(k+2) + µay(k+1) + bky

(k) = gk for k = 1, ..., (4)

where

bk = b + kµa′, gk = g
′

k−1 − b
′

k−1y
(k−1) for k = 1, ... .

The (k + 1)-th derivative satisfies the equation

Lk+1y
k+1 = gk+1

with

|gk+1| ≤ C
{

1 + µk
0e

−pµ0x + µk
1e

−pµ1(1−x)
}

.

In the first step of the proof we assume that we have already proved the
inequalities

|y(k+1)(0)| ≤ Cµk+1
0 and |y(k+1)(1)| ≤ Cµk+1

1 . (5)

We shall bound y(k+1) using (4), (5) and the following barrier function

Φ = C
(

1 + µk+1
0 w0,p(x) + µk+1

1 w1,p(x)
)

,

with

w0,p(x) = e−pµ0x and w1,p(x) = e−pµ1(1−x).

It is sufficient to show that Lk+1w0,p ≥ α0w0,p and Lk+1w1,p ≥ α1w1,p with
some α0, α1 > 0. Since

Lk+1w0,p =
{

−ǫp2µ2
0 − µpµ0a + b + O(µ)

}

w0,p

≥
{

p(−ǫµ2
0 − µaµ0) + b + O(µ)

}

w0,p

≥
{

p(−ǫλ2
0(x) − µa(x)λ0(x)) + b(x) + O(µ)

}

w0,p

= {b(x)(1 − p) + O(µ)}w0,p,

for any 0 < p < 1, we have the desired property if µ is small enough. Similarly,
we estimate Lk+1w1,p.

In the next step we shall prove (5) starting from

Lky
k = gk with |y(k)(0)| ≤ Cµk

0, |y(k)(1)| ≤ Cµk
1.
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Setting

y(k) = v + v0 with vo = y(k)(0)(1 − x),

we obtain for v the partially homogeneous problem

Lkv = gk − µav′0 − bkv0,

v(0) = 0, v(1) = yk(1).

Now we bound v by a barrier function of the type

Φ = C1(1 + e−pµ0x − 2e−θµ0x)µk
0 + C2(e

−pµ1(1−x) − e−pµ1)µk
1,

where θ > 0 is large enough. It is easy to check that Φ(0) = 0 and Φ(1) ≥ v(1) if
C2 is sufficiently large. Since Lke

−θµ0x ≤ 0 and Lke
−pµ0x ≥ 0, Lke

−pµ1(1−x) ≥ 0,
if θ and p are chosen adequately, Φ majorizes v if C1 is sufficiently large.

Then the definition of the derivatives gives

|v′(0)| ≤ Cµk+1
0 + Cµk+1

1 e−pµ1 ≤ Cµk+1
0 .

Similarly we can prove the second estimate in (5).

From (3) we obtain immediately the existence of a Shishkin decomposition
(see [9]).

Lemma 2.3. The solution y(x) of (1) and (2) has the representation
y(x) = S(x) + E0(x) + E1(x), where

|Sk(x)| ≤ C for 0 ≤ k ≤ q,

and

|Ek
0 (x)| ≤ Cµk

0e
−pµ0x for 0 ≤ k ≤ q,

|Ek
1 (x)| ≤ Cµk

1e
−pµ1(1−x) for 0 ≤ k ≤ q.

3. Mesh Selection Strategy

It is known that on an equidistant mesh no scheme can attain convergence at
all mesh points uniformly in ǫ and µ, unless its coefficients have an exponen-
tial property. Therefore, unless we use a specially chosen mesh we shall not
be able to get parameter-uniform convergence at all the mesh points [16]. If
a priori information is available about the exact solution then we could go for
a highly non-uniform grid like Bakhvalov [1], Vulanovic [22] and Gartland [6].
The simplest possible non-uniform mesh, namely a piecewise-uniform mesh pro-
posed by Shishkin [18], is sufficient for the construction of an parameter-uniform
method. It is fine near layers but coarser otherwise. We do not claim that these
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piecewise-uniform meshes are optimal in any sense. It is attractive because of
its simplicity and adequacy for handling a wide variety of singularly perturbed
problems [11] and the drawbacks to Shishkin meshes is that one should have a
priori knowledge about the location and nature of the layers.

To obtain the discrete counterpart of the singularly perturbed problem (1)
and (2), first we discretize the domain Ω̄ = [0, 1] as as Ω̄N = {0 = x0 < x1 <
.... < xN = 1} and the piecewise-uniform mesh is defined as follows. Let N be
a positive integer and multiple of 4; to define the mesh points, we divide the
interval [0, 1] into three subintervals [0, τ1], [τ1, 1− τ2] and [1− τ2, 1], where the
transition parameter is given by

τ1 = min

{

1

4
,
2 ln N

µ0

}

, τ2 = min

{

1

4
,
2 ln N

µ1

}

.

Then, we place N/4 mesh points each in [0, τ1], [1− τ2, 1] and N/2 mesh points
in [τ1, 1 − τ2] respectively. We will denote the step size in interval [0, τ1]

h1 =
4τ1

N
,

xi = xi−1 + h1 for i = 1, 2, . . . , N/4.

Here x0 = 0. Also, we will denote the step size in interval [τ1, 1 − τ2] as:

h2 =
2(1 − τ1 − τ2)

N
,

xi = xi−1 + h2 for i = N/4 + 1, . . . , 3N/4.

Similarly, the step size in interval [1 − τ2, 1] is

h3 =
4τ2

N
,

xi = xi−1 + h3 for i = 3N/4 + 1, . . . , N.

4. Finite Element Method and Convergence

The theoretical Ritz-Galerkin method is a powerful one. The approximations
are very good and the method is easy for implement. To obtain better and
better approximations, we choose hat functions as basis function, due to which
we get a matrix of great many zeros such as the band matrices:

φi(x) =











x−xi−1

hi

, for x ∈ [xi−1, xi],
xi+1−x

hi+1
, for x ∈ [xi, xi+1],

0, for x /∈ [xi−1, xi+1].

(6)
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The finite element subspace V̄1(Ω̄
N ) is the space of standard piecewise linear

polynomials on a piecewise uniform fitted mesh Ω̄N . The piecewise uniform
fitted mesh Ω̄N = {xi}

N
0 condenses at the boundary points x = 0 and x = 1.

The piecewise linear polynomials are continuous on Ω̄ and are required to vanish
at the boundary points x = 0 and x = 1. It is clear that V̄1(Ω̄

N ) is a subspace
of H1

0 (Ω̄). The standard basis for V̄1(Ω̄
N ) is {φi}

N−1
1 , where φi is the usual hat

function for the mesh point xi

Ly(x) ≡ −ǫy′′(x) + µa(x)y′(x) + b(x)y(x) = f(x), x ∈ [0, 1],

with

y(0) = α, y(1) = β.

Let

l(x) = β
x − 0

1 − 0
+ α

1 − x

1 − 0
and let y(x) = u(x) + l(x). Then u(x) satisfies the problem.

−ǫu′′(x) + µa(x)u′(x) + b(x)u(x) = F (x), x ∈ [0, 1], (7)

with

u(0) = 0, u(1) = 0,

where

F (x)) = f(x) − ǫ

(

β − α

1 − 0

)′

+ µa(x)

(

β − α

1 − 0

)

− b(x)l(x).

Divide the interval [0, 1] up to N +1 subintervals, so there will be N interior
grid points given by xi = xi−1+hi; i = 1, 2, 3...., N . Set x0 = 0 and xN+1 = 1.
Construct the hat functions φi, i = 1, 2, ...., N and let

ū(x) =

N
∑

i=1

ciφi(x). (8)

Simplifing the equations (7) and (8), we get

N
∑

j=1

{
∫ 1

0
(−ǫφ

′

i(x)φ
′

j(x) + µa(x)φi(x)φ
′

j(x) + b(x)φi(x)φj(x))dx

}

cj

=

∫ 1

0
F (x)φi(x)dx, (9)

i = 1, 2, 3....., N . The above system of equations gives a tridiagonal matrix in
c′js. Once the c′js have been determined from (9), the approximation ȳ(x) to
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the solution, y(x) of (1) and (2) is given by

ȳ(x) = ū(x) + l(x).

We prove a parameter-uniform estimate of ū(x) − u(x) in the maximum norm
where ū(x) is the approximate solution of the exact solution u(x) of (7).

Theorem 1. Let ū(x) be the approximate solution of the solution u(x) of
(7) on the fitted mesh Ω̄N . Then

sup
0<ǫ≤1

‖ū(x) − u(x)‖∞ ≤ CN−2(ln N)2,

where C is a constant independent of ǫ and µ.

Proof. The estimate is obtained on each subinterval Ωi = (xi−1, xi) sepa-
rately. Let any function g on Ωi

ḡ(x) = gi−1(x)φi−1(x) + gi(x)φi(x),

and so it is obvious that, on Ωi

ḡ(x) ≤ max
Ωi

g(x)[φi−1(x) + φi(x)].

Taking maximum norm on both sides, we get

|ḡ(x)| ≤ max
Ωi

|g(x)| , (10)

and by appropriate Taylor expansions it is easy to see that

|ḡ(x) − g(x)| ≤ Ch2
i max

Ωi

|g′′(x)|. (11)

From (11) and Lemma 4, on Ωi,

|ū(x) − u(x)| ≤ Ch2
i max

Ωi

|u′′(x)|,

≤ Ch2
i

{

1 + µ2
0e

−pµ0x + µ2
1e

−pµ1(1−x)
}

,

≤ Ch2
i

{

1 + µ2
0 + µ2

1

}

. (12)

Also, using Lemma 5 and equation (11) on Ωi,

|ū(x) − u(x)| ≤ |S̄ + Ē0 + Ē1 − S − E0 − E1|,

≤ |S̄ − S| + |Ē0 − E0| + |Ē1 − E1|,

≤ Ch2
i max

Ωi

|S
′′

(x)| + 2max
Ωi

|E0(x)| + 2max
Ωi

|E1(x)|,

≤ C(h2
i + e−µ0xi + e−µ1(1−xi)). (13)

Case 1. The argument now depends on whether 2 ln N
µ0

≥ 1/4 and 2 ln N
µ1

≥
1/4. In this case µ0 ≤ C ln N and µ1 ≤ C ln N . Then the result follows at once
from (12)

|ū(x) − u(x)| ≤ CN−2(ln N)2.
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µ N = 64 N = 128 N = 256 N = 512 N = 1024
10−2 3.6590E-03 1.1005E-03 2.7573E-04 6.8812E-05 1.7196E-05

1.7332 1.9968 2.0025 2.0005
10−3 3.0262E-03 7.4023E-04 1.8406E-04 4.5953E-05 1.1484E-05

2.0314 2.0077 2.0019 2.0005
10−4 2.9008E-03 7.0989E-04 1.7654E-04 4.4076E-05 1.1015E-05

2.0307 2.0076 2.0019 2.0005

Table 1: Maximum absolute error and order of convergence for ǫ=10−3

for Example 1

µ N = 64 N = 128 N = 256 N = 512 N = 1024
10−2 3.6016E-03 1.6211E-03 7.0696E-04 2.8171E-04 1.0312E-04

1.1516 1.1972 1.3274 1.4498
10−3 3.7743E-03 1.5538E-03 5.9114E-04 2.0815E-04 6.2089E-05

1.2804 1.3942 1.5058 1.7452
10−4 3.7827E-03 1.5541E-03 5.8893E-04 2.0559E-04 5.9990E-05

1.2833 1.3999 1.5183 1.7769

Table 2: Maximum absolute error and order of convergence for ǫ=10−3

for Example 2

Case 2. When τ1 = 2 lnN
µ0

and τ2 = 2 ln N
µ1

. Suppose that i satisfies 1 ≤ i ≤

N/4 and 3N/4 ≤ i ≤ N . Then hi = 4τ1
N

= CN−1 lnN
µ0

and hi = 4τ2
N

= CN−1 ln N
µ1

respectively. Now from (12)

|ū(x) − u(x)| ≤ CN−2(ln N)2.

If i satisfied N/4 < i ≤ 3N/4. Then τ1 ≤ xi and xi ≤ 1 − τ2 or τ2 ≤ 1 − xi

and so

e−µ0xi ≤ e−µ0τ1 = e−2 ln N = N−2, since τ1 =
2 ln N

µ0
,

e−µ1(1−xi) ≤ e−µ0τ2 = e−2 lnN = N−2, since τ2 =
2 ln N

µ1
.

Using this in (13) gives the required result.

5. Test Examples and Numerical Results

In this section, we verify experimentally the theoretical results obtained in
Section 4. Our test problem is taken from [20],
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ǫ N = 64 N = 128 N = 256 N = 512 N = 1024
10−1 1.5752E-05 3.9408E-06 9.8514E-07 2.4628E-07 6.1570E-08

1.9990 2.0001 2.0000 2.0000
10−2 2.8064E-04 7.0125E-05 1.7522E-05 4.3807E-06 1.0952E-06

2.0007 2.0008 1.9999 2.0000
10−3 2.9008E-03 7.0989E-04 1.7654E-04 4.4076E-05 1.1015E-05

2.0308 2.0076 2.0019 2.0005

Table 3: Maximum absolute error and order of convergence for µ=10−4

for Example 1

ǫ N = 64 N = 128 N = 256 N = 512 N = 1024
10−1 8.2643E-05 2.0643E-05 5.1596E-06 1.2899E-06 3.2247E-07

2.0012 2.0003 2.0000 2.0000
10−2 8.4861E-04 2.1035E-04 5.2577E-05 1.3137E-05 3.2843E-06

2.0123 2.0002 2.0007 1.9999
10−3 3.7827E-03 1.5541E-03 5.8893E-04 2.0559E-04 5.9990E-05

1.2833 1.3999 1.51832 1.7769

Table 4: Maximum absolute error and order of convergence for µ=10−4

for Example 2
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Figure 1: The numerical solution of Example 1, ǫ = 10−3 and µ = 10−4
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Figure 2: The numerical solution of Example 2, ǫ = 10−3 and µ = 10−2

Example 1. Consider the boundary value problem

−ǫy′′(x) − µy′(x) + y(x) = x,

with

y(0) = 1, y(1) = 0.

Example 2. Now we consider the boundary value problem

−ǫy′′(x) − 2µy′(x) + 4y(x) = 1,

with

y(0) = 0, y(1) = 1.

The maximum absolute errors EN
ǫ,µ are evaluated using the double mesh

principle for the given method

EN
ǫ,µ = max

0≤j≤N
|vN

j − v2N
2j |,

where vN
j and v2N

2j are the computed solutions at xj and x2j taking N and 2N
points respectively.

The numerical rates of convergence are computed using the formula

rN = log2(E
N
ǫ,µ/E2N

ǫ,µ ).
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For the case µ2 ≪ ǫ or µ2/ǫ → 0 as ǫ → 0 which implies that µ0 ≈ µ1 ≈
√

b⋆

ǫ
.

In Tables 1 and 2 the maximum absolute errors and order of convergence for the
fix value of ǫ = 10−3 and different value of µ = 10−2, 10−3, 10−4 are calculated.
In Tables 2 and 4 the maximum absolute errors and order of convergence for
the fix value of µ = 10−3 and for different value of ǫ = 10−1, 10−2, 10−3 are
calculated. The solution behavior of the given problems drawn in the Figures
1 and 2.

6. Conclusion

We have presented a Ritz-Galerkin finite element method for the solution of
two-parameter singularly perturbed boundary value problems (1) and (2). It
is relatively simple to collocate the solution at the mesh points. The results
obtained using this method are more accurate than the stated existing method
with same numbers of nodal points and gives the order of convergence to be al-
most two. Valarmathi and Ramanujam [20] has taken the same model problem
and they divided one problem into three equivalent boundary value problems
and which is not economical. They have presented errors at the nodal points
only and very few points are inside the boundary layers where as we have given
the maximum absolute error on the whole domain. We can get the solution at
any point of the interval and computationally it is easy to solve by the Ritz-
Galerkin method. We discussed the solution behavior for fixed value of ǫ and
different value of µ and also for fix value of µ and different value of ǫ. Presented
numerical results are agree with the theoretical results.
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