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Abstract: The classical Doeblin-Gnedenko conditions characterizing the do-
main of attraction of a non-Gaussian stable law have been proved to be sufficient
for completely non-Gaussian stable continuous convolution semigroups (c.c.s.
for short) on simply connected nilpotent Lie groups by Carnal [2]. His method
was a translation of the extreme-value-theoretic approach due to Le Page,
Woodroofe, Zinn [11]. In the present note, we give a generalization of the clas-
sical proof for the sufficiency of these conditions. Together with Neuenschwan-
der [13] this yields the fact that in case every eigenvalue of the square matrix
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A has real part strictly greater than 1/2, then for a completely non-Gaussian
{tA}t>0-stable (in the not necessarily strict sense) semigroup on simply con-
nected nilpotent Lie groups, the analogue of the Doeblin-Gnedenko conditions
in fact characterize the non-strict {tA}t>0-domain of attraction. We take this
opportunity to state a new proof of Siebert’s Convergence Theorem for c.c.s.
and their generating distributions for the special case of simply connected nilpo-
tent Lie groups and related results.

AMS Subject Classification: 22E25, 60B15, 60F05
Key Words: stable semigroups, domains of attraction, nilpotent Lie groups,
convergence of generating distributions

1. Introduction

The law L(Z) of a random variable Z with values in IR is called stable if for
any n ≥ 1 there are τn > 0, bn ∈ IR such that, for i.i.d. copies Z1, Z2, . . . , Zn of
Z it holds that

L(τn(
n

∑

k=1

(Zk + bn))) = L(Z).

Equivalently, L(Z) is stable iff there are i.i.d. random variables X1,X2, . . . and
(for any n ≥ 1) an > 0 and dn ∈ IR such that

L(an(

n
∑

k=1

(Xk + dn)))
w
→ L(Z) (n→ ∞)

(which means weak convergence of probability measures). In this case, L(X1) is
said to lie in the domain of attraction of L(Z). It is well-known that L(Z) is sta-
ble iff it is either Gaussian, degenerate, or its Fourier transform (characteristic
function) ϕ(t) has the form

ϕ(t) = exp{iγt+ λc−

0
∫

−∞

(eitx − 1 −
itx

1 + x2
)
dx

|x|1+α

+ λc+

∞
∫

0

(eitx − 1 −
itx

1 + x2
)
dx

x1+α
} (1)

(λ > 0; c−, c+ ≥ 0; c− + c+ = 1; 0 < α < 2; γ ∈ IR). It is also well-known that
the domains of attraction of non-Gaussian non-degenerate stable laws can be
characterized as follows (Conditions of Doeblin-Gnedenko):
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Theorem 1. L(X) is in the domain of attraction of L(Z) with Fourier
transform (1) iff:

(i) xαP (|X| > x) is slowly varying (x→ ∞),

(ii) P (X>x)
P (X<−x) →

c+
c−

(x→ ∞).

There is a natural generalization of stability and related notions to locally
compact groups G based on continuous convolution semigroups of probability
measures and continuous one-parameter groups of group automorphisms (see
e.g. Hazod, Siebert [7, 8] and the literature cited there). In particular, it
turns out that strictly stable semigroups of probability measures on locally
compact groups are always concentrated on a simply connected nilpotent Lie
group (Hazod, Siebert [7]). So these groups are a natural class for investigations
of stability and domains of attraction. A Lie group G with Lie algebra G is a
simply connected nilpotent Lie group if exp : G → G is a diffeomorphism and
if the descending central series is finite, i.e. there is some non-negative integer
r such that

G0 ! G1 ! . . . ! Gr = {0},

where

G0 := G, . . . ,Gk+1 := [G,Gk] (0 ≤ k ≤ r − 1).

G (resp. G) is then called step r-nilpotent. We may identify G with G = IRd

via log (the inverse map of exp). The dimension of G is by definition the
dimension of G. So G may be interpreted as IRd equipped with a Lie bracket
[., .] : IRd×IRd → IRd which is bilinear, skew-symmetric, and satisfies the Jacobi
identity. The group product is then given by the Campbell-Hausdorff formula
(cf., e.g. Neuenschwander [15], p. 9, Serre [18]), where due to the nilpotency
only the terms up to order r arise.

The first few terms are

x · y = x+ y +
1

2
[x, y] +

1

12
([[x, y], y] + [[y, x], x]) + . . . .

The most prominent (non-commutative) examples are the Heisenberg groups
IHd given by IR2d+1 equipped with the multiplication

x · y = x+ y +
1

2
[x, y],

[x, y] = (0, 0, 〈x′, y′′〉 − 〈x′′, y′〉) ∈ IRd × IRd × IR ∼= IHd

(x = (x′, x′′, x′′′), y = (y′, y′′, y′′′) ∈ IRd × IRd × IR ∼= IHd).

See, e.g. Neuenschwander [15] for an account of probability theory on the
(three-dimensional) Heisenberg group. The so-called groups of type H, which
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occur in the context of composition of quadratic forms (cf. Kaplan [10]), all
belong to the class of simply connected step 2-nilpotent Lie groups.

Let G be a locally compact group, e the neutral element, G∗ := G\{e}.
(M1(G), ∗,

w
→) is the topological semigroup of (regular) probability measures

on G, equipped with the operation of convolution and with the weak topology
(cf. Heyer [9], Theorem 1.2.2). A continuous convolution semigroup {µt}t≥0 of
probability measures on G (c.c.s. for short) is a continuous semigroup homo-
morphism

([0,∞[,+) ∋ t 7→ µt ∈ (M1(G), ∗,
w
→),

µ0 = δe

(δx denoting the Dirac probability measure at x ∈ G). For simply connected
nilpotent Lie groups the request µ0 = δe is no restriction, since in any case
µ0 has to be an idempotent element of M1(G) and is thus the Haar measure
ωK on some compact subgroup K ⊂ G (cf. Heyer [9], 1.5.6); however, simply
connected nilpotent Lie groups have no non-trivial compact subgroups (cf. e.g.
Nobel [16], 2.2). Let G be a Lie group, C∞

b (G) the space of bounded complex-
valued C∞-functions on G, and D(G) the subspace of complex-valued C∞-
functions with compact support. The generating distribution A of a c.c.s.
{µt}t≥0 is defined (for f ∈ D(G)) as A(f) := d

dt
|t=0+

∫

G

f(x)µt(dx). It exists on

the whole of C∞
b (G) (cf. Siebert [20], p. 119). Now let G be a simply connected

nilpotent Lie group. The generating distribution of a c.c.s. on G assumes a
very explicit form: The functional A on C∞

b (G) is the generating distribution
of a c.c.s. {µt}t≥0 iff it has the form (Lévy-Hinčin formula)

A(f) = 〈ξ,∇〉f(0) +
1

2
〈∇,M · ∇〉f(0) +

∫

G∗

(f(x) − f(0) − Ψ(f, x))η(dx),

where

Ψ(f, x) :=

{

〈x,∇〉f(0) : ||x|| ≤ 1,
〈 x
||x|| ,∇〉f(0) : ||x|| > 1

(f ∈ C∞
b (G)), ξ ∈ G ∼= G ∼= IRd (the drift parameter), M is a positive semidefi-

nite d× d-matrix, and η is a Lévy measure on G∗, i.e. a non-negative measure
on G∗ satisfying

∫

0<||x||≤1

||x||2η(dx) + η({x ∈ G : ||x|| > 1}) <∞.

The first summand in the Lévy-Hinčin formula is called the primitive term,
the second one the centered Gaussian term, and the third one (the integral



PROBABILITIES ON SIMPLY CONNECTED NILPOTENT... 191

expression) the generalized Poisson distribution. The data ξ,M, η are uniquely
determined by {µt}t≥0 (cf. Siebert [19], Satz 1). As a shorthand we will write
A = [ξ,M, η]. The distribution A on C∞

b (G) uniquely determines the c.c.s.
{µt}t≥0, for this reason we may write µt =: Exp tA (t ≥ 0). On the other
hand, every triple [ξ,M, η] of the above-mentioned type generates a c.c.s. (cf.
Siebert [19], Satz 1). A similar Lévy-Hinčin decomposition holds on arbitrary
Lie groups, but we will not go to the details of this point.

Let T = {τt}t>0 = {tA}t>0 be a continuous one-parameter automorphism
group on the simply connected nilpotent Lie group G. Then a c.c.s. {µt}t≥0 =
{Exp tA}t≥0 is called T -stable if for any t > 0 there is a primitive distribution
Xt such that

tA = τt(A) + Xt

(here, for an automorphism τ of G and a generating distribution A on G, the
symbol τ(A) denotes the generating distribution given by τ(A)(f) := A(f ◦ τ);
in other words, if A generates the c.c.s. {µt}t≥0, then τ(A) generates the c.c.s.
{τ(µt)}t≥0, where if µ is the probability measure of the random variable Y , then
τ(µ) means the probability measure of the random variable τ(Y ).) If Xt = 0 for
all t > 0, then the c.c.s. is called strictly T -stable. Strict stability is equivalent
to the condition that µts = τt(µs) for all t, s > 0; unfortunately, there is no such
simple description of non-strict stability in terms of the measures themselves in
case of non-commutative groups. A probability measure ν on G is said to be in
the T -domain of attraction of the c.c.s. {µt}t≥0 on G (ν ∈ DOA({µt}t≥0,T )
for short) if there is a norming sequence {(τn, dn)}n≥1 ⊂ T ×G such that

τn(ν ∗ δdn
)∗⌊nt⌋ w

→ µt (n→ ∞) (t ≥ 0).

If dn = 0 for all n ≥ 1, then the measure ν is said to lie in the strict T -domain
of attraction of {µt}t≥0 (symbolically ν ∈ SDOA({µt}t≥0,T )).

As we have mentioned before, the simply connected nilpotent Lie group G
can be identified with its Lie algebra G via the logarithmic map log. Sometimes,
it will be convenient to distinguish whether we consider an element, function,
automorphism, generating distribution,... on G or rather on G. In such a case,
for an object (element, function,...) Ξ living on G, we will denote its counterpart
living on G by ◦Ξ, so e.g. for an element x ∈ G we write ◦x := log(x) ∈ G,
whereas e.g. for a function f ∈ C∞

b (G) we write ◦f ∈ C∞
b (G) for the function

defined by ◦f(◦x) := f(x), etc. In particular, for the measure µ on G we have
◦µ(B) := µ(exp(B)) for the “same” measure living on G (B Borel subsets of
G). For a generating distribution A on G, its counterpart ◦A on G is given
by ◦A(◦f) = A(f). Indeed, A is a generating distribution on G iff ◦A is a
generating distribution on G, since in the Lévy-Hinčin formula for generating
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distributions on simply connected nilpotent Lie groups the group structure does
not matter.

2. Domains of Attraction of Stable Semigroups

Consider a one-parameter automorphism group T = {tA}t>0 on the d-dimen-
sional simply connected nilpotent Lie group G, where A is a d× d-matrix with

{Re z : z ∈ Spec(A)} ⊂]
1

2
,∞[ (2)

(if tA (t > 0) are group automorphisms, then A automatically has to be a
derivation of the Lie algebra G). Then there is an ellipsoid S such that we have
a polar coordinate decomposition

]0,∞[×S ∋ (t, y) 7→ tAy ∈ IRd\{0}

(cf. Siebert [22], Carnal [2]). C.c.s. on simply connected nilpotent Lie groups G
with M = 0 in the generating distribution which are {tA}t>0-stable (where – as
always in our context – every eigenvalue of A has real part strictly greater than
1/2) are generalizations of non-Gaussian stable laws on IR resp. of operator-
stable laws without Gaussian component on IRd. A c.c.s. {Exp tA}t≥0 is a
non-degenerate completely non-Gaussian {tA}t>0-stable c.c.s. iff A = [ξ, 0, η]
with ξ ∈ G ∼= IRd and

η(dx) = λ
dt

t2
κ(dy), (3)

where λ > 0 and κ is a probability measure on the ellipsoid S (see e.g. Car-
nal [2]).

Theorem 2. Let G be a simply connected nilpotent Lie group. As-
sume the c.c.s. {µt}t≥0 on G is {tA}t>0-stable (A satisfying (2)) with gen-
erating distribution [ξ, 0, η], η as in (3) with (w.l.o.g.) λ = 1. For the G-
valued random variable, write X := TAY (T ≥ 0, Y ∈ S). Then L(X) ∈
DOA({µt}t≥0, {t

A}t>0) iff:

(i) tP (T > t) varies slowly (t→ ∞),

(ii) L(Y |T > t)
w
→ κ (t → ∞).

The “only if”-part has been verified in Neuenschwander [13]. For the sake
of self-containedness of the present paper, we repeat this proof here.

Proof of the “only if”-Direction (cf. Neuenschwander [13]) Assume that
ν = L(X) ∈ DOA({µt}t≥0, {t

A}t>0) with norming sequence {(tAn , dn)}n≥1 ⊂
Aut(G) ×G as supposed in Theorem 2. By the “Accompanying Poisson Laws
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Theorem” and the convergence of the corresponding generating distributions
(cf., e.g. Neuenschwander [15], Proposition 1.3 in Chapter 1, Appendix of the
present paper, and the literature cited there) it follows that

ntAn (ν ∗ δdn
)|B

w
→ η|B (n→ ∞) (4)

for every open subset B of G bounded away from zero. So we have that

tAn (ν ∗ δdn
)

w
→ δ0 (n→ ∞),

hence it follows that tn → 0 (n→ ∞) and thus also

tAn (dn) → 0 (n→ ∞) . (5)

Since for a measure θ, we have that n(θ ∗ δx) = (nθ) ∗ δx, (4) and (5) imply

ntAn (ν)|B
w
→ η|B (n→ ∞) (6)

for every open subset B of G bounded away from zero. Now we can translate,
in principle, the argumentation in Breiman [1], pp. 208f.: We may, for t ≥ t0,
choose n(t) such that tn(t)+1 ≤ 1

t
< tn(t). Then we have, for arbitrary ρ > 0

and t large enough the relation

P (tn(t)+1T > ρ) ≤ P (T > ρt) ≤ P (tn(t)T > ρ).

So (for large t)

P (tn(t)+1T > ρ)

P (tn(t)T > 1)
≤
P (T > ρt)

P (T > t)
≤

P (tn(t)T > ρ)

P (tn(t)+1T > 1)
. (7)

By (3) and (6) both extreme terms of (7) tend to 1
ρ

as t→ ∞, hence

ρtP (T > ρt)

tP (T > t)
→ 1 (t→ ∞),

which yields (i). The proof of (ii) is similar: For every Borel subset B of S with
κ(∂B) = 0 and t large enough one gets

P (Y ∈ B, tn(t)+1T > 1)

P (tn(t)T > 1)
≤

P (Y ∈ B,T > t)

P (T > t)
≤

P (Y ∈ B, tn(t)T > 1)

P (tn(t)+1T > 1)
. (8)

Again, by (3) and (6) both extreme terms of (8) tend to κ(B) as t → ∞, which
yields (ii).

Now we come to the proof of the “if”-direction. Carnal [2] has given a proof
of this direction by adapting the extreme-value theoretic method of Le Page,
Woodroofe, Zinn [11]. Here, we will give a proof which more directly generalizes
the classical method of proof.

Proof of the “if”-Direction. If one defines tn by the relation

nP (tnT > t) → t−1 (n→ ∞)
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and

d := E(u(X)) ,

where

u(X) := (min{t, 1})AY

(similarly as in Carnal [2], p. 32) then one sees easily that under the conditions
of Theorem 2, it follows that

ntAn (ν)|B
w
→ η|B (n → ∞)

for every open subset B of G bounded away from zero. Since tAn (d) → 0 as
n→ ∞, similarly as in the “only if” part it follows that

ntAn (ν ∗ δd)|B
w
→ η|B (n→ ∞) (9)

(B any open subset of G bounded away from zero). By the same reason, this
holds on (G,+) as well, i.e.

ntAn (◦ν ∗ δ◦d)|B
w
→ ◦η|B (n→ ∞) (10)

for any open subset B of G bounded away from zero. By Meerschaert [12], we
obtain that the latter implies that

◦ν ∈ DOA({Exp t ◦A}t≥0, {t
A}t>0)

with norming sequence {(tAn ,
◦ d)}t≥0 (observe that the information of the result

in Meerschaert [12] that we are really using here holds without the fullness
assumption imposed in the statement in Meerschaert [12]). By Gnedenko, Kol-
mogorov [3], Theorem 25.1 (necessity direction, applied to projections on any
one-dimensional subspace of the vector space G), this fact entails that

lim sup
n→∞

n

∫

{◦x∈G:||tAn (◦x+◦d)||≤ε}

||tAn (◦x+◦ d)||2 ◦ν(d◦x) → 0 (ε→ 0). (11)

Consider the adjoint mapping Adx(y) := [x, y] for x, y ∈ G ∼= G. Observe that
an expression of the form x · c (x, c ∈ G) can be written as a finite sum (with
uniformly bounded number of summands) of expressions of the type

Adh1
◦Adh2

◦ . . . ◦ Adhr−1
(hr) (12)

where hj ∈ {x, c} for j = 1, 2, . . . , r. Going one step further, by using the fact
that [z, z] = 0 (z ∈ G ∼= G), it follows (by an easy induction with respect to
the number of indices j for which hj = x) that the above sentence remains true
with hj ∈ {x, x + c}; that is, any expression of the type x · c (x, c ∈ G) can
be written as a finite sum (with uniformly bounded number of summands) of
expressions of the form (12) where hj ∈ {x, x+ c} (1 ≤ j ≤ r). Again, similarly
by a straightforward induction on the step of nilpotency one finds that there
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exists a universal constant C > 0 such that for any ε > 0 it holds that

{x ∈ G : ||◦(tAn (x · d))|| ≤ ε} ⊂ {x ∈ G : ||tAn (◦x+◦ d)|| ≤ Cε}.

From (11) it thus follows (by standard estimations) that

lim sup
n→∞

n

∫

{x∈G:||◦(tAn (x·d))||≤ε}

||tAn (x · d)||2 ν(dx) → 0 (ε→ 0). (13)

Now (9) and (13), together with the sufficiency direction of Gnedenko, Kol-
mogorov [3], Theorem 25.1 and Neuenschwander [15], Corollary 1.3 in Chapter
1 imply that on G, we have that ν ∈ DOA({Exp tA}t≥0, {t

A}t>0) with norming
sequence {(tAn , d)}n≥1.
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Appendix: A New Proof of Siebert’s Convergence Theorem

The following result is mainly due to Hazod, Khokhlov, and Siebert.

Let {µt}t≥0 and {µ
(n)
t }t≥0 be c.c.s. on the Lie group G with generating

distributions A resp. A(n). In Hazod [5], Satz I.2.3 (c) it has been shown that
the convergence of the generating distributions for all f ∈ C∞

b (G), i.e.

A(n)(f) → A(f) (n→ ∞) (f ∈ C∞
b (G)) , (14)

implies the convergence of the c.c.s. for every t:

µ
(n)
t

w
→ µt (n → ∞) (t ≥ 0). (15)

The proof in Hazod [5] is based on the theory of operator semigroups. Hazod
and Khokhlov (see Hazod [6]) (based heavily on Siebert [20]) have shown that in
fact also the converse is true, i.e. that the conditions (14) and (15) are equiva-
lent. Siebert [20] used heavy infinite-dimensional Fourier analysis on Lie groups
for his proof. The goal of this Appendix is to give another proof of the implica-
tion (15)=⇒(14) for the special case of simply connected nilpotent Lie groups
inductively with respect to the step of nilpotency and by leading back the whole
situation to the vector space case on the underlying Lie algebra. In contrast
to Siebert [20], we will take some fundamentals of the theory of stochastic in-
tegration for granted, which, as a rule, are more familiar to most probabilists
than Fourier analysis on general Lie groups. As a matter of fact, it has turned
out that the class of simply connected nilpotent Lie groups is a natural frame-
work for investigations of limit theorems, stochastic processes with independent
increments (represented by c.c.s. in the case of stationary increments), and re-
lated questions. That is why we think it is of some pedagogical value to have
a more direct proof of this important theorem in this special situation. The
method will be an adaption of a part of the proof in Neuenschwander [14]. These
results in Neuenschwander [14] are special instances of more general findings
as stated in Guivarc’h, Shah [4]. In the latter paper, the authors used mainly
the method of so-called Hun semigroups to handle the shifts which arise in the
classical vector space case and which often lead to cumbersome problems in the



198 D. Neuenschwander

non-commutative situation, whereas in Neuenschwander [14], in fact, we veri-
fied the conditions of Wehn [23] and Siebert [21], which entail the validity of
the “Approximating Poisson Laws Theorem” in the case under consideration.
Let us now go to the details. A Lévy process {X(t)}t≥0 on a Lie group G is a
stochastically continuous process with values in G and having independent and
stationary increments (X(s))−1X(t) (t > s) on G. This directly generalizes the
classical notion for G = (IRd,+). If one defines by µt the common law of the
increments X(s)−1X(s + t), then {µt}t≥0 is a c.c.s. on G. We will now verify,
without relying on Siebert [20] or related methods, the following claim:

Claim 1. (15)=⇒(14) on simply connected nilpotent Lie groups G.

Proof. Basis of induction: For r = 1 the assertion follows from the classical
convergence conditions for infinitely divisible probability laws on IR or IRd (cf.
Gnedenko, Kolmogorov [3], Theorem 19.1, necessity direction). Induction step:
Assume that (15) holds for the simply connected step (r + 1)-nilpotent Lie
group G and (14) for the simply connected step r-nilpotent quotient group
G ∼= G :∼= G/Gr. We want to show that (14) in fact holds on G. Let V :∼= Gr,
i.e.

G ∼= G⊕ V. (16)

The notation (w, v) ∈ G will be understood with respect to (16), i.e. w ∈ G, v ∈
V . Consider the projections

π : G ∼= G⊕ V ∋ x = (w, v) 7→ π(x) := w ∈ G,

q : G ∼= G⊕ V ∋ x = (w, v) 7→ q(x) := v ∈ V.

By the induction hypothesis we get that the sequence of the generating distri-

butions {A
(n)

}n≥1 of the c.c.s. {π(µ
(n)
t )}t≥0 on G (i.e. A

(n)
(g) := A(n)(g ◦ π)

for g ∈ C∞
b (G)) is relatively compact with respect to the topology of conver-

gence for every g ∈ C∞
b (G). So the same (for every f ∈ C∞

b (G)) holds for the
sequence of generating distributions {Ã(n)}n≥1 on G defined by

Ã(n)(f) := A
(n)

(f ◦ ψ),

where ψ(w, v) := (w, 0) and for all f ∈ C∞
b (G). Denote by A(n) the generating

distribution on V given by

A(n)(h) := A(n)(h ◦ q) (h ∈ C∞
b (V )).

Since the sequences {µ
(n)
t }t≥0 = {Exp tA(n)}t≥0 and (by the implication (14)

=⇒ (15)) {Exp tÃ(n)}t≥0 are both relatively compact (in the sense of conver-
gence for every t ≥ 0), the same holds for the c.c.s {ExpA(n)}t≥0. This is
obvious by the representation of Lévy processes on simply connected nilpotent
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Lie groups as a sum of iterated stochastic integrals of one-dimensional Lévy pro-
cesses (stemming from the Campbell-Hausdorff formula for an arbitrary number
m of summands and the limiting procedure defining (as m → ∞) the stochastic
integral (see also Pap [17]) together with the well-known algebraic fact that for
xi = (wi, vi) ∈ G (i = 1, 2, . . . , n), we have that

q(

n
∏

i=1

xi) = q(

n
∏

i=1

(π ⊕ 0)(wi, vi)) +

n
∑

i=1

vi,

where (π ⊕ 0)(w, v) := (w, 0). By the induction hypothesis and again Gne-
denko, Kolmogorov [3], Theorem 19.1, necessity direction, applied to the c.c.s.
{Exp tA(n)}t≥0 on V , it follows that the sequence {A(n)}n≥1 is relatively com-
pact with respect to the topology of convergence for every f ∈ C∞

b (G). By the
implication (14)=⇒ (15) on G, it follows that from the relative compactness in
fact convergence follows in the above statement. This proves the assertion of
the claim.

Remark 1. By the same type of argument as used in the just-displayed
proof (using Theorem 24.1 in Gnedenko, Kolmogorov [3]), one can verify the
related “Approximating Poisson Laws Theorem” for triangular systems of row-
wise identical probability measures (cf. Hazod [6]) as well as for commutative
triangular systems of symmetric measures, resp. of measures supported by some
fixed discrete subgroup on simply connected nilpotent Lie groups (cf. Neuen-
schwander [14]); observe that in all these cases the replacement of the local
centering constants

∫

{||x||≤1}

xµn,j(dx)

by zero in the used theorems in Gnedenko, Kolmogorov [3] yields still correct
assertions.
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