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1. Introduction

This article deals with one-dimensional linear-quadratic (LQ) models which are
presented as discounted Markov decision processes (MDPs) with discrete-time
and infinite horizon (see [1]).

The standard technique to find the solution of the LQ models has been
mainly based on the value iteration algorithm to obtain the well-known Ri-
catti’s equation while the corresponding optimal solution is obtained with a
limit procedure (see [1]).

Here, a different approach is used in order to solve LQ models (in the best
of our knowledge this approach has not been previously used to solve them).
In particular, the LQ models are solved without the use of the value iteration
algorithm. The solutions obtained are constructed directly on the dynamic
programming equation (DPE) (see [5]). Obviously, the same solution as in the
Ricatti’s technique is obtained.

The solution presented is divided into two parts.

Firstly, deterministic LQ models, that is LQ models for which the dynamics
of the systems do not include an additive random perturbation, are considered.
Assuming that the optimal value function is of class C∞, using the Euler equa-
tion, it is possible to obtain an optimal policy which is the expansion in Taylor’s
series around a convenient equilibrium point of the dynamics of the system.
Then with the knowledge of the optimal policy, the optimal value function is
computed.

Secondly, the stochastic case, that is LQ models with an additive random
noise, is considered. In this part, the optimal value function of the deterministic
LQ model plus a suitable constant which depends on the parameters of the
random noise of the dynamics of the system is used as a fixed point in the DPE,
obtaining that this function is the optimal value function for the stochastic case,
and the optimal policy is the same as in the deterministic LQ model.

The approach presented in this article, was partially inspired in [2]. But,
it is important to observe that Assumptions 3b and 3c in [2] are not necessary
for the present work.

The paper is organized as follows. In Section 2, the basics on the Markov de-
cision theory are presented, and in Section 3, the LQ models and their solutions
are provided.
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2. Discounted Markov Control Processes

Let (X,A, {A(x) : x ∈ X}, G, c) be a Markov control model (see [1], [4] and
[5]), which consists of the state space X, the control set A (where X and A are
nonempty Borel subsets of Euclidean spaces). The Borel σ-algebras of X and A
will be denoted by B(X) and B(A), respectively. {A(x) : x ∈ X} is a family of
nonempty measurable subsets A(x) ∈ B(A), whose elements are feasible controls

when the system is in a state x ∈ X. The set K = {(x, a) : x ∈ X,a ∈ A(x)}
of admissible state-actions pairs is assumed to be a measurable subset of the
Cartesian product X × A. The following component is the transition law G,
and c is a real-valued measurable function on K called the cost function.

Let xt and at be the state and the control at a time t, respectively. If the
system is in the state xt = x at a time t and the control action at = a ∈ A(x)
is applied, then a cost c(x, a) will be paid and the system moves to a new state
xt+1 by means of the transition law, given by the following difference equation:

xt+1 = G(xt, at, ξt), (1)

t = 0, 1, ..., where {ξt} are independent and identically distributed (i.i.d.) ran-
dom variables taking values on a Borel space S with density ∆. Let ξ be a
generic element of the sequence {ξt} . G : K×S → X is a given measurable
function.

The transition law (1) induces a stochastic kernel given by

Q(B |x, a) =

∫
IB(G(x, a, s))∆(s)ds,

B ∈ B(X) and (x, a) ∈ K, where IB(·) denotes the indicator function of a
measurable set B.

Remark 2.1. A stochastic kernel Q satisfies the following properties: a)
Q(B |·) is a measurable function on K, for each B ∈ B(X), and b) Q(· |k) is a
probability measure on B(X), for each k ∈ K.

In some cases the transition law is given by a deterministic difference equa-
tion

xt+1 = F (xt, at), (2)

t = 0, 1, ... and x0 = x ∈ X where F : K → X is a given measurable function.
Observe that in this case the stochastic kernel induced by (2) is

Q(B |x, a) = IB(F (x, a)),

B ∈ B(X) and (x, a) ∈ K.



80 R. Montes-de-Oca, H. Cruz-Suárez

In general, a policy is a sequence π = {πt : t = 0, 1, ...} of stochastic
kernels, defined on A given the history of the controlled process. The set of
policies will be denoted by Π. Let F := {f : X → A : f be measurable and
f(x) ∈ A(x), x ∈ X}. A sequence π = {ft : t = 0, 1, ...} of functions ft ∈ F

is called a Markov policy. The set of the Markov policies will be denoted by
M. A Markov policy π = {ft : t = 0, 1, ...} is said to be a stationary policy if
ft = f ∈ F, for all t.

Let (X,A, {A(x) : x ∈ X}, G, c) be a fixed control model. For each policy
π ∈ F and state x ∈ X, it is defined that

v(π, x) = Eπ
x

[
∞∑

t=0

αtc(xt, at)

]

.

v(π, x) is called the total discounted cost, where α ∈ (0, 1) is the discount factor,
and Eπ

x denotes the expectation with respect to the canonical probability P π
x

(see [5] for the construction of P π
x ).

The optimal control problem consists of determining a policy π∗ ∈ F, such
that

v(π∗, x) = inf
π∈F

v(π, x),

x ∈ X, and π∗ will be called the optimal policy. The function V defined by

V (x) = inf
π∈F

v(π, x),

x ∈ X, will be called the optimal value function.

Remark 2.2. In fact the optimal control problem could be established on
the class Π of all policies, but in this work the existence of stationary optimal
policies will be assumed for the models taken into account. Hence

inf
π∈Π

v(π, x) = inf
π∈F

v(π, x),

for all x ∈ X.

Lemma 2.3. Under certain assumptions (see Remark 2.4 below), it results
that:

a) The optimal value function V is a solution for the following equation
(known as the Dynamic Programming Equation):

V (x) = min
a∈A(x)

{c(x, a) + αE [V (G(x, a, ξ)])} , (3)

x ∈ X.

b) There exists f ∈ F such that f(x) ∈ A(x), x ∈ X, attains the minimum
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on the right-hand side of (3), i.e.,

V (x) = c(x, f(x)) + αE [V (G(x, f(x), ξ))] , (4)

x ∈ X and f is optimal.

Remark 2.4. The assumptions and the proof of Lemma 2.3 can be con-
sulted in [5]. In particular, if the transition law is given by (2), a similar lemma
holds and the assumptions can be verified in the following way. If the cost
function is bounded, see conditions (a), (b) and (c) in Theorem 2.8 in [4], p.
23. And for unbounded costs, see conditions in Theorems 3, 4, 5, and 6 in [6].

Remark 2.5. Throughout the rest of the paper, MCPs which have the
structure of linear-quadratic models are taken into account. It is well-known
that for each of these MCPs, (a) the corresponding optimal value function
satisfies (3), and (b) there exists an optimal policy characterized by (4) (see,
[1], [5], and [6]).

Definition 2.6. An equilibrium point x of the system (2) is defined by
the equation

x = F (x, f(x)),

where f is the optimal policy of the optimal control problem.

3. Linear-Quadratic Models

3.1. Deterministic Version

In this subsection there is considered an LQ problem with a stationary, scalar,
deterministic, linear system

xt+1 = γxt + βat,

t = 0, 1, 2, ... and x0 = x, where γ and β are real constants with γ · β 6= 0. The
cost function is given by

c(xt, at) = qx2
t + ra2

t ,

t = 0, 1, 2, ..., where q > 0 and r > 0 are given constants. It will be assumed
that the space of states is X = R, the space of controls is A = R and the
problem is unconstrained, i.e. A(x) = A,x ∈ X.

Notation. For deterministic LQ models, the optimal value function will
be denoted by W and the optimal policy by g (see Remark 2.5).

For a positive integer p, Cp(X, R) = {θ : X → R : the first derivatives of θ
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exist and are continuous}, and C∞(X, R) = {θ : X → R : θ ∈ Cp(X, R), for all
positive integer p}.

Assumption I. W ∈ C∞(X, R).

Lemma 3.1. Under Assumption I, g ∈ C∞(X,A).

Proof. Let x be a fixed state. Suppose that for each positive integer p ≥ 1,
W ∈ Cp(X, R). Let

Ĝ(x, a) := qx2 + ra2 + αW (γx + βa),

a ∈ A(x). Since the optimal policy g takes values in A(x) = R, and R is open,
it follows that

Ĝa(x, g(x)) = 0,

and Ĝaa(x, g(x)) > 0. Then, using the Implicit Function Theorem (see [3],
p. 205) it is obtained that g(x) ∈ Cp−1 (X,A). Since x is an arbitrary state,
Lemma 3.1 follows.

Lemma 3.2. The optimal policy g satisfies the following equation

rg(x) = αγrg(γx + βg(x)) − qαβγx − qαβ2g(x), (5)

x ∈ R. This equation is known as Euler equation (EE). In a similar way the
EE for the optimal value function W is given by

αγW ′

(
γx + β2 (2qx − W ′(x))

2γr

)
= W ′(x) − 2qx, (6)

x ∈ R.

Proof. Let x ∈ R be fixed. The DPE for this problem is given by

W (x) = min
a∈R

[
qx2 + ra2 + αW (γx + βa)

]
.

Then first-order condition is given by

2rg(x) + αW ′(γx + βg(x))β = 0,

where g is the optimal policy.

On the other hand, g satisfies

W (x) = qx2 + rg(x)2 + αW (γx + βg(x)).

Derivating the last equation with respect to x and using the first-order condi-
tion, it is obtained that

W ′(x) = 2qx + αW ′(γx + βg(x))γ. (7)

Again using the first-order condition in (7), it results that

W ′(x) = 2qx − 2γrβ−1g(x). (8)
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Substituting (8) in the first-order condition, (5) yields.

To obtain the EE in terms of the value function, the following approach is
used. From (8) it is obtained that

g(x) =
(
2qx − W ′(x)

)
β(2γr)−1.

Substituting the last equation in the first-order condition, (6) holds.

Theorem 3.3. The optimal policy and the optimal value function are
given, respectively, by

g(x) = λx and W (x) =
qβ − γrλ

β
x2,

x ∈ R, where λ satisfies the following:

αβγrλ2 +
[
α

(
γ2r − qβ2

)
− r

]
λ − qαβγ = 0 and (9)

|γ + βλ| ≤ 1.

Proof. Consider the EE (5). This equation is not possible to solve, in
general, for each x ∈ X. That is why (5) will be solved, initially, at the
equilibrium point x. The equilibrium point satisfies the following equation

x = γx + βg(x). (10)

The EE at the equilibrium point can be reduced, using (10), in the equation

rg(x) = αγrg(x) − qαβγx − qαβ2g(x). (11)

Solving (10) and (11) simultaneously it is obtained that it is possible to consider
x = 0, while g(x) = 0 necessarily.

Now derivating (5) implicitly with respect to x, it results that

rg′(x) = −qαβγ − αβ2qg′(x) + αγrg′(γx + βg(x))(γ + βg′(x)),

x ∈ R. Evaluating the previous equation at the equilibrium point x = 0, it is
obtained that

αβγrg′(0)2 + g′(0)
[
α(γ2r − qβ2) − r

]
− qαβγ = 0. (12)

It is direct to verify that the quadratic equation (12) has at least one real
solution for g′(0).

Derivating again equation (5) with respect to x, it results that

rg′′(x) = −αβ2qg′′(x) + αγr[g′′(γx + βg(x))(γ + βg′(x))2

+g′(γx + βg(x))βg′′(x)].

Considering in the last equation that x = x = 0, it is obtained that g′′(0) = 0.

In general, it is possible to obtain that g(k)(0) = 0, for k > 1.

Now, making an expansion in Taylor’s series (see [3]) around x = 0 and
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using the information obtained, it results that

g(x) = λx,

x ∈ R, where λ = g′(0) is a real solution of (12) and |γ + βλ| ≤ 1, and

W (x) = v(g, x) = (q + rλ)x2
∞∑

t=0

[
α(γ + βλ)2

]t
, (13)

x ∈ R. (Observe that it is possible to choose λ such that |γ + βλ| ≤ 1, because
it is assumed that v(g, x), x ∈ R, is finite.)

Remark 3.4. It is important to observe that the EE (see (6)) could be
obtained in terms of the optimal value function W, and in this case there will
be obtained a quadratic equation similar to equation (9) which corresponds to
the Riccati’s equation (see [1]).

3.2. Stochastic Version

Now, consider the following variant of the LQ model:

xt+1 = γxt + βat + ξt, (14)

t = 0, 1, 2, ... and x0 = x, where {ξt} are i.i.d. random variables with zero
mean, finite variance σ2 and density ∆. This model is the deterministic LQ
given in the previous subsection, perturbed with an additive random noise ξ.
The solution in this case can be induced using the solution given in the previous
subsection, as the following theorem suggests.

Notation. For stochastic LQ models, the optimal value function will be
denoted by V and the optimal policy by f (see Remark 2.5).

Theorem 3.5. The LQ model with dynamics (14) has the following solu-
tion:

V (x) =
(q + rλ)x2

1 − α(γ + βλ)2
+

α

1 − α
Mσ2,

f(x) = λx,

x ∈ R, where λ satisfies the conditions of Theorem 3.3, and M = (qβ−γrλ)/β.

Proof. The idea of the proof is to induce the solution using the deterministic
case. For this consider

V (x) = W (x) + N, (15)

x ∈ R, where W is the optimal value function of the previous problem (see
(13)) and N is a constant to determine. The constant N will be adjusted using
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the DPE, substituting (15) in the DPE:

W (x) + N = min
a∈A(x)

[
qx2 + ra2 + α

∫
W (γx + βa + s)∆(s)ds + αN

]

= min
a∈A(x)

[
qx2 + ra2 + α

∫
W (γx + βa)∆(s)ds

]
+ αN + αMσ2

= W (x) + αN + αMσ2,

x ∈ R. Then

N =
α

1 − α
Mσ2,

and the optimal policy is g, i.e. f = g.
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