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Abstract: The objective of a spatial data analysis may be to capture the
trends apparent in the data set. In spatial data, we do not have the unidirec-
tional flow of time that occurs with time series data. Instead, spatial models are
built on nearest neighbors. For discrete data, there are several models including
generalized linear mixed models and conditionally specified models such as the
auto-Poisson model. Each has its drawbacks. We evaluate existing methods
that model the distribution of discrete outcomes when the value at a location
depends on its neighbors under certain practical problems of edge data, large
number of zeros, and outliers.
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1. Introduction

Spatial data analysis involves data that represent points (e.g. soil core sam-
ples) or regions (e.g. counties) and can be regularly- or irregularly-spaced. The
variable of interest may be discrete or continuous. The objective of a spatial
data analysis may be to capture the trends apparent in the data set (see Robin-
son [20] and Marshall [17]), e.g., showing that AIDS in North Carolina is less
prevalent (see [5]) as one travels from east to west.
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There are certain practical problems that are associated with the models
we propose to study. These problems include: 1) handling of edge data, 2)
large numbers of zeros, and 3) outliers. Edge data is a common problem in
spatial data analysis. Most spatial models are based on a definition of nearest
neighbor. This makes it difficult to deal with data along edges (e.g. a state
boundary) where the neighbor data are incomplete. Sometimes additional data
sets can help with edge data. For example, if a data set consists of informa-
tion aggregated by county in North Carolina, using data from South Carolina
and Virginia may provide additional information. However, in most cases ad-
ditional data are not available (e.g. if the “edges” are bodies of water). Large
numbers of zeros are another possible problem with data collected on a lattice.
In disease incidence data or species abundance data, for example there may be
areas in which an outcome is rare and zeros occur. Sometimes smaller regions
are combined into larger regions to avoid excess number of zeros. Barry and
Welsh [2] look at generalized additive models to handle this problem. Outliers
are our final issue discussed in this paper. Typically outliers are dropped, or
an estimated value is substituted based on nearest neighbors. However, the
ramifications of performing such ad hoc procedures can prove costly and one
must be careful accordingly. For example, if an outlier is removed that occurs
in the center of the area under study, then this could result in newly-formed
edges within a region. In addition, outliers may be real and removing them
introduces bias in any subsequent estimation procedure.

This paper considers the problems presented above. In particular, we con-
sider three methods of estimation that have been proposed for discrete data
collected on a lattice. We will answer the following questions:

— Which method of estimation is best for problem data sets (e.g. edge
data, outliers, and large number of zeros)?

— How well are slopes and spatial dependencies detected when problems
(e.g. edge data, outliers, and large number of zeros) exist in the data sets?

The outline of the paper is as follows: The next section describes our simu-
lation method for generating conditionally-specified Poisson data. In Section 3,
we describe the three estimation methods used for comparison in this study. We
conclude this paper with a sensitivity analysis involving a discussion around the
problems of edge data, outliers, and large number of zeros in data and provide
a guidelines for choosing an appropriate estimation method for each scenario.
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2. Simulating Conditionally-Specified Poisson Data

We now describe the model used to simulate conditionally-specified Poisson
data. We use the simulation method described in Jackson and Sellers [10].

The auto-Poisson conditionally-specified model is used to describe counts
of interest and very common in disease data. This model is defined as

P (zi|zj) =
exp(−ηi)η

zi

i

zi!
, (1)

where

log ηi = α + log Ni + βxi +

n
∑

j=1

ωijzj . (2)

Here, Ω = (ωij) is the n × n spatial dependence matrix of locations i and j,
where i = 1 . . . n and j = 1 . . . n. We also have the added restrictions that
ωij = ωji, ωii = 0, and ωij = 0 if location j is not a predefined neighbor of
location i. We define ωij as

ωij = γaij , (3)

where γ is an interaction parameter that allows for the spatial dependence to be
proportional to the proximity index aij (defined by Ferrandiz et al [8]), where

aij =

√

NiNj

dij

, (4)

and Ni and Nj represent subsets of the total population at location i and j,
respectively (e.g. the number of people in counties i and j), and dij represents
the distance in miles between location i and j. Define location i as a neighbor
of location j if aij > a where a is threshold.

We place one covariate in the model corresponding to the column coordinate
or “longitude”. When the slope of this covariate is positive, it will cause an
east-west trend in the data (i.e., the means will be larger as one travels from
west to east). Here α is the intercept, xi is column coordinate of region i, Ni =
size (e.g. population at risk) of region i, and zj is the count at location j (recall
location j is a neighbor of location i). Large values of β will force a large trend
effect (i.e. the means get larger as you travel to the east) while values of β = 0
imply no trend.

The main restriction with the conditionally-specified auto-Poisson model
is that only negative values of the parameter ωij are allowed in the model.
That result is a consequence of the conditions listed in the Hamersley-Clifford
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Theorem (see Cressie [5, p. 417]). Therefore we use a Winsorized auto-Poisson
model defined as

Y = Z I(Z≤R) + R I(Z>R), (5)

where R is a fixed integer value on (0,∞) and I(Z≤R) represents the indicator

function which takes on value 1 if its condition (e.g., Z ≤ R) is met and 0
otherwise. This transforms the vector, Z = (zi) containing infinite support,
to a new random variable Y with support on (0,R). Generally, it is sufficient
to choose R such that R ≥ 3ηm where ηm = max{η1, . . . , ηn}. However, in
practice since ηm is unknown, Kaiser and Cressie [11] state that it is acceptable
to choose a value of R greater than the largest observation.

3. Estimation Methods

In this section we describe three different estimation methods we use in this
simulation study. Once spatial data were generated using the methods dis-
cussed in the previous section, we use generalized linear models (GLM) with
pseudo-likelihood, maximum likelihood estimate (MLE) with data transformed
to Gaussian and generalized linear mixed models (GLMM) for parameter esti-
mation. Each method is described below.

3.1. Using GLM with Pseudo-Likelihood

Currently, regression is a widely used and accepted method for analyzing data.
More specifically Poisson regressions is used to analyze count data for GLM.
However, independent observations is a necessary assumption for its use. Since
this assumption is obviously not met in spatial data, we must make sufficient
adjustments in order to justify the use of regression. Ferrandiz et al [8] show
that as long as the spatial dependence is small between realizations, regression
methods can be used to analyze correlated data. A pseudo-likelihood is formed
in place of the traditional likelihood since the data is now treated as independent
even though the observations are clearly not independent.

We define independent Poisson random variables,

zi ∼ Poisson(ηi), (6)

where

log ηi = α + log Ni + βxi + γqi, (7)
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where α is an intercept.

Confidence intervals for the parameters are constructed in Splus using the
following method. First, we define Se as the residual standard deviation and
RSS as the residual sum of squares. The standard error is

SE =
Se√
RSS

. (8)

Next, a T-statistic is formed using

t =
b − B

SE
, (9)

where b is our parameter estimate and B is the null hypothesis value. The
confidence interval is formed from

b ± tf × SE, (10)

where tf is the theoretical T-distribution with f degrees of freedom. We test
the hypothesis

Ho : β = 0 vs H1 : β 6= 0. (11)

3.2. Using MLE with Data Transformed to Gaussian

Transforming data to have an approximately Gaussian distribution is a tech-
nique used by many practicing statisticians due to the feasibility of obtaining
parameter estimates when data comes from a Gaussian distribution. For inde-
pendent data, this approach is regularly taught in beginning statistics classes.
Other appealing properties of Gaussian distributed data include: symmetry
and its ability to be characterized by first and second moments (mean and
variance). In large samples the central limit theorem establishes that many
summary statistics follow an approximately normal distribution. For these rea-
sons it is attractive to obtain approximately Gaussian distributed data through
transformation. Cressie and Read [7] investigate the use of three different trans-
formations. They use the Freeman-Tukey square-root transformation defined
as

Fi =

√

1000zi

Ni
+

√

1000 (zi + 1)

Ni
, (12)

to transform their sudden infant death (SIDS) count data into an approximately
Gaussian distributed data. Zahl [24] uses the Freeman-Tukey transformation
to show how transformations affect data analyses. This transformation takes
into account different county population sizes and also adjusts for locations
with zero counts. The MLE of the mean is now easily obtained. One drawback
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to this method is that finding a suitable transformation is not always easily
obtained and Cressie and Read [6] simply assume their transformation is ade-
quate. The choice of transformations directly affects the accuracy of parameter
estimates. As one would expect, the closer the transformed data is to Gaus-
sian the more accurate the parameter estimates, and hence, the smaller the
confidence intervals.

To compute the maximum likelihood estimates, it is first necessary to define
the log-likelihood function from the conditional Gaussian distribution which is
given as

L = −n

2
log 2π +

1

2
log |(I − Ω)−1Σ| + 1

2
(Z − µ)′ Σ−1 (I − Ω) (Z − µ) , (13)

where Z,µ, I,Ω and I − Ω are as defined previously. We multiply equation (13)
by −1 to get the negative log-likelihood. Thus we will now minimize equa-
tion (13) with respect to µ,Ω, and Σ. In place of the counts, zi, we use the
Freeman-Tukey transformed rates, F (F is an n×1 vector with elements Fi), per
1000 people as shown in equation (12). Now, equation (13) is reparameterized
and written as

L =
n

2
log 2π +

n

2
log τ2 − 1

2
log |D−1(I − γA)|

+
1

2
(F − XB)′D−1(I − γA)(F − XB)/τ2, (14)

where from equation (13) we have µ = XB, Σ = τ2D,

D =
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Nn
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, (15)

Ω = γA. Also X,A,β and Ni (for i = 1 . . . n) are as defined in Section 2. Also,
since location i has Ni, persons at risk, the conditional variance is

var(Fi|{Fj}) =
τ2

Ni
.

Cressie and Read [7] show that this variance is stabilized, meaning Var(Fi|{Fj})
is approximately independent of E(Fi), by the Freeman-Tukey transformation.
To obtain parameter estimates for γ, β, and τ it is necessary to use graphical
and computational methods as shown by Cressie and Chan [6]. First, we assume
γ is fixed to a value. Next the maximum likelihood estimate of β when γ is
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fixed becomes weighted least squares estimate

β̂ = (X′D−1(I − γA)X)−1X′D−1(I − γA)F (16)

and the maximum likelihood estimate of τ2 when γ is fixed becomes

τ̂2 = F′D−1(I − γA)

×{I − X(X′D
−1

(I − γA)X)−1X′D−1(I − γA)}F/n. (17)

Now we substitute equation (17) and equation (16) into equation (14) and use a
Splus program to compute the new negative log-likelihood, L(γ), as a function
of γ. The maximum likelihood estimate of γ is obtained when the negative
log-likelihood is minimized. Once we have γ̂ we can construct a 100(1 − α)
confidence interval for γ̂ from L(γ) where L(γ) is the negative log-likelihood
as a function of γ and 100(1 − α) is our confidence level. To do this we use a
method developed by Whittle [23]. First he notes that when γ is the true value,

P
{

L(γ)) ≤ L(γ̂) + (n/(n − r − 2))χ2

1(α)/2
}

≃ 1 − α. (18)

Here, α is the level of the test, χ2

1
(α) is the upper 100(1 − α)% point on the

chi-squared distribution with one degree of freedom, n is the number of counts,
and r is the number of parameters to be fit (i.e. the parameters defined in the
mean model; in our case it is the trend and slope). The test of

H0 : γ = 0 versus H1 : γ 6= 0 (19)

rejects H0 (i.e. spatial dependence is detected) when L(0) is not contained in
the confidence interval. A hypothesis test for

H0 : β = 0 versus H1 : β 6= 0 (20)

was formed the same way. Except the matrix X in equation (16) was modified
to reflect our null hypothesis. We then used a likelihood ratio statistic of

2
(

L(β̂, σ̂2, γ̂) − L(β̂o, σ̂2
o , γ̂o)

)

, (21)

where β̂o, σ̂2
o , and γ̂o are the values under the null. The value in equation (21)

was compared to χ2

1
. In our simulations n ≈ 100, and r was one or 2, making

this correction inconsequential. In addition since γ is apt to differ from the
γ used in generating the data, it is unclear that confidence coverage can be
appropriately estimated.

3.3. Using GLMM

Now, we discuss how GLMM are used to fit spatial data. GLMM are similar to
the GLM (used by McCullagh and Nelder [18]) discussed in Section 3.1 except
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GLMM’s include a random effect. The GLMM is defined as

g(η) = Xβ + ε, (22)

where the matrix, X, defines the fixed effect part, β is a fixed effect unknown
constant, and ε are random variables drawn from a distribution, and g() is the
link function (e.g. log(η) for the Poisson case). More specifically, in our case
we have for the auto-Poisson case that,

log(ηi) = α + βxi + εi, (23)

where,

ε ∼ Gau (0,Σ) .

It is through Σ, where the spatial correlation structures are defined. Spatial
correlation models are defined by letting

Var(εi) = σ2, (24)

and

Cov(εi, εj) = σ2[f(dij)], (25)

where dij is the distance between location i and location j and f() is a function
that defines the spatial dependency between locations. The correlation struc-
ture we are using involves γaij as defined in equation (4). See that aij is a
function of the population at risk, Ni. If we used equal population size at each
location then equation (4) would reduce to

aij =

√
c

dij
, (26)

where c represents a constant.

4. Mean Squared Error

Our main concern was to be able to assess how well we were able to detect the
slope (trends) and spatial dependence in the data that were placed in the model
via β and γ, respectively, in equation (7) when the data were generated using
both methods of estimation described in Sections 3.1 and 3.2. As defined by
Hamilton [9], the mean squared error (MSE) “measures the variation of esti-
mates around a parameter.... To have the best chance for our sample estimates
to be near the population parameters, we want MSE as low as possible.” Thus,
we considered the MSEs for γ and β respectively, namely

MSEβ = E[(β̂ − β)2], (27)
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where β̂ is an estimator of β, and

MSEγ = E[(γ̂ − γ)2], (28)

where γ̂ is an estimator of the true value γ. More specifically, we estimated
the MSEs using 1900 replications to compute the size of the error for each
parameter, i.e.

ˆMSEβ =
1

1900

1900
∑

i=1

(

β̂i − β
)

2

, (29)

and

ˆMSEγ =
1

1900

1900
∑

i=1

(γ̂i − γ)2 . (30)

Another way of stating the ˆMSEβ is variance of β̂ values plus the square of the

mean bias (i.e. Avg(β̂i) − β). ˆMSEγ is similarly defined.

5. Sensitivity Analysis and Results

In this simulation study, we explore how well the common methods of estimation
work when the data has a spatial correlation. We investigate the use of GLM
with pseudo-likelihood and MLE obtained from transformed Gaussian data
with the simulated data sets. We test how well each method holds up under
constraints such as low counts, high number of zeros, and outliers. Our goal was
to determine the robustness (i.e., a sensitivity measure when some assumptions
are mildly violated) of the parameter estimates.

5.1. Large Number of Zeros Because of Low Overall Counts

Our next step in our problem was to test the effects of estimation when the data
contained a large amount of zeros with all methods of simulation. Lambert [14]
discusses the use of zero-inflated Poisson (ZIP) model for independent count
data with excess zeros. With ZIP regression, there is a probability of p for a
zero count and 1−p for a count distributed as Poisson with mean η. Kedem et al
[12] discuss an estimating procedure using the Fisher information for mixed log-
normal distributions for spatial-temporal models for continuous data. Instead
of defining a mixture distribution analogous to either Lambert or Kedem, we in-
stead force the generation of a large number of zeros in our data sets by changing
the parameter settings. We set the offset, α = 1.5 × log(max{N1, N2, . . . Nn})
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Method of estimation
GLM GLMM TG

True values (γ = .1, β = .0005) ¯̂γ = .131
¯̂
β = .00047 ¯̂γ = .200

¯̂
β = .00071

√

MSE .038 .00023 .133 .00028
% CI 94 95 95 96

Rejected null for γ 74 76 72
Rejected null for β 73 74 74

True values (γ = .0005, β = .1) ¯̂γ = .00072
¯̂
β = .246 ¯̂γ = .00042

¯̂
β = .072

√

MSE .00036 .194 .00021 .035
% CI 94 94 95 94

Rejected null for γ 74 73 76
Rejected null for β 73 74 72

True values (γ = .1, β = .1) ¯̂γ = .131
¯̂
β = .149 ¯̂γ = .108

¯̂
β = .115

√

MSE .046 .051 .019 .017
% CI 93 92 94 93

Rejected null for γ 75 79 73
Rejected null for β 76 79 79

True values (γ = .0005, β = .0005) ¯̂γ = .00033
¯̂
β = .00048 ¯̂γ = .00046

¯̂
β = .000481

√

MSE .00031 .00022 .00018 .00019
% CI 95 96 96 93

Rejected null for γ 72 70 73
Rejected null for β 70 71 69

Table 1: True and estimated parameter values for the conditionally
specified Poisson model when data contain 10% zeros

for the Poisson models. This generated approximately 10% zeros for each real-
ization while maintaining the correct model. Obviously, it also caused smaller
counts overall to be generated. The results are shown in tables. Transforming
data and using a method that assumes a Gaussian response gave similar power
for the TG case and for all the other estimation methods. This result seemed
surprising at first since Poissons with low means do not look especially normal.
We would have expected the other estimation scheme to have outperformed the
TG method.

5.2. Edge Data

Here we discuss the effects of generating finite data sets on a lattice with a
spatial structure. Lindsey [16, p. 141] states that there are problems with
building models based on nearest neighbors. This problem is due to the loss of
information for the boundary locations known as “edge effect”. Lawson [15, p.
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91] defines an edge effect as any effect upon the analysis of the observed data

brought about by the proximity of the window edges. The effect is similar to
time series if the first observation is lost. But, with lattice data a substantially
higher proportion of observations may be affected. Cressie [5, p. 422] and
Lawson [15, p. 94] suggest forming a guard region as a method to adjust for
the impact of edges. Ripley [19] used the method of forming a guard region
in a spatial study of biological cells and Shapiro et al [21] use this method to
study the spatial patterns in lattice models. In this example we consider the
case where we generated a data set representing a 10 × 10 lattice.

We have 100 different locations represented by its x and y coordinates. An
edge point is defined as any location whose location is along the boundary of
our region. Therefore, in this example any location whose x or y coordinate
contains a 1 or 10 is an edge location (e.g. location at coordinates (1,1), (2,10),
(10,3), etc...). For the conditionally specified auto-Poisson case we simulate
data where

P (zi|zj) = exp(−ηi)η
zi

i /zi! (31)

and

log ηi = αi + log Ni + βxi +

100
∑

j=1

ωijzj for i, j = 1, . . . , 100, (32)

and all variables are as defined in equation (2). This simulation generates 100
random variables. To perform estimation the edge locations are removed hence,
only 64 random variables remain. First we were interested in how well the true
mean compared to the estimated mean. The estimated mean was calculated
from the 1900 realizations of our data. Each realization was captured after 100
iterations.

In an effort to obtain better parameter estimation we considered the follow-
ing method.

Step 1. Simulate a 10 × 10 lattice of discrete data using the conditionally
and simultaneously specified method.

Step 2. Form a guard region and reduce the data to an 8 × 8 lattice.

Step 3. Perform estimation methods as described in Section 4 on the re-
duced data set.

The results from this technique are shown in Table 1. We expected the
parameter estimates to be better for this case since the bias that the edge
location produces is removed. However, this did not prove to be true. Observing
Table 1 revealed that forming a guard region did not improve the parameter
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Method of estimation

GLM GLMM TG

True values (γ = .1, β = .0005) ¯̂γ = .1430
¯̂
β = .00022 ¯̂γ = .162

¯̂
β = .00092

√

MSE .061 .00045 .083 .00052
% CI 95 96 95 96

Rejected null for γ∗ 63 82 69 79 71 80

Rejected null for β∗

65 77 66 78 74 81

True values (γ = .0005, β = .1) ¯̂γ = .00059
¯̂
β = .120 ¯̂γ = .00083

¯̂
β = .172

√

MSE .00014 .033 .00067 .087
% CI 93 95 96 95

Rejected null for γ∗ 73 80 69 78 78 76

Rejected null for β∗

74 75 76 79 70 73

True values (γ = .1, β = .1) ¯̂γ = .108
¯̂
β = .132 ¯̂γ = .19

¯̂
β = .168

√

MSE .015 .053 .120 .073
% CI 92 94 95 94

Rejected null for γ∗ 66 83 74 81 75 82

Rejected null for β∗

74 79 72 81 8086

True values (γ = .0005, β = .0005) ¯̂γ = .00041
¯̂
β = .00062 ¯̂γ = .00088

¯̂
β = .00093

√

MSE .00013 .00026 .00045 .00047
% CI 96 96 97 96

Rejected null for γ∗ 70 76 66 70 74 72

Rejected null for β∗

72 74 71 78 65 71
∗Values in bold represent power using 8 × 8 lattice. The value in italic represent
power using 10 × 10 lattice.

Table 2: True and estimated parameter values for the conditionally
specified Poisson model when data were reduced to an 8 × 8 lattice

estimates. Under the
√

MSE heading we see that the errors are smaller for the
GLM method of estimation.

5.3. Outliers

We use the work of Shekhar et al [22] as our method for detecting outliers.
Spatial outliers are classified three ways. The first being “set-based” which is
consistent with the definitions we presented from Beckman and Cook [3] and
Kotz [13]. The other two classifications are “multi-dimensional space-based”
and “graph-based” outliers. Both deal with an outlier being determined from
its neighbors. The difference lies in the representation of the neighbors.

First, Shekhar et al [22] define their test statistic as

Si = zi − E[zj : j ∼ i], (33)
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where zi is the count at location i and zj are all counts at location j that are
known neighbors of i for i = 1, . . . , n. The test for an outlier is

∣

∣

∣

∣

S − µs

σs

∣

∣

∣

∣

> 2, (34)

where µs is the mean of all Si for i = 1, . . . , n and σs is the variance of all Si

for i = 1, . . . , n (in Cressie’s SIDS data set [6] he removes the outliers noting
that more exploratory analysis needs to be done before outliers are removed).
We choose not to remove the outliers since it causes problems with locations
now becoming edges that previously may not have been edge locations. Other
techniques include replacing the outlier with the mean of the data in its neigh-
borhood (see Barnett and Lewis [1]). We replaced its value with

1

Hi

∑

j:j∼i

zj . (35)

Here Hi is the total number of neighbors for location i. Shekhar et al [22]
show that the distribution of equation (33) is normal if zi comes from a normal
distribution. An outlier is detected if it is large relative to its defined neighbors.
We are only able to apply their method to data that was transformed to an
approximately Gaussian distribution. We developed Splus routines for their
algorithm. Cerioli and Riani [4] developed a method similar to Shekhar et al
which allows for detection of multiple outliers as well. Their method is based
on developing a spatial ordering system that allows one to compare a location
with its neighbors. Our results are shown in Table 3 based on Shekhar et al
method. We see that the conditionally specified method now generated better
results with greater detection of slopes and trends when outliers are present.
Also, the power increased when the outliers were removed.

6. Summary of Results

In this research, we simulated data using algorithms examined in Jackson and
Sellers [10] for discrete data that exhibit spatial correlation to varying degrees.
We then examined published algorithms for analyzing discrete data that are
spatially correlated. We examined common techniques for estimating spatial
data using a pseudo-likelihood method using GLM, a GLMM approach and
transforming data to a Gaussian distribution. It should be noted that we used
methods assuming we knew the structure of the spatial dependence structure
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Powers

True β = .1 γ = .0005
rejected null for β∗ 90 73

rejected null for γ∗ 87 76

True β = .0005 γ = .1
rejected null for β∗ 88 81

rejected null for γ∗ 84 80

True β = .1 γ = .1
rejected null for β∗ 92 86

rejected null for γ∗ 89 82

True β = .0005 γ = .0005
rejected null for β∗ 85 71

rejected null for γ∗ 83 72
∗Values in bold represent power when outliers

were adjusted. The values in italic represent

power without adjusting for outliers.

Table 3: The % of time the spatial trend and slope was detected for
the conditionally specified Poisson data using Gaussian transformation
as method of estimation when outliers were adjusted

(see equation (3)). We examined the affects the method of estimating data when
data is contaminated with outliers or large number of zeros, as well as the effect
of edges on data. We determined that forming a guard region around a lattice
and using only counts inside the guard region did not provide better estimates
for the conditionally specified models. This result could be due to the fact that
over 35% of the data are removed. Future research on this should involve setting
up an irregularly spaced lattice with fewer locations along the edge. We also
showed that the detection and modification of outliers is important in spatial
studies with low counts. However, when the spatial data are transformed to
Gaussian, the occurrence of outliers did affect the auto-Poisson estimates.
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