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A METHOD FOR GENERATING INTEGRAL IDENTITIES
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Abstract: Based on the Parseval relation for certain integral transforms
related to the Fourier transform, a method is presented for producing integral
identities. When these are constructed to include two or more parameters, the
selection of special values for the later can be used to simplify, and in many
cases, to evaluate classes of integrals containing special functions. A number of
examples is provided.
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1. Introduction

The Parseval formula, the relation of the integral of a product of two func-
tions to the integral of the product of their transforms, is a feature of all inte-
gral transforms stemming from the Fourier transform. Besides the latter, this
family includes the Laplace, and the various Hankel transforms. Fortunately,
compendious tabulations of integral transforms exist, particularly the volumes
edited by A. Erdélyi [1] as part of the Bateman manuscript series. As a strat-
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egy for evaluating definite integrals, the Parseval method is widely known [2],
and in one form or another frequently lies behind many of Ramanujan’s beau-
tiful identities. Unfortunately its use is not as frequent as it could be, since
it simplifies many derivations. In this note we will examine a variant which,
while it therefore cannot be called exactly new, does not seem to appear in the
literature. From the few examples provided it can be seen to lead to striking
and potentially useful results. The principle is very simple. Let f(a, b, . . . ;x)
be a function possessing one of the transforms listed above; let g(a, b, . . . ;x) be
its transform, where a, b, . . . are parameters. Then, from the Parseval relation∫ ∞

0

f(a, b, . . . ;x)g(α, β, . . . ;x)dx =

∫ ∞

0

f(α, β, . . . ;x)g(a, b, . . . ;x)dx. (1)

We shall see that by fixing some of the parameters appropriately, the integral
of, say, the right hand side of (1) simplifies substantially or can even be ex-
pressed in closed form, while the integral on the left hand side remains hitherto
unknown. The one-parameter case will rarely lead to anything interesting as
(1) will generally result from a change of integration variable. As an elementary
example, note that the Laplace transform of the characteristic function of the
interval [a, b] is (e−at − e−bt)/t. From (1) we have the pretty identity∫ b

a

e−αx − e−βx

x
dx =

∫ β

α

e−ax − e−bx

x
dx. (2)

In all cases, such as (2), there may be restrictions on the values of the param-
eters, but these conditions may be determined from convergence requirements
and they will not be given explicitly.

2. Examples

By reading down the pages of [1], one can produce by inspection several hundred
integral identities such as (2). A few examples should suffice. Since the Laplace
transform of tν−1e−at is Γ(ν)(t+a)−ν , by the definition of the Gamma function
we have

Γ(µ)

∫ ∞

0

tν−1e−at

(t + b)µ
dt = Γ(ν)

∫ ∞

0

tµ−1e−bt

(t + a)ν
dt. (3)

Next we note that since the Fourier cosine transform of xν−1e−ax is Γ(ν)(x2+
a2)−ν/2 cos[ν tan−1(x/a)], we have the identity

Γ(µ)

∫ ∞

0

xν−1

(b2 + x2)µ/2
cos[µ tan−1(x/b)]e−axdx
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= Γ(ν)

∫ ∞

0

xµ−1

(a2 + x2)ν/2
cos[ν tan−1(x/a)]e−bxdx. (4)

Now, by setting µ = 1 in (4), after a simple change of variable we have∫ ∞

0

e−bx cos[ν tan−1(x/a)]

(x2 + a2)ν/2
dx =

bν−1

Γ(ν)

∫ ∞

0

xν−1e−abx

(x2 + 1)
dx

=
πbν−1

Γ(ν) sin(πν)
Vν(2ab, 0), (5)

where Vν(x, y) is a Lommel function of two variables [3]. By this means we have
worked out a, so far, untabulated Laplace transform. A similar calculation leads
to ∫

1

0

J2
0 (ax)√
1 − x2

cos[2n sin−1 x]dx =

∫
1

0

J2
n(ax)√
1 − x2

dx

=
a2nΓ2(n + 1/2)

2(n!)2(2n)!
2F3(n + 1/2, n + 1/2;n + 1, n + 1, 2n + 1;−a2). (6)

As an illustration that this procedure can produce identities of great gen-
erality, we have [4] for m ≤ n, k ≤ l,

Γ(ν)

∫ ∞

0

xν−µ−1
mFn(a1, . . . , am; b1, . . . , bn;−x)

k+1Fl(c1, . . . , ck, ν; d1, . . . , dl;−q/x)dx = Γ(µ)

∫ ∞

0

xµ−ν−1

m+1Fn(a1, . . . , am, µ; b1, . . . , bn;−1/x) kFl(c1, . . . , ck; d1, . . . , dl;−qx)dx. (7)

Even the special case q = 0 , which we write

Γ(ν)

∫ ∞

0

xµ−ν−1
mFn(a1, . . . , am; b1, . . . , bn;−x)dx

= Γ(µ)

∫ ∞

0

xµ−ν−1
m+1Fn(a1, . . . , am, µ; b1, . . . , bn;−x) (8)

provides something interesting. Equations (7) and (8) are valid for all parameter
values in the sense that either both sides converge to the same value or both
diverge.

As an example resulting from a Hankel transform, we have (see [5]) for
|ν| < 1/2∫ ∞

0

sinh[2ν sinh−1 x]

x
√

1 + x2
e−xdx = 22ν−1Γ(2ν − 1) 1F2(

1

2
− ν; , 1 − 2ν,

3

2

−ν;−1

4
) − 2−2ν−1Γ(−1 − 2ν) 1F2(

1

2
+ ν;

3

2
+ ν, 1 + 2ν;−1

4
)
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+(2ν)−1
2F3(

1

2
, 1;

3

2
, 1 − ν, 1 + ν;−1

4
) +

π

2
tan(πν). (9)

This integral could not be found in tables nor evaluated by Mathematica. The
limit ν → 1/2 can be evaluated and reproduces a known integral representation
of a Struve function. Similarly, we find∫

1

0

Pn(1 − 2x2)J2m+1(x)dx =

∫
1

0

Pm(1 − 2x2)J2n+1(x)dx. (10)

This relation appears to be new, although the separate integrals are known from
the work of Bose [6] in terms of the generalized hypergeometric function. The
insertion of his expression into (10) suggests the existence of an undocumented
transformation formula for the 2F3 function.

3. Conclusion

It is hoped that these few examples show that the procedure, even if carried
out at random, is capable of producing interesting, informative identities con-
tributing to our knowledge of special functions. Since widely used symbolic
integration packages can produce integral transforms, it might be possible to
carry out this procedure automatically for a given class of functions and then
filter out the interesting results.
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