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Abstract: In [3] a hierarchy of several general constructions of smooth con-
vex resolutions of unity over general partitions of multidimensional domains in
Rn, n ∈ N, was proposed. When the basis functions generating these resolu-
tion are not constants but Taylor polynomials centered at the ’peaks’ of the
basis functions, the linear combination of these basis functions, with this type
of functional coefficients, exhibits Hermite interpolation at the ’peaks’ and has
good approximation properties. These new constructions are all based on gen-
eralized expo-rational B-splines (GERBS) [3, 8]. In a sequence of several papers,
of which this is the first one, the essentials of these constructions is provided.
Rather than trying to elaborate all details, in these first publications on the
new constructions the emphasis will be on lucidity, clarity and conciseness of
the exposition of the main ideas. In this first paper, only the most general
construction is considered: the one corresponding to general simply connected
partitions of domains in Rn, n ∈ N; the more highly specialized constructions
will be considered in the subsequent papers of this sequence.
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1. Introduction

In [3] the author proposed several general constructions of smooth convex res-
olutions of unity over general partitions of multidimensional domains in Rn,
n ∈ N. When the basis functions generating these resolution are not con-
stants but Taylor polynomials centered at the ’peaks’ of the basis functions,
the linear combination of these basis functions, with this type of functional
coefficients, exhibits Hermite interpolation and good approximation properties.
These new constructions are all based on generalized expo-rational B-splines
(GERBS) [3, 8]. In a sequence of several papers, of which this is the first
one, the essentials of these constructions will be provided. In this first paper,
only the most general construction will be considered; the more highly special-
ized constructions will be considered in the subsequent papers of this sequence.
Namely, here we shall study the case of general simply connected partitions of
domains in Rn, n ∈ N.

For the readers’ convenience, the exposition in this and the next papers
of this sequence will be maximally self-sufficient within reasonable space con-
straints: we shall try to include the most important results of previous results
in concise but explicit form in the Preliminaries section of each paper of the
sequence.

2. Generalized Expo-Rational B-Splines

2.1. Expo-Rational B-Splines

The definition of expo-rational B-splines (ERBS) and first results about their
properties were announced in 2004 in [2]. A detailed exposition of the results
in [2], upgraded with graphical visualization and including some new results,
was published in [9].



SMOOTH CONVEX RESOLUTION OF UNITY AND/OR... 393

Definition 1. (see [9]) Let tk ∈ R and tk < tk+1 for k = 0, 1, 2, ..., n + 1.
Consider the strictly increasing knot-vector {tk}

n+1
k=0 . The ERBS Bk(t), k =

0, . . . , n+ 1, associated with this knot-vector are defined, as follows.

Bk(t) =







t∫

tk−1

ϕk−1(s)ds, tk−1 < t ≤ tk

1 −
t∫

tk−1

ϕk(s)ds, tk < t < tk+1

0, otherwise

, (1)

with

ϕk(t) =
e
−βk

[t−((1−λk)tk+λktk+1)]2σk

((t−tk)(tk+1−t)γk )αk

∫ tk+1

tk
e
−βk

[s−((1−λk)tk+λktk+1)]2σk

((s−tk)(tk+1−s)γk )αk ds

, (2)

where
αk > 0, βk > 0, γk > 0, 0 ≤ λk ≤ 1, σk ≥ 0,

are the intrinsic parameters, defaulting to: αk = βk = γk = σk = 1, λk = 1
2 .

2.2. Between Expo-Rational B-Splines
and Piecewise-Affine B-Splines

Together with the study of proper ERBS, it was of considerable interest to
try to find modifications of ERBS for which the density ϕk in (2) is simpler
and/or more efficient to be integrated; in particular, it was of interest to find
appropriate sufficiently smooth ϕk in (2) which can be integrated in terms
of elementary functions. This was one among several motivations to conduct
research on appropriate generalizations of ERBS which are simpler to compute,
and yet retain essential part of the ’superproperties’ of ERBS. The results of
this research were first announced in [3] and published in [8]. One of the most
important questions which needed to be answered in this study was to determine
the maximal meaningful class of generalized ERBS (GERBS) which retain the
most basic properties of ERBS. (For example, this large class should contain
both the C∞-smooth ERBS and the C0-smooth (continuous) piecewise affine
B-splines generated by the given knot-vector.) This problem was solved in [8],
and the following definition emerged.

Definition 2. (see [8]). Consider the system {Fi}
n+1
i=1 of cumulative distri-

bution functions (see, e.g., [12, 13]) (CDF, for short) such that Fi is supported
on the interval span [ti−1, ti], i.e.,
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1. the left-hand limit F (ti−1+) = F (ti−1) = 0,

2. the left-hand limit F (ti+) = F (ti) = 1,

3. F (t) = 0 for t ∈ (−∞, ti−1],

4. F (t) = 1 for t ∈ [ti,+∞), and F (t) is monotonously increasing, possibly
discontinuous, but left-continuous for t ∈ [ti−1, ti].

5. The j-th (g)eneralized (e)xpo-(r)ational (B)-(s)pline (GERBS), is defined,
as follows.

Gj(t) =







Fj(t), if t ∈ (tj−1, tj ],

1 − Fj+1(t), if t ∈ (tj , tj+1),

0, if t ∈ (−∞, tj−1] ∪ [tj+1,+∞),

(3)

j = 1, . . . , n.

As noted in [8], Definition 2 can be reformulated, as follows.

Definition 3. (Equivalent to Definition 2 – see [8, end of Section 3]).
GERBS is any piecewise monotone reparametrization of a piecewise affine B-
spline which preserves the intervals of monotonicity of the latter, as well as the
range of the latter in each of these intervals.

2.3. The Hierarchy of GERBS

In [8] the following chain of nested GERBS classes was considered:

• general GERBS (defined via Definitions 2 and 3);

• possibly discontinuous GERBS (containing the classes of step functions
(piecewise constant B-splines) and piecewise affine B-splines);

• continuous possibly non-smooth (C0-regular) GERBS (containing the class
of piecewise affine B-splines);

• absolutely continuous GERBS (in which case there exist densities ϕk in
(2), and these densities can be arbitrary non-negative Lebesgue-integrable
functions, supported on the respective intervals [tk, tk+1], k = 0, . . . , n;

• Cm-smooth GERBS, m = 0, 1, . . . , (the case when the densities ϕk in
the previous item are Cm-smooth on R): one particular instance are the
Cm-smooth Euler Beta-function B-splines (BFBS);
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• C∞-smooth GERBS (including, but not limited to, ERBS).

2.4. Euler Beta-Function B-Splines

In [8] the idea of the definition of BFBS was outlined to be essentially the
same as the definition of ERBS, but with the ’expo-rational’ densities ϕk in (2)
replaced by densities which are normalized Bernstein polynomials, shifted and
scaled to have segment [tk, tk+1], k = 0, . . . , n, as their support. The definition
and properties of BFBS were addressed in detail in [4].

Definition 4. (BFBS – see [4, Definition 4].) Consider a strictly increasing
knot-vector {tk}

n+1
k=0 . A Beta-function B-spline (BFBS), associated with three

strictly increasing adjacent knots tk−1, tk and tk+1, Bk(t) = Bk(ik−1, ik, ik+1; t)
is defined by

Bk(t) =







Sk−1

t∫

tk−1

ψk−1(s)ds, if t ∈ (tk−1, tk),

Sk

tk+1∫

t

ψk(s)ds, if t ∈ (tk, tk+1),

1, if t = tk,

0, otherwise,

(4)

with

Sk =





tk+1∫

tk

ψk(t)dt





−1

, (5)

and

ψk(t) = Ck
(t− tk)

ik(tk+1 − t)ik+1

(tk+1 − tk)ik+ik+1
, t ∈ [tk, tk+1], (6)

where

Ck =

(
ik + ik+1

ik

)

, (7)

and

il > 0, l = k − 1, k, k + 1. (8)
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2.4.1. Closed-Form Evaluation of BFBS

Unlike ERBS, whose evaluation requires numerical integration, BFBS are ex-
plicitly and efficiently computable in closed form, in terms of polynomial bases.
In particular,

• in [5], BFBS were computed in closed form on the segments [tk, tk+1]
between two adjacent knots in terms of the local monomial bases

1, t− tk, (t− tk)
2, . . . , (t− tk)

ik+ik+1, t ∈ (tk, tk+1); (9)

• in [6], BFBS were computed on [tk, tk+1] in terms of the local Bernstein
bases

bn,i(tk, tk+1; t) =
1

(tk+1 − tk)n

(
n

i

)

(t− tk)
i(tk+1 − t)n−i, i = 0, . . . , n,

(10)
for appropriate value of n, depending on ik and ik+1;

• in [6], a closed form of BFBS was computed on [tk, tk+1] in terms of global
monomial bases 1, t, t2, . . . , m, where m depends on k: m = mk =
0, 1, 2, . . . ;

• in [10] a matrix form of BFBS-based parametric curves in 2D and 3D was
developed;

• in [11] an upgrade of the matrix form from [10] to the case of tensor-
product parametric surfaces and volume deformations in 3D was obtained.

3. Problem Setting

Here we shall consider a very general problem setting in Rn, n = 1, 2, 3, · · · :
assume that Rn is endowed with a metric d = d(x, y), x, y ∈ Rn. Later in
the exposition we shall discuss how diverse the metric d can be, so that the
construction developed here still retains its nice properties. The topology in
Rn is assumed to be the one induced by the metric d.

Let Ω ⊂ Rn. In our problem setting, Ω:

1. will be the set to be partitioned or covered (the elements of a cover of
Ω (which are subsets of Rn themselves) may, or may not, overlap with
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each other; a partitioning is a non-disjoint cover; henceforward, we make
the convention that the concept cover is synonymous of overlapping (non-
disjoint) cover, while partition is equivalent to non-overlapping (disjoint)
cover;

2. contains the scattered points in which Hermite data are to be interpolated;

3. is either an open set, or a closed set with non-void interior Int(Ω), or,
intermediately, an open set together with part of its boundary ∂Ω;

4. is a connected (not necessarily simply) set;

5. has compact closure Ω (and boundary ∂Ω).

Let ∆{Ωi, i = 1, · · · , N} be a cover or partition of Ω. For the elements of
∆, Ωi, i = 1, · · · , N , we assume the following:

1. for the case of a cover, Ωi ⊂ Rn; for the case of a partition, Ωi ⊂ Ω;

2. Ωi are simply connected, i = 1, · · · , N ;

3. Int(Ωi) 6= ∅, i = 1, · · · , N ;

4. Ωi has compact closure (and boundary);

5.
N⋃

i=1

Ωi ⊇ Ω, (11)

in the case of a cover, and
N⋃

i=1

Ωi = Ω, (12)

in the case of a partition.

Let Λ = {xi ∈ Ω, } be the Hermite-interpolation scattered-point set in Ω.
For the elements of Λ, the following is assumed:

1. Λ is consistent with ∆, in the sense that xi ∈ Int(Ωi) i = 1, · · · , N ;

2. in the case when ∆ is a cover and Int(Ωi) ∪ Int(Ωj) 6= ∅, for some i =
1, · · · , N , i 6= j, it is possible that xi ∈ Int(Ωi) ∪ Int(Ωj) and/or xj ∈
Int(Ωi) ∪ Int(Ωj).
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Next, we describe two sets of parameters intended to control constraints
describing intra-relations among elements of ∆, intra-relations among elements
of Λ, and inter-relations in-between elements of ∆ and Λ, as follows:

1. The set of size-constraint parameters LN (∆) = {Ri}
N
i=1, 0 < Ri < +∞,

i = 1, . . . , N .

2. The set of nondegeneracy-constraint parameters lN (∆,Λ) = {ρi}
N
i=1, 0 <

ρi < +∞.

3. LN (∆) majorizes lN (∆,Λ) (lN (∆,Λ) minorizes LN (∆)), in the sense that
ρi ≤ Ri, i = 1, . . . , N .

The respective sets of size and non-degeneracy constraints are:

1. For LN (∆):
max
x∈∂Ωi

d(x, xi) ≦ Ri < +∞, (13)

i = 1, · · · , N . These constraints are used to control approximation prop-
erties like convergence, rate of convergence, etc. (in which cases the pa-
rameters in LN (∆) correspond to the steps of respective approximation
methods).

2. For lN (∆,Λ):

0 < ρi ≦ min

{

min
x∈∂Ωi

d(x, xi),min
j 6=i

{d(xi, xj), j = 1, . . . , N}

}

, (14)

i = 1, · · · , N . These constraints are used to keep the construction bounded
away from degeneration.

Finally, as part of the data needed for the construction, let us specify
also the smoothness / regularity index of the convex resolution of unity to be
constructed. As a default definition of this parameter, we shall choose here
m = 0, 1, 2, . . . ,+∞ (note the inclusion of +∞ in the possible range for m).
In the default case, considered here, the resulting family providing the convex
resolution of unity will be in Cm(Rn) or Cm(Ω), depending on the context. In
other words, here m is the total order of smoothness / regularity, i.e., the partial
derivatives of multiindex order α exist and are continuous on Ω (or the whole
of Rn), for all α : 0 ≤ α ≤ m.

Remark 1. For some special cases of the general construction developed
here it is also convenient to consider m as a multiindex itself; then existence and
continuity is required for all partial derivatives of multiindex order α which are
minorized by α0 : |α0| = 0, and are majorized by m, including also the upper
bound m.
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3.1. Examples of Admissible ∆ and Λ

Example 1. Partitions (non-overlapping covers) in ∆:

1. Voronoi diagrams for dimension n = 2 (Dirichlet tesselations for any
dimension n = 1, 2, 3, 4, . . . );

2. Dual case: Delaunay triangulations for dimension n = 2 (called simplec-
tifications or simplicializations for any dimension n = 1, 2, 3, 4, . . . );

3. Other types of triangulations / simplectifications;

4. Partitions with non-affine boundaries, e.g., obtained from Voronoi dia-
grams or Delaunay triangulations after a non-affine (non-linear) change
of variables.

Example 2. Covers (overlapping) in ∆:

1. Star-1 neighbourhoods of the vertices xi, i = 1, · · · , N in a Delaunay
triangulation;

2. Star-1 neighbourhoods of the vertices xi, i = 1, · · · , N in a Voronoi dia-
gram;

3. General finite covers of compact subsets of Rn.

Example 3. Only Λ; no ∆: The spectrum of an M ×M -square matrix
{zj ∈ C, j = 1, · · · , N}, with respective multiplicity rj, j = 1, · · · , N , so

that
∑N

j=1 rj = M (only scattered-point set, without definition of a domain
partition).

Example 4. Only ∆; no Λ: A finite atlas of maps of a compact smooth
manifold (only a finite, compactly supported, resolution of unity, without spec-
ifying a scattered-point set for Hermite interpolation).

3.2. Constraint Reductions in (13), (14) for Some Special Cases

Formulae (13, 14) are valid in the most general case, when Ωi, i = 1, . . . , N ,
form a possibly overlapping cover of Ω, and such that it may happen that, for
one or more indices i = 1, . . . , N , Int(Ωj) contains some other elements of the
scattered point set {xi}

N
i=1 besides ’its point’ xj. Here are some special cases

when (13, 14) simplify.



400 L.T. Dechevsky

• Consider the special case when every Int(Ωi), contains only ’its point’ xi
(although some other elements of the scattered point set may be situated
on ∂Ωi, see, e.g., Example 2), i = 1, . . . , N . (This includes the particular
case of non-overlapping tiles, see, e.g., Example 1.) In this case, (14)
simplifies to

0 < ρi ≦ min
x∈∂Ωi

d(x, xi), (15)

for i = 1, · · · , N .

• Consider the case when mesh-free Hermite interpolation at a scattered-
point set is considered, see, e.g., Example 3. Here (13, 14) reduce to

0 < ρi ≦ min
j 6=i

{d(xi, xj), j = 1, . . . , N}, (16)

ρi ≦ Ri < +∞, (17)

for i = 1, · · · , N .

• In the case when there is interest only in the smooth convex compactly
supported resolution of unity on some domain partition, without the as-
pects related to Hermite interpolation, it is an appropriate choice for every
i = 1, . . . , N to select the hypersphere Bi(ρi) inscribed in Ωi so that it
has the maximal possible radius ρi. In this case the scattered-point set
{xi}

N
i=1 of the respective centers of {Bi(ρi)}

N
i=1 will still have the Hermite

interpolation property, with multiplicities {ri}
N
i=1 depending on the choice

of the GERBS (in the case when it is chosen to be a BFBS) . A respec-
tive choice of {Ri}

N
i=1 would then be determined via (13). (Note that for

general partitions {Ωi}
N
i=1 it is possible that for some j = 1, . . . , N the

center of a minimal-radius circumscribed hypersphere around Ωj may not
belong to Int(Ωj).)

4. The Families {ϕi}, {ψi}

Now we proceed to define the two function families used in the new construction.

Definition 5. The non-degeneracy function family {ϕi}
N
i=1 is defined, as

follows:

1. ϕi ∈ C
m(Rn) (or, at least, ϕi ∈ Cm(Ω));
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2. for the support suppϕi of ϕi,

suppϕi = Bd(xi; ρi) (18)

holds, where

Bd(y;R) = {z ∈ Rn : d(y, z) ≤ R}, y ∈ Rn, R : 0 < R <∞; (19)

0 < ϕi(x) ≤ 1, x ∈ Int(supp ϕi); (20)

3.

ϕi(xi) = 1; (21)

4. Dαϕi(xi) = 0, 0 < |α| ≤ m,

where x ∈ Rn, suppϕi ⊂ Ωi ∈ ∆ (by definition of ρi), and xi ∈ Λ is the element
of Λ which corresponds to Ωi ∈ ∆, i = 1, . . . , N .

Remark 2. For the family {ϕi}, the following holds.

1. If a linear combination is formed of the functions ϕi, i = 1, . . . , N , with
functional coefficients which are Taylor-expanding polynomials, then, the
family {ϕi} provides Hermite interpolation at all xj , j = 1, . . . , N , in such
a way, that only one function of the family, namely ϕi, is ’responsible’ for
the Hermite-interpolation value at ’its point’ xi, i = 1, · · · , N .

2. The supports of ϕi, supp ϕi, i = 1, · · · , N , may not provide a cover of Ω:

N⋃

i=1

supp ϕi $ Ω. (22)

Definition 6. The size function family {ψi}
N
i=1 is defined, as follows:

1. ψi ∈ C
m(Rn) (or, at least, ψi ∈ Cm(Ω));

2.

suppψi = Bd(xi;Ri) (23)

holds;

3.

0 < ψi(x), x ∈ Int(supp ψi), (24)
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where x ∈ Rn, suppψi ⊃ Ωi ∈ ∆ (by definition of Ri), and xi ∈ Λ is the element
of Λ which corresponds to Ωi ∈ ∆, i = 1, . . . , N .

Remark 3. For the family {ψi}, the following holds.

1. ψi does not necessarily share the Hermite-interpolation property of the ϕi
at xj, j = 1, . . . , N, i = 1, . . . , N , in the sense that when these functions
are multiplied with polynomial coefficients, the generalized Vandermonde
matrix of the interpolation process with the family {ψi} can eventually be
band-limited but not block-diagonal, as is the case with the family {ϕi}.

2. The union of supports of ψi, i = 1, · · · , N , forms a cover of Ω̄:

N⋃

i=1

supp ψi k Ω̄. (25)

4.1. The Auxiliary Families {Φi}, {Ψi}

Using {ψi}, we design the following auxiliary function family {Ψi}

Ψi(x) =
ψi(x)
N∑

i=1
ψi(x)

. (26)

Lemma 1. The family {Ψi} provides smooth, convex, compactly sup-
ported resolution of unity on Ω

Ψi ∈ C∞(Rn), 0 ≦ Ψi(x) ≦ 1, i = 1, · · · , N,
N∑

i=1

Ψi(x) ≡ 1, ∀x ∈ Ω, (27)

Proof. This modification of a well-known lemma in geometric modelling
follows by a direct application of the definitions in (13, 26).

Remark 4. Similar to {ψi}, {Ψi} does not necessarily have the Hermite-
interpolation property of {ϕi}, see Remarks 2 and 3.

Using {ϕi}, we design the auxiliary function family {Φi}
N
i=0, as follows:

Φi(x) = ϕi(x)
i−1∏

j=1

(1 − ϕj(x)), i = 1, · · · , N (28)

Φ0(x) =

N∏

j=1

(1 − ϕj(x)), x ∈ Ω. (29)
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Lemma 2. The family {Φi}
N
i=0 satisfies

Φi ∈ C∞(Rn), 0 ≦ Φi(x) ≦ 1, i = 0, 1, . . . , N,

N∑

i=0

Φi(x) ≡ 1,∀x ∈ Rn. (30)

Proof. This is a well-known lemma in analysis (in proving Stone’s theorem,
representing the maps and atlas of a smooth manifold, etc.)

Remark 5. {Φi}
N
i=0 has both the needed smooth convex resolution prop-

erty and the Hermite interpolation property at xi, i = 1, . . . , N , similar to the
family {ϕi}. However, it still has one important drawback: the resolution of
unity and Hermite interpolation via {Φi}

N
i=0 does not imply good approxima-

tion properties of the Hermite interpolant, because supp Φ0 is not well localized.
Namely, supp Φ0 is not simply connected and its diameter diam(supp Φ0) may
remain large for any choice of N. In fact, it is easy to construct examples where
diam(supp Φ0) = diam(Ω).

5. Cm-Smooth, Convex, Compactly Supported Resolution of Unity
with Hermite Interpolation Property

Now we proceed to define a new multivariate B-spline family {Bi}
N
i=1, as follows.

Definition 7.

Bi(x) := Φi(x) + Ψi(x)Φ0(x), x ∈ Ω, i = 1, . . . , N. (31)

Definition 7, together with the following Theorem 1, constitutes the main
new result of the present study.

Theorem 1. Let the B-spline functional family be defined via formula
(31) in Definition 7. Then:

1. {Bi}
N
i=1 provides Cm-smooth convex resolution of unity on Ω.

2. All Bi, i = 1, . . . , N , have compact support.

3. If the functional coefficients li, i = 1, . . . , N , are all chosen to be Taylor
expansions, then, the functional system {Bi}

N
i=1 exhibits the Hermite in-

terpolation property. (See the properties of the families {ϕi}
N
i=1, {Φi}

N
i=0

and Remark 5.)

4. {Bi}
N
i=1 is an N -dimensional basis.
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Proof. Proof of Item 1. To prove that {Bi}
N
i=1 provides a convex resolution

of unity on Ω, we first derive the following identity

N∑

i=1
li(x) [Φi(x) + Ψi(x)Φ0(x)

︸ ︷︷ ︸
]

Bi(x)

=

N∑

i=1

li(x)Φi(x) + [

N∑

i=1

li(x)Ψi(x)]Φ0(x), (32)

where x ∈ Ω, and li(x), i = 1, . . . , N , are functional coefficients. The identity
(32) follows by commuting the order of summation. Selecting li(x) ≡ 1 in (32)
for every x ∈ Ω and every i = 1, . . . , N , (27) and (30) imply that {Bi}

N
i=1

provides a convex resolution of unity on Ω.

Proof of Item 2. From (28) it follows that

supp Φi ⊂ supp ϕi, i = 1, . . . , N. (33)

On the other hand, (26) implies

supp Ψi = supp ψi, i = 1, . . . , N. (34)

In view of 0 < ρi ≤ Ri < +∞, i = 1, . . . , N ,

supp ϕi ⊂ supp ψi i = 1, . . . , N, (35)

holds. Therefore, (33, 34, 35) together with (31) imply

supp Φi ⊂ supp Bi ⊂ supp Ψi = supp ψi i = 1, . . . , N, (36)

which proves Item 2, since ψi, i = 1, . . . , N , are compactly supported.

Proof of Item 3. By construction of the family {Φk}
N
k=1 in (28, 29), the

functions Φj , j = 1, . . . , N , j 6= i, are all identically zero in the hyper-ball
with radius ρi and center at xi; this also implies that Φ0 is zero at xi, together
with all of its partial derivatives, for all i = 1, . . . , N . Now (31) implies that
Bi(xj) = δij , where δij is the Kronecker delta, and that all partial derivatives
of Bi are zero at xj, for all i = 1, . . . , N , j = 1, . . . , N ; hence, {Bi}

N
i=1 has the

Hermite interpolation property. (See also Remark 5.)

Proof of Item 4. The argument is the same as with piecewise affine B-splines.
We omit the details.
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Corollary 1. 1. The (G)ERBS family {Bi}
N
i=1 for the scattered set

{xi}
N
i=0 and the respective domain partition Ω =

N⋃

i=o
Ωi, given by formula

(31) in Definition 7, admits the following equivalent representation:

Bi(x) =

i−1∏

j=1

(1 − ϕj(x))







ϕi(x) +

ψi(x)
N∑

k=1

ψk(x)

N∏

j=i

(1 − ϕj(x))







, (37)

where x ∈ Ω and i = 2, . . . , N − 1, with respective modifications in (37)
for i = 1 and i = N .

2. If, additionally, the radii ρi, i = 1, . . . , N , are small enough, so that

Int(supp ϕi)∩Int(supp ϕj) = ∅, i 6= j, i = 1, . . . , N, j = 1, . . . , N, (38)

holds, then (37) can be simplified to the following equivalent representa-
tions:

Bi(x) = ϕi(x) +
ψi(x)
N∑

l=1

ψl(x)



1 −
N∑

j=1

ϕj(x)



 , (39)

Bi(x) = 1
N
P

l=1
ψl(x)

[

(
i−1∑

j=1
ψj(x) +

N∑

j=i+1
ψj(x)

)

ϕi(x)+

+

(

1 −
i−1∑

j=1
ϕj(x) −

N∑

j=i+1
ϕj(x)

)

ψi(x)],

(40)

where x ∈ Ω and i = 2, . . . , N − 1, with respective modifications in (39,
40) for i = 1 and i = N .

Proof. Proof of Item 1. Formula (37) follows by substituting Φi, Ψi and Φ0

in (31) by the right-hand sides in (28, 26, 29), respectively.

Proof of Item 2. To obtain (39) from (37), observe that (38) implies (in
fact, is equivalent to):

ϕi(x)ϕj(x) ≡ 0, ∀x ∈ Ω, i, j = 1, . . . , N, i 6= j. (41)

Finally, (40) follows from (39) by commuting the order of summation and simple
calculations.
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Remark 6. It is always possible to select ρi, i = 1, . . . , N , in (14–16) so,
that (38) holds true. For this purpose, it suffices to decrease the value of the
upper bound in the right-hand sides of (14–16) to 1/2 of its value as given in
(14–16).

Corollary 2. Definition 7 is independent (modulo permutation of the
indices i = 1, . . . , N) of the ordering of the scattered-point set {xi}

N
i=1 and the

respective ordering of the elements of the domain partition/cover {Ωi}
N
i=1, at

least, when condition (38) is fulfilled.

Proof. Follows from (39).

6. Modelling {ϕi}, {ψi} with Cm-Smooth GERBS

Here we shall show that the Cm-smooth univariate GERBS b(t), t ∈ (−∞,+∞),
with supp b = [−1, 1] and ’peaking’ at 0 (whether an ERBS defined in Definition
1, or a Cm-smooth BFBS defined in Definition 4, or a Cm-smooth GERBS
defined in Definition 2 which is not a BFBS) can be used as underlying for the
design of the present construction, for any choice of the metric d on Rn.

6.1. Important Special Cases of Selection of the Metric d

Here we consider a variable-depth dichotomous hierarchy of practically and/or
theoretically important cases, when it is easy to model all defining properties of
the elements of the non-degeneracy function family {ϕi} in Definition 5 using a
Cm-smooth GERBS with support scaled to [−1, 1]. Since the set of properties
defining the elements of the size function family {ψi} in Definition 6 is an
essential subset of the one for {ϕi} in Definition 5, Cm-smooth GERBS with
support scaled to [−1, 1] can be used also for modelling the elements of {ψi}.

0. The metric d on Rn is induced by a norm || • || on Rn;

0.0. Smooth norm on Rn;

0.0.0. The norm on Rn is induced by an inner product;

0.0.0.0. Standard (un-weighted) Euclidean norm || • ||l2 on Rn;

0.0.0.1. Weighted Euclidean norm || • ||l2(w) on Rn;

0.0.1. The norm on Rn is not induced by an inner product;

0.0.1.0. Standard (un-weighted) lp-norm || • ||lp on Rn, p ∈ (1, 2) ∪
(2,+∞);
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0.0.1.1. Weighted lp-norm || • ||lp(w) on Rn, p ∈ (1, 2) ∪ (2,+∞);

0.1. Non-smooth norm on Rn;

0.1.0. Case p = ∞ of the lp-norm;

0.1.0.0. Standard (un-weighted) l∞-norm || • ||l∞ on Rn;

0.1.0.1. Weighted l∞-norm || • ||l∞(w) on Rn;

0.1.1. Case p = 1 of the lp-norm;

0.1.1.0. Standard (un-weighted) l1-norm || • ||l1 on Rn;

0.1.1.1. Weighted l1-norm || • ||l1(w) on Rn;

1. Instances where the metric d is not induced by a norm on Rn;

1.0. Instances of a metric, induced by a 1-quasi-norm ||| • ||| on Rn:

||| • ||| = || • ||pp, 0 < p < 1, (42)

where || • ||p is defined in one of the two following subcases:

1.0.0. Un-weighted lp-quasi-norm || • ||p = || • ||lp ;

1.0.1. Weighted lp-quasi-norm || • ||p = || • ||lp(w);

1.1. Instances of a metric on Rn not induced by a 1-quasi-norm on Rn:

d(x, y) =
|x− y|

1 + |x− y|
, x, y ∈ Rn, (43)

where | • | is defined in one of the two following subcases:

1.1.0. | • | = || • || on Rn, where || • || is defined in Case 0;

1.1.1. | • | = ||| • ||| on Rn, where ||| • ||| is defined in Case 1.0;

In all of the above cases involving a smooth norm (Case 0.0), in the defi-
nitions of the {ϕi} and {ψi} function families, we can use a radial GERBS, as
follows:

ϕi(x) = b(
|x− xi|

ρi
), ψi(x) = b(

|x− xi|

Ri
), x ∈ Rn, i = 1, . . . , N, (44)

where | • | is the norm in consideration.
We can still use a radial-GERBS based construction also in Case 1.1.0:

ϕi(x) = b(

|x−xi|
ρi

1 + |x−xi|
ρi

), ψi(x) = b(

|x−xi|
Ri

1 + |x−xi|
Ri

), x ∈ Rn, i = 1, . . . , N, (45)

where | • | is the norm in consideration.
In case 0.1 we cannot use a radial GERBS construction of the type in (44),

however:
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• in case 0.1.0 (l∞-norm) we can use, thanks to the geometry of the unit
ball in l∞(Rn) a tensor-product GERBS

B(x) =

n∏

k=1

b(x[k]), (46)

where x = (x[1], · · · , x[n]) ∈ Rn, and b(t), t ∈ R, is the standard GERBS
with support scaled to [−1, 1], as defined in the beginning of Section 6.

• The case 0.1.0 (l1-norm) can also be reduced to a tensor-product GERBS
construction, but a preliminary affine transformation (which can be split
into a homothetic shrinking and an orthogonal transformation, in any
order (they commute)) is needed to transform the unit ball in l1(Rn) to
the unit ball in l∞(Rn). (Both of these ’unit balls’ are hyper-squares in Rn

(hyper-rectangles, in the weighted cases) and it is this specific geometry
of these non-smooth unit balls that allows the introduction of the specific
tensor-product smooth construction.)

Note that from practical, as well as theoretical, point of view, the tensor-
product construction corresponding to the non-smooth norm || • ||l∞(Rn) is the
simplest and the most convenient one to implement and use!

Finally, in case 1.0 (lp-quasi-norm for p ∈ (0, 1)), we cannot use any of the
above GERBS-based constructions. However, for 0 < p < 1 the unit ball in
lp(Rn) is no longer convex but it is still star-shaped (e.g., when n = 2 it is an
astroid (a, still star-shaped, anisotropic astroid, in the weighted case). For this
case we shall be able to use the star-shaped GERBS construction which will be
introduced in the next paper of the present sequence.

6.2. General Selection of the Metric d

In practical applications and, almost always, also in theoretical applications,
of the new construction developed here, it would be quite sufficient to imple-
ment the construction with at least one selection of the metric d. Since in the
previous Section 6.1 we showed how to model several different metrics using
Cm-smooth GERBS, and, moreover, since the range of metrics considered in
Section 6.1 covers essentially all practically important and theoretically signif-
icant selections of the metric d, the introduction of the new construction, for
both practical and theoretical use, can already at this point be considered essen-
tially complete. Nevertheless, let us note that even if we consider more general
definitions of a metric (including exotic and monstrous definitions of d, as long
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as these definitions are constructive (do not rely on the choice axiom or any of
its equivalent statements), we can use the GERBS of the present construction,
implemented with respect to any one of the metrics considered in Section 6.1 to
model (exactly or approximately) the elements of the non-degeneracy and size
functional families, according to their Definitions 5 and 6, respectively, and,
hence, to extend the present construction to the case of general selection of a
new metric in consideration.

7. Functional Coefficients

There is a rich and and very varied diversity of versions of the new construction
introduced here, depending on the type of functional coefficients used in a linear
combination of the Bi’s, i = 1, . . . , N , of Definition 7. Here we provide only
a very inexhaustive short list of important types of function coefficients, as
follows.

1. Taylor polynomials of total degree m which correspond to the default
meaning of m as positive integer (cf. Remark 1). This corresponds to
Hermite interpolation data for general directional derivatives.

2. Rectangular tensor-product Taylor polynomials of degree up to m when
m is a multi-index (the non-default case described in Remark 1). This
corresponds to Hermite interpolation data for partial derivatives, and a
different number of partial derivatives may be interpolated in each prin-
cipal direction, independently of the other principal directions.

3. Bezier-type tensor-product functional coefficients corresponding to item
1. Here the univariate basis functions used in the tensor-product bases
are appropriately scaled and shifted Bernstein polynomials.

4. Bezier-type tensor-product functional coefficients corresponding to item
2. The univariate basis functions are the same as in item 3 but of, possibly,
different degree for each principal direction.

5. Simplicial patches in Taylor form, in barycentric coordinates, for the
GERBS simplicial construction on polygonal domains, to be introduced
in a separate subsequent paper in this sequence.

6. Simplicial patches in Bezier form, in barycentric coordinates, for the same
purposes as in the previous item.
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7. Entire smooth parametric manifolds (orientable or unorientable): hyper-
spheres, hyper-ellipsoids, hyper-paraboloids, hyper-hyperboloids, hyper-
saddles, parametrized Klein’s bottles, etc.

8. Cm-smooth diffeomorphisms acting on the supports of the Bi’s, i =
1, . . . , N , of Definition 7, i.e., the supports of the elements of the size
function family {ψi}. This choice of the functional coefficients can be
used for parametrization of general Cm-smooth manifolds whose atlas
consists of maps defined on the supports of the Bi’s, i = 1, . . . , N . For a
parametrization of the individual diffeomorphic coefficients / maps in the
manifold atlas, see [1].

8. Concluding Remarks

Rn is a finite-dimensional space, and it is well-known that all norms on Rn are
equivalent. (What is less often known, is that, more generally, all 1-quasi-norms
(including all norms) on Rn are equivalent.) However, while from the point of
view of continuity and topology, most cases of selection of the metric d in Rn

are equivalent, from the point of view of differential and computational geome-
try the properties of the manifolds defined via the GERBS-based construction
introduced in this paper will vary very considerably with the variation of the
choice of the metric d in Rn. For example, aspects related to curvature, spinor
geometry and tensor calculus will be looking very differently in the tensor-
product construction compared to the radial-based one. This is why each of
the radial-based constructions in (44) and (45), as well as the tensor-product
construction, deserve separate detailed consideration, and we intend to treat
them in separate follow-up research.
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