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THE SIMPLE ASTRID AND ITS VARIATIONS

Robert A. Beeler1 §, Elizabeth Harris2, Sean Milam3

1,2,3Department of Mathematics and Statistics
East Tennessee State University

P.O. Box 70663, Johnson City, TN 37614-1700, USA
1e-mail: beelerr@etsu.edu

2e-mail: zemh5@goldmail.etsu.edu
3e-mail: irishcelt2000@yahoo.com

Abstract: The astrid is a family of graphs in the Cartesian plane that fre-
quently appears as an enrichment activity in the elementary setting. Many
variations of the astrid exist, but the most common is a finite collection of
straight line segments. The exploration of the graph theoretic properties of
this version of the astrid will be the main focus of this paper.
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1. Introduction

The astrid is a simple, yet artistic, graph often appearing in enrichment ac-
tivities in the elementary mathematics classroom. The astrid is formed by
taking the x and y-axes and connecting the points (k, 0) and (0, a − k + 1) for
k = 1, ..., a. The astrid can be made into a graph by placing a vertex at any
point where two lines meet. The purpose of this paper is to introduce the astrid
graph and explore its theoretic properties. This paper will follow the tradition
and structure as [1], [2].
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Figure 1: The astrid - A4

2. Graph Theoretic Properties of the Simple Astrid

The Simple Astrid, denoted Aa, is defined as the set of line segments with y-
intercept a − k + 1, and x-intercept k where a ∈ Z

+ and 1 ≤ k ≤ a. Thus
the general equation for each segment in slope intercept form is given by y =
−a−k+1

k
x + a − k + 1, x ∈ [0, k]. Figure 1 provides an example of a Simple

Astrid where a = 4.

In looking at Aa from the view point of graph theory, we have defined a
vertex at each point of intersection of line segments along with the intercepts
and the origin. When two line segments intersect, we call such a vertex an
internal vertex. The vertices lying on the x or y-axis, including the origin, are
called axial vertices. That is, internal vertices subdivide each line segment and
the axial vertices subdivide each axis. Edges exist along line segments and on
each axis between the vertices as defined above. We denote a line segment of
Aa through the point (0, n) as Ln and refer to it as the n-th line of Aa. In
addition, we make use of notation consistent with West [3].

Lemma 1. The n-th line of Aa intersects n − 1 lines and there exist no

three lines in Aa which are concurrent.

Proof. For the first part of the lemma note that the n-th line has a y-
intercept greater than each of the n− k lines, 1 ≤ k ≤ n− 1 and an x-intercept
less than that of each of the n− k lines. Since each line segment is continuous,
it follows that the n-th line intercepts n − 1 lines.

For the second part of the proof we will proceed by induction. Note that
there are no concurrent lines when a = 3. Suppose that this is true when
a = m. Now consider Am+1, which may be constructed by shifting the points
of intersection of Am on the x-axis one unit to the right and adding the line
segment with endpoints (0,m + 1) and (1, 0). Let Lm+1 be this new segment.
Clearly, if any three segments in Am+1 are concurrent, one of these segments
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must be Lm+1. It can be verified algebraically that Lm+1 intersects Lm at
x = 2

a
and Lm intersects Lm−1 at x = 6

a+2 so that these three segments are not
concurrent. To conclude the proof, we observe that Lm+1 intersects each sub-
sequent line segment before Lm. Similarly, Lm intersects each of the remaining
line segments before Lm−1. It follows that if Lm+1 is concurrent with any other
pair of segments, it must intersect Lm at a second point. But this is impossible
and we conclude that no three lines are concurrent.

With this in mind we will now denote an internal vertex by ℓ(m,n) where m
and n are the lines which intersect to form the vertex.

Theorem 2. The following hold for Aa:

i. The number of internal vertices is
a(a−1)

2 ;

ii. The number of vertices is given by n(Aa) = (a+1)(a+2)
2 ;

iii. The number of edges is given by e(Aa) = a(a + 2);

iv. The number of faces is
a(a+1)

2 + 1.

Proof.

i. From Lemma 1 we know that the n-th line of Aa must intersect n − 1
lines in n − 1 unique points. Since 1 ≤ n ≤ a, it is clear that the number
of internal vertices is given by:

(a − 1) + (a − 2) + ... + 1 = Σa−1
i=1 i =

a(a − 1)

2
.

ii. From the definition of Aa we may conclude that each axis has a vertices,
not counting the origin. These, combined with the vertex defined at the
origin, sum to 2a+1 vertices. From part (i) the number of internal vertices

is equal to a(a−1)
2 . Hence n(Aa) = 2a + 1 + a(a−1)

2 = (a+1)(a+2)
2 .

iii. Since each internal vertex, v, is the intersection of two lines the degG(v) =
4 for all v. By definition, the origin has degree two and the two axial
vertices at (0, a) and (a, 0) have one edge along a line segment and one
along the appropriate axis, so the degree of these vertices is also two. The
remaining axial vertices have one edge along a line segment and two along
the axis for a total of three edges, that is they have degree three. Thus

2e(Aa) =
a(a − 1)

2
(4) + 3(2) + (2a − 2)(3)
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= 2a2 − 2a + 6 + 6a − 6 = 2a2 + 4a.

Hence, e(Aa) = a2 + 2a = a(a + 2).

iv. Since Aa is planar by construction, we make use of Euler’s formula, v −
e + f = 2. Knowing the number of vertices and edges allowed us to solve
for the number of faces. Therefore the number of faces is a(a+1)

2 + 1.

Theorem 3. The vertex chromatic number of Aa is χ(Aa) = 3.

Proof. We note that the clique number of Aa is three (see Figure 1). Thus
it suffices to illustrate the three coloring of this graph. Let Ha be the vertex
induced subgraph of Aa with V (Ha) the set of vertices (0, a), (a, 0), and all
internal vertices ℓ(n,n−1) where 1 < n ≤ a. The construction of Aa and Lemma
1 tell us that Ha is a path on a+1 vertices and hence χ(Ha) = 2. We denote the
labels of the vertices of Ha as α and β. Let B be the set of all vertices colored β.
Consider the subgraph of Aa induced by the vertices V (Aa)−B. The resulting
graph is a subgraph of the mesh, and thus is two colorable. Without loss of
generality, color this graph α and γ, respecting the coloring of Ha. Since the
vertices of B are all colored β by definition, this is the required three coloring
of Aa.

Theorem 4. The edge chromatic number of Aa is χ′(Aa) = 4.

Proof. From Theorem 2, ∆(Aa) = 4, so 4 ≤ χ′(Aa) ≤ 5 by Vizing’s
Theorem, see [3]. We will show that χ′(Aa) is 4.

Let S be the vertex induced subgraph of Aa where V (S) = {(0,a),(a,0),
ℓ(n,n−1) | 1 < n ≤ a }. Since S is a path on a+1 vertices, it is two-colorable. Now
let H be the subgraph of Aa with V (H) = V (Aa) and E(H) = E(Aa)\E(S).
H is a vertex induced subgraph of a mesh and thus has edge chromatic number
four. We may color the path on the vertex set of H equal to V (S) with two
colors. Now the edges in S along the same vertices also form a path and so we
may add these edges to H and alternate the color of these edges between the
two remaining colors of H. Hence χ′(H

⋃
E(S)) = 4. But H

⋃
E(S) is Aa and

so χ′(Aa) = 4.

Theorem 5. Aa is Hamiltonian.

Proof. For all a, a Hamilton cycle on Aa may be constructed as follows.
Trace a path along the y-axis beginning at the origin and ending at (0, a). From
(0, a) we follow the path along the sequence of vertices {(0, a), ℓ(a,a−1), ℓ(a,a−2),
ℓ(a,a−3),...,ℓ(a,1), ℓ(1,a−2), ℓ(a−2,2), ℓ(a−2,3),..., ℓ(a−2,a−3), ℓ(a−3,a−4), ℓ(a−3,a−5),...}.
Continue this pattern until the intersection ℓ(1,2) is reached. From here follow
L1 to (a, 0) and from there follow the x-axis to the origin.
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Figure 2: The line graph of A2

Theorem 6. The diameter of Aa is Diam(Aa) = a.

Proof. Geometrically, the maximum distance is found between the points
(0,m) and (a, 0). The distance between these points is a. By definition, this is
the diameter.

We believe that a similar argument can be used to show that the radius of
the astrid is ⌈a

2⌉.

Theorem 7. The line graph of Aa is non-planar for a ≥ 2.

Proof. We begin by showing that the line graph of A2 contains a sub-
division of K3,3 and is thus non-planar by Kuratowski’s Theorem, see [3].
Label the points of the astrid by the closest integer point in the Cartesian
plane. The two sets are formed by X = {(01, 02), (10, 11), (11, 20)} and Y =
{(10, 20), (02, 11), (01, 11)}. Note that (10, 20) is adjacent to (10, 11) and (20, 11).
Similarly, (01, 02) is adjacent to (01, 11) and (02, 11). The points (01, 11),
(02, 11), (10, 11), and (11, 20) form a mutually adjacent set. Finally, (01, 02)
and (10, 20) are connected by the the path through (00, 01) and (00, 10). Since
A2 is a subgraph of Aa for a ≥ 2, it follows that the line graph of A2 is a
subgraph of the line graph of Aa. Thus Aa is non-planar for a ≥ 2.

Figure 2 illustrates the line graph of A2 along with the required subdivision
of K3,3.

3. Variations of the Simple Astrid

Our first variation is the Rotated Simple Astrid, denoted Aa,4. It may be created
by rigidly rotating the Simple Astrid about the origin 90, 180 and 270 degrees.
The equations for the line segments may be found by changing the sign of the
y and x intercepts as appropriate. We also note that since Aa,4 is a sequence
of rigid rotations of Aa,2, the results of Lemma 1 will apply to this variation of
the Simple Astrid. See Figure 3 for an example of A4,4.
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Figure 3: The rotated astrid - A4,4

Theorem 8. The following hold for Aa,4:

i. The number of internal vertices of Aa,4 is 4Σa−1
i=1 i = 2a(a − 1);

ii. The number of vertices is n(Aa,4) = 2a2 + 2a + 1;

iii. The number of edges is e(Aa,4) = 4a(a + 1);

iv. The number of faces is 2a(a + 1) + 1.

Proof.

i. From Theorem 2 we know the number of internal vertices of Aa,2 is a(a−1)
2 .

There are four such graphs in Aa,4 and the result follows.

ii. From the definition of Aa,4 we may conclude that each of the four axes
has a vertices. These, combined with the vertex defined at the origin,
sum to 4a + 1 vertices. From part (i) the number of internal vertices is
equal to 2a(a − 1). Hence n(Aa,4) = 2a2 + 2a + 1.

iii. Again each internal vertex has degree four as do each of the axial vertices,
including the origin, except for the four vertices at (0, a), (a, 0), (0,−a)
and (−a, 0) which have degree three. Thus the degree sum of the rotated
astrid may be computed by multiplying the number of vertices by four
and subtracting one for each of the vertices of degree three. So 2e(Aa,4) =
4(2a2 + 2a + 1) − 4 = 8a(a + 1). Hence, e(Aa,4) = 4a(a + 1).

iv. From Theorem 2 there are a(a+1)
2 faces within Aa,2. Multiplying by four

and adding one, gives the result.
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Theorem 9. The vertex chromatic number of Aa,4 is χ(Aa,4) = 3.

Proof. We note that Theorem 3 gives a three-coloring of Aa. Reflect this
graph and its associated coloring across the y-axis. The resulting graph is the
top half of Aa,4. Reflect this graph and its associated coloring across the x-axis.
The result is a proper three coloring of Aa,4.

Theorem 10. The edge chromatic number of Aa,4 is χ′(Aa,4) = 4.

Proof. We note that Theorem 4 gives a edge coloring of Aa using four colors.
Further, the edges along the x-axis are colored either α or β. This means that
the edges incident with these edges are colored either γ or δ. Reflect Aa and
its associated edge coloring across the y-axis. In this copy, reverse the roles
of α and β. This edge colors the top half of Aa,4. Reflect this graph and its
associated edge coloring across the x-axis, reversing the roles of γ and δ. This
gives the required edge coloring of Aa,4 using four colors.

Theorem 11. The rotated astrid Aa,4 is Hamiltonian.

Proof. Note that A1,4 is isomorphic to the wheel on five vertices and thus
is Hamiltonian. Further, Figure 4 gives a Hamilton cycle on A2,4. For a ≥ 3,
we partition the vertices of Aa,4 as follows: The first set, a1 will be the the Aa

formed by all vertices (x, y) with x ≥ 0 and y ≥ 0. Similarly, a2 will be the
Aa−2 formed by all vertices (x, y) with x < 0 and y ≥ 0. Further, a3 will be the
the Aa−1 formed by all vertices with x < 0 and y ≤ 0. Finally, a4 will be the
Aa−1 formed by all vertices with x ≥ 0 and y < 0. Each of these subgraphs has
a Hamilton cycle by Theorem 5. Further, these Hamiltonian cycles contain all
edges on the axes. Delete one edge from the x-axis on a1 and the corresponding
edge on a4. Connect the end points of these edges. Do the same for a4 and a3,
a3 and a2, and a2 and a1. This gives the required cycle.

Theorem 12. The radius of Aa,4 is a. The diameter of Aa,4 is 2a.

Proof. We claim that the center of the astrid is the point (0, 0). Clearly, the
eccentricity of this vertex is a. Suppose that the vertex (x, y) is in the center,
where y > 0. The distance between this vertex and (0,−a) is greater than a.
Hence, (x, y) cannot be in the center for y > 0. A similar argument exists when
y < 0. Thus the radius of the graph is a. Using a similar argument, the vertices
(0, a) and (0,−a) are the furthest possible distance apart in Aa,4. Since the
distance between these points is 2a, the diameter is 2a.

The notion of the rotated astrid can be generalized for any number of rota-
tions in the plane. For k ≥ 3, we define the rotated astrid Aa,k to be the graph
obtained by placing simple astrids every 360/k degrees in the Cartesian plane.
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Figure 4: A Hamiltonian cycle on A2,4

The results for Aa,k follows similarly to the results above. For this reason, they
are omitted.
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