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Abstract: The vulnerability is one of the most important notion in network
design. Vulnerability can be considered as the resistance of the network after
any breakdown in its nodes or links. Since any network can be modeled by
a graph, vulnerability parameters on graphs also work on network types. In
this work we defined and examined the solitude number of a connected graph
as a new global vulnerability parameter. Described parameter was examined
at basic graph classes and under graph operations, also an algorithm which
calculates the solitude number of general graph, was given.
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1. Introduction

The resistance of a network after any disruption is considered as vulnerability
value. A communication network can be modeled by a graph whose vertices
represent the stations and whose edges represent the lines of communication. A
graph G is denoted by G = (V,E), where V and E are vertices and edges sets of
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G, respectively. All graphs in this paper are simple, connected, finite and undi-
rected. In graph theory, many vulnerability measures have been used widely in
the past to describe the stability of a graph. It is known that connectivity is
the first measuring of the vulnerability. The connectivity of a graph equals the
minimum number of vertices whose deletion from the graph disconnects it into
two or more components and it is denoted by k(G). In 1927 Menger showed that
the connectivity of a graph is related to the number of disjoint paths joining
two vertices. Similarly, the edge-connectivity of a graph is defined with edges of
graphs. The edge-connectivity of a graph equals the minimum number of edges
whose deletion from the graph disconnects it into two or more components and
it is denoted by k′(G). It is considered that two graphs have same connectiv-
ity; but the number of vertices their largest components are not equal. Then,
stabilities of two graphs must be different. How can it measure that property?
Many graph theoretical measures have been used in the past to describe the
stability of communication networks as toughness, integrity, edge-integrity and
tenacity, see [1], [2].

Latterly it is seen that these measures were not enough to compare two
network models since if they have the same values of some of these parameters.
In this case we need some more measurement to decide which model is proper
than the other. This situation oriented graph theory researchers to find new
measures. Recently many researchers in this field study not only the vertices
and edges of graphs; they also study on vertices or edges which have a special
property in graph. In this work we define solitude number of a graph which is
a new vulnerability measure. We give some information of graphs which are
used in this work.

Definition 1. Let the nodes of G, be labeled as v1, v2, v3, ..., vp. The
adjacency matrix A = A(G) = [aij ] of G is the binary matrix of order p, see [4].

aij =

{

1, if vi is adjacent with vj ,
0, otherwise.

Definition 2. The degree of a vertex v is the number of edges at v and is
denoted by d(v), see [6].

Definition 3. The number δ(G) = min {d(v) |v ∈ V (G)} is the minimum
degree of G, see [5].

Definition 4. A vertex and an edge are said to cover each other in a
graph Gif they are incident in G. A vertex cover in G is a set of vertices that
covers all edges of G. The minimum cardinality of a vertex cover in a graph G
is called the vertex covering number of G and is denoted by α(G), see [4].
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Definition 5. G is called k-connected (for k ∈ N) if |G| > k and G − X
is connected for every set X ⊆ V , in other words, no two vertices of G are
separated by fewer than k other vertices, see [6].

Definition 6. If all vertices of a graph G have the same degree r then G
is called regular or r-regular, see [3].

2. The Solutide Number of a Graph

In this section the solutide number of graph G is defined as a vulnerability
measure and some theorems are given.

Definition 7. iz(G) is the number of isolated vertices which occurred after
distinct pairs of vertices taken out from the graph and the solitude number of
G = (V,E) is defined as

S(G) =

n−1
∑

i=1

n
∑

j=i+1
|izi,j(G)|

(

n
2

) ,

izi,j(G) =
{

isolated vertices at graph G − {vi, vj} :

vi, vj ∈ V (G), i 6= j, i = 1...n − 1, j = i + 1...n
}

.

For the graphs G1 and G2 given in Figure 1 whose orders, edge numbers,
connectivity and edge-connectivity numbers are the same, we consider the soli-
tude number of these two graphs. By calculating the number of isolated vertices
for G1 and G2 graphs, the solitude numbers are obtained as follows,

Number of isolated vertices for graph G1:

{1, 2} {1, 3} {1, 4} {1, 5} {2, 3} {2, 4} {2, 5} {3, 4} {3, 5} {4, 5}
0 1 1 0 1 1 0 1 1 0

Number of isolated vertices for graph G2:

{1, 2} {1, 3} {1, 4} {1, 5} {2, 3} {2, 4} {2, 5} {3, 4} {3, 5} {4, 5}
0 0 1 0 1 3 1 1 0 0
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Figure 1: Graphs G1 and G2, respectively

S(G1) =
6

(

5
2

) = 0.6 and S(G2) =
7

(

5
2

) = 0.7.

When we compare these two graph models we choose the one whose soliude
number is smaller. Since this means the communication in graph G1 is more
stable than the graph G2.

Theorem 8. Let G be a connected graph, if G is r-regular and r ≥ 3 than
S(G) = 0.

Proof. Since G is regular and r ≥ 3, the graph will be connected after any
pair of vertices taken out from G. So iz(G) = 0 and S(G) = 0.

Theorem 9. Let G be a connected graph, if δ(G) ≥ 3 than S(G) = 0.

Proof. Since, δ(G) ≥ 3 any vertex of graph incident three vertex at least,
because of this, the graph will be connected after any pair of vertices taken out
from G. So iz(G) = 0 and S(G) = 0.

Theorem 10. Let G be a connected graph, if G is 3-connected than
S(G) = 0.

Proof. If G is 3-connected than the number of internally disjoint path be-
tween any pair of vertices is 3 at least. So the graph will be connected after any
pair of vertices taken out from G, consequently iz(G) = 0 and S(G) = 0.

Theorem 11. Let, G1 = (V1, E1), G2 = (V2, E2) and |V1| = |V2|. If
S(G1) ≤ S(G2) then α(G1) ≥ α(G2).
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Proof. |V1| = |V2| and S(G1) ≤ S(G2)⇒|E1| ≥ |E2|⇒α(G1) ≥ α(G2).

Theorem 12. Let G be a connected graph, u, v ∈ V and (u, v) /∈ E, in
this case, S(G + e) ≤ S(G).

Proof. The added edge e, increases the relationship between edges. The
graph G + e is more reliable than graph G, so the number of isolated vertices
in G + e is less than in G after any pair of vertices taken out, consequently
S(G + e) ≤ S(G).

Theorem 13. G = (V,E) is a connected graph and v /∈ V , then S(G+v) ≤
S(G).

Proof. Because of the definition of the operation and Theorem 5, the proof
is obvious.

Theorem 14. The square G2of a graph G has V (G2) = V (G) with u, v
adjacent in G2 whenever d(u, v) ≤ 2 in G. The higher powers G3, G4, ..., of G
are defined similarly to [4]. Let G = (V,E) be a connected graph, n ≥ 2, n ∈ Z
S(Gn) ≤ (G) where Gn denotes n power of graph G.

Proof. By increasing n, the number of edges increases, from Theorem 5,
S(Gn) ≤ (G).

3. Basic Results

In this section, the solitude number of basic graph clas Pn, Cn, K1,n−1, W1,n−1,
Kn, Km,n are given.

Corollary 15. S(Pn) = 3(n−2)
0

@

n
2

1

A

, n ≥ 3.

Corollary 16. S(Cn) = n
0

@

n
2

1

A

, n ≥ 3.

Corollary 17. The solitude number of K1,n−1 for n ≥ 3 is

S(K1,n−1) =
(n − 2)(n − 1)

(

n
2

) .
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Corollary 18. S(W1,n−1) = 0, n ≥ 4.

Corollary 19. S(Kn) = 0, n ≥ 4.

Corollary 20. The solitude number of Km,n for m,n ≥ 2 is

S(Km,n) =







m , n = 2,
n , m = 2,
0 , m, n > 2.

Corollary 21. The solitude number of banana tree B(n,k) can be calcu-
lated as

S(B(n,k)) =

{

n(k − 1), n > 2
n(k − 1) + 1, n = 2

}

.

Corollary 22. Let G1, G2, . . . , Gn be a family of disjoint stars. Let v
be a new vertex. The tree obtained by joining v to one pendant vertex of each
star is called a banana tree, see [7]. The solitude of number of banana tree with
height h is defined as S(G) = 22n − 2n, h > 3.

4. Solitude Number of Graphs under Binary Graph Operations

In this section, solitude number of graphs examined under basic graph opera-
tions union, intersection, Cartesian product, join and sum.

Corollary 23. Let G1 = (V1, E1) and G2 = (V2, E2) be two connected
graphs and the number of vertices are n, and m, respectively. The union of
these graph G is defined as G = (V1 ∪ V2, E1 ∪ E2), see [3].

The number of isolated vertices, which formed after pair of vertices taken
out from G1and G2, is k1and k2 respectively. S(G1 ∪ G2) = (k1+k2+k3)

0

@

n + m
2

1

A

where

k3 is the number of isolated vertices which formed after pair of vertices, whose
one vertex from G1 and the other is from G2, taken out.

Theorem 24. Let G1 = (V,E1) and G2 = (V,E2) be two connected
graphs, the intersection of these graphs is defined as G1 ∩ G2 = (V,E1 ∩ E2),
see [3]:

S(G1 ∩ G2) ≥ max {S(G1), S(G2)} .

Proof. G = G1 ∩ G2 = (V,E1 ∩ E2) and |E1 ∩ E2| ≤ min {|E1| , |E2|} so
from Theorem 5, S(G1 ∩ G2) ≥ max {S(G1), S(G2)}.



SOLITUDE NUMBER AT GRAPHS 361

Theorem 25. Let G1 = (V1, E1) and G2 = (V2, E2) be two connected
graphs and |V |1 , |V2| ≥ 2, then the Cartesian product G1xG2 is the graph with
vertex set V (G1)xV (G2) and vertex (vi, uj) being adjacent to (vk, ul) if and
only if (a) vivk ∈ E(G1) and uj = ul or (b) vi = vk and ujul ∈ E(G2), see [3].
S(G1xG2) ≤ min {S(G1), S(G2)}

Proof. |E(G1xG2)| ≥ max {E(G1), E(G2)} from Theorem 5, S(G1xG2) ≤
min {S(G1), S(G2)}.

Theorem 26. Let G1 = (V,E1) and G2 = (V,E2) be two connected
graphs, the join of these graphs is defined as G1 + G2 = (V1 ∪ V2, E1 ∪ E2 ∪
{(uv), u ∈ V1, v ∈ V2}), see [3].

S(G1 + G2) ≤ min{S(G1), S(G2)} under the condition |V |1 , |V2| ≥ 2.

Proof. Since |V |1 , |V2| ≥ 2, the minimum vertex degree, δ(G1 + G2) ≥ 3.
Because of Theorem 2, S(G1+G2) = 0 so S(G1+G2) ≤ min{S(G1), S(G2)}.

Theorem 27. Let G1 = (V,E1) and G2 = (V,E2) be two connected
graphs, sum of these graphs is defined as G1 ⊕ G2 = (V,E1 ∪ E2), see [3].
S(G1 ⊕ G2) ≤ min{S(G1), S(G2)}.

Proof. From definition of the operation,

|E(G1 ⊕ G2)| ≥ max{|E(G1)|, |E(G2)|}

so S(G1 ⊕ G2) ≤ min{S(G1), S(G2)}.

5. An Algorithm for Finding the Solitude Number of a Graph

In this section, we give an algorithm whose complexity is O(
∣

∣V 2
∣

∣). This al-
gorithm works on the basis of adjacency matrix and calculates the solitude
number of a graph whose number of vertices is n.
uses crt;
var
top:array[1. . n] of integer;
n, i, j, l, t, f, s, k, m, g:integer;
a, b:array[1. . n, 1. . n] of integer;
c, gtop:real;
begin
clrscr;
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readln(n);

for i:=1 to n do

begin

for j:=1 to n do

begin

readln(a[i, j]);

end;

end;

gtop:=0;

for i:=1 to n do

begin

for j:=i+1 to n do

begin

c:=-2;

for t:=1 to n do

begin

for f:=1 to n do

begin

b[t, f]:=a[t, f];

end;

end;

for k:=1 to n do

begin

for m:=1 to n do

begin

if (i=k) and (b[k, m]=1) then begin

b[i, m]:=0;

b[m, i]:=0;

end;

if (j=k) and (b[k, m]=1) then begin

b[j, m]:=0;

b[m, j]:=0;

end;

end;

end;

for g:=1 to n do

begin

top[g]:=0;

end;
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for l:=1 to n do

begin

for s:=1 to n do

begin

top[l]:=top[l]+b[l, s];

end;

if top[l]=0 then c:=c+1;

end;

gtop:=gtop+c;

end;

end;

writeln(’solitude number=’, (gtop*2)/(n*(n-1)));

readln;

end.

6. Conclusion

In this work, we give a definition of a new vulnerability measure for graph.
When we take two graphs having the same number of vertices, edges, connec-
tivity and edge-connectivity value, we prefer the graph whose solitude number
is smaller. Since the edge relations is stronger. This means that if any fail-
ure happens in any node of the graph, there will left more nodes which have
relationship with each other.
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