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THE GRAPH OF FRACTAL DIMENSIONS OF JULIA SETS
Bünyamin Demir1 , Yunus Özdemir2 § , Mustafa Saltan3
1,2,3 Department

of Mathematics
Anadolu University
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Abstract: We obtain Julia sets of fc (z) = z 2 + c using modified inverse
iteration method for all c in some grid of the square [−2, 2]×[−2, 2] and compute
fractal dimensions of them. Then we give the whole picture by drawing the
graph of fractal dimensions of Julia sets which resembles the Mandelbrot set.
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1. Introduction
Julia sets are among the most famous fractals. Let f : C → C be a polynomial
defined by
f (z) = an z n + an−1 z n−1 + · · · + a1 z + a0

where ai ∈ C, an 6= 0 for 0 ≤ i ≤ n and n ≥ 2. Julia set J(f ) of f can be
defined in two different ways as
J(f ) = closure ({z ∈ C | z is repelling periodic point of f })

or

J(f ) = ∂K(f ) where K(f ) = {z ∈ C | {f k (z)} is bounded sequence}.

Note that

f k (z) = f ◦ f ◦ · · · ◦ f (z)
{z
}
|
k times

(see [2]).
In this work, we consider polynomials of the form fc (z) = z 2 + c, c ∈ C and
determine fractal dimensions of J(fc ) for c in a grid on [−2, 2] × [−2, 2]. Since
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dynamics of fc on C is complicated, it is considerably difficult to obtain J(fc )
exactly for some values of c. There are several methods in literature for computing Julia sets (see [Saupe]). We use Modified Inverse Iteration Method (MIIM).
In this method, firstly one repelling fixed point z0 of fc is chosen. Notice that
z0 ∈ J(fc ) by definition. Since J(fc ) is invariant under fc−1 , fc−k ({z0 }) ⊂ J(fc )
(k = 0, 1, 2, · · · ). Taking k sufficiently large, the set fc−k ({z0 }) gives a reasonable picture of J(fc ) by Proposition 1 below.
Proposition 1. Let z0 ∈ J(fc ). Then
J(fc ) = closure

∞
[

fc

−k

!

(z0 )

k=0

(see [1], Proposition 5.9).
Let A be a non-empty bounded subset of Rn . For ǫ > 0, let N (A, ǫ) denote
the smallest number of closed balls of radius ǫ needed to cover A. If
ln(N (A, ǫ))
ǫ→0
ln(1/ǫ)
lim

exists, then it is called the fractal dimension of A. We discuss the methods
MIIM and calculating fractal dimension also in Section 2.
√
For some c, the fractal dimension of J(fc ) is known: If |c| > 14 (5 + 2 6)
1
2 ln 2
then the fractal dimension of J(fc ) is approximately |c|
ln 4 . If |c| < 4 then the
2

|c|
3
fractal dimension of J(fc ) is approximately 1 + 4+ln
2 + terms in |c| (see [2]).
For a generic c on the boundary of the Mandelbrot set, Julia set of z 2 + c has
dimension 2 (see [6]). But for all c, it is unknown so we try to show the whole
picture in this work.

2. Computation Methods
There are various methods for the computation of Julia sets such as Boundary
Scanning Method (BSM), Inverse Iteration Method (IIM), Modified Inverse
Iteration Method (MIIM) and etc. These methods are expalined and compared
in [4] and [5].
In general, BSM is not a convenient method since the resulting approximate
Julia set depends drastically on the iteration number for some values of c. See
Figure 1 for Julia set of z 2 + i with iteration numbers 10, 20 and 30 respectively
obtained by using BSM.
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Figure 1: Julia sets for c =
respectively.

i
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with iteration number 10, 20 and 30

Figure 2: Julia sets for c = 0.66i (left) and c = −0.12 + 0.74i (right).
IIM is also not a very suitable method since it generally requires more
memory and time for computation. See Figure 2 for Julia sets for c = 0.66i
and c = −0.12 + 0.74i with 1000 iterations.
There are some similar disadvantages of the other methods. MIIM is the
best method among these methods for both the computation time and more
remarkable picture. In Figure 3, we give Julia sets for c = i, c = 0.66i and
c = −0.12 + 0.74i obtained by MIIM.
Now we give the algorithm of MIIM explicitly:
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Figure 3: Julia sets for c = i (left), c = 0.66i (middle) and c = −0.12 +
0.74i (right).

Step 1. Find the repelling point p of z 2 +c as a starting point. (When two repelling
points exists, choose one of them as a starting point p.) Set A0 = {p}.
Step 2. Choose a positive integer n as an iteration number.
Step 3. Compute the image of
√ are the inverse functions
√ A0 under w1 and w2 which
of z 2 + c: w1 (z) = z − c and w2 (z) = − z − c. Set A1 = w1 (A0 ) ∪
w2 (A0 ). Apply the inverse functions w1 and w2 to the points of A1 \ A0 to
obtain new points in Julia set of z 2 +c. Set A2 = w1 (A1 \A0 )∪w2 (A1 \A0 ).
Repeat this process for n, apply w1 and w2 to the points of An−1 \ An−2
to get new points in Julia set of z 2 + c and set An = w1 (An−1 \ An−2 ) ∪
w2 (An−1 \An−2 ). The union of the sets Ai for i = 0, 1, · · · , n gives Julia set
approximately. For a better approximation increase the iteration number
n and the image resolution. (See [3] for details)
One of the most common methods to calculate the fractal dimension of
an image is the box-counting method which consists of counting the minimum
number of squares (boxes) in some grid needed to cover the image completely
and then analyze the change of this minimum numbers as the box grid size

THE GRAPH OF FRACTAL DIMENSIONS OF JULIA SETS

405

1.4
1.2
1
0.8
–2

–1

0

1

2

Figure 4: Graph of the fractal dimension when c2 = 0 with grid size
h = 0.05.
decreases. We obtained each Julia set J(fc ) as an image which is bitmap and
has 1024 × 1024 resolution. Then we varied the box grid size ε from 3 to 64
pixels to get N (J(fc ), ε). Applying least square method to the data set
{ln (1/ε) , ln(N (J(fc ), ε))} ,
we calculated the fractal dimension dc of Julia set of z 2 + c.
For example, for c = 0.66i and c = −0.12+0.74i we obtain that the approximate fractal dimensions of the related Julia sets are 1.26 and 1.39 respectively.
3. The Graph of the Fractal Dimensions of Julia Sets
Let S = [−2, 2] × [−2, 2] ⊂ R2 and h denote the grid size of a grid of S. We
illustrate the graph of the approximate dimensions of Julia sets J(fc ) over S.
More clearly, for (c1 , c2 ) ∈ S we compute the fractal dimension of Julia set of
fc (z) = z 2 + c where c = c1 + ic2 . When we plot the points (c1 , c2 , dc ), the data
set, the resulting 3−dimensional graph indicates how the dimension of Julia set
varies as the real and imaginary part of c varies. For a given pair of (c1 , c2 ), we
first compute Julia set of J(fc ) by using MIIM and then calculate the dimension
dc by using box-counting method as indicated in the previous section.
We first consider the case where either c1 or c2 is kept fixed. For c2 = 0,
that is for c = c1 + ic2 is real, we change c1 with grid size h = 0.05 on the
interval [−2, 2] and obtain 81 points (c1 , 0, dc ). The points (c1 , dc ) are graphed
in Figure 4. Next we set c2 = 0.1 and the resulting graph is shown in Figure 5.

Similarly, we keep c1 fixed and change c2 , imaginary part of c, with grid
size h = 0.05. The resulting graphs of (c2 , dc ) with c1 = 0 and c1 = 0.1 are
shown in Figure 6 and Figure 7 respectively. Figure 6 and Figure 7 reflect the
symmetry properties of Julia sets J(fc ) with respect to c1 −axes.
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B. Demir, Y. Özdemir, M. Saltan

1.6
1.4
1.2
1
0.8
–2

–1

0

1

2

Figure 5: Graph of the fractal dimension when c2 = 0.1 with grid size
h = 0.05.
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Figure 6: Graph of the fractal dimension when c1 = 0 with grid size
h = 0.05.
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Figure 7: Graph of the fractal dimension when c1 = 0.1 with grid size
h = 0.05.

The figures above assist to estimating the graph of the dimensions of J(fc )
over S. To obtain an approximate graph over S, we renew the above process
by changing both c1 and c2 on the interval with the grid sizes h = 0.2, 0.1 and
0.05 respectively.
Let h = 0.2. In this grid size, the data set includes 441 points such that
(c1 , c2 , d) ∈ R3 . The data set and interpolation of the data set are shown in
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Figure 8: The data set with the grid size h = 0.2 (left), interpolation
of it (right).

Figure 9: The data set with the grid size h = 0.1 (left), interpolation
of it (right).
Figure 8.
To get the graph more accurately, we set the grid size as 0.1 and 0.05 and get
1681 and 6561 data respectively. We illustrate these data sets and the related
graphs, obtained by interpolating these data sets, in Figure 9 and Figure 11
respectively. In Figure 12, it is shown two new graphs obtained by choosing
the grid size and the square domain more smaller.

4. Conclusion
We compute some approximate graphs of the dimensions of Julia sets J(fc ) to
see how the dimension changes on the critical domain S = [−2, 2] × [−2, 2]. It is
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B. Demir, Y. Özdemir, M. Saltan

Figure 10: The data set with the grid size h = 0.05.

Figure 11: Interpolation of the data set in Fig 10.
shown that the Mandelbrot set naturally appears in the approximate graph of
dimensions of Julia sets. It is also shown that the fractal dimensions of Julia sets
increase when the parameter c approaches to the boundary of the Mandelbrot
set (∂M ). This result agree with the fact that the dimension of Julia set has
the maximum value 2 in the dense subset of ∂M (see [6]). Furthermore, it can
be observed that Julia sets do not have maximum dimension value for c ∈
/ ∂M .
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Figure 12: Zoom in some areas on the graph.
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