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Abstract: The space X of all functions represented by vector valued Dirichlet
series and analytic in a half plane is considered in this paper. The space is en-
dowed with a certain topology under which X become a Frechet space. On this
space the form of linear continuous operator F' from X to X is characterized.
We have also given a characterization of proper bases.
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1. Introduction

Let
o0
f(s) = Z ane™. s =o +it, (0,t are real variables), (1.1)
n=1
where a] s belong to a commutative Banach algebra E with identity element w
with [|w|| =1 and A s € R satisfying the condition
0< A <A< A3... <Aooty Ay — 00 A8 M — 00. (1.2)

Let o.(f) and o,(f) be the abscissa of convergence and abscissa of absolute
convergence respectively of f. If the sequence {\,} satisfies

logn

=0 (1.3)

lim sup

n—0oo n

then by [1] for each f € X,
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oc(f) =04(f) = — lim sup M.
n—oo )\n

Suppose that the vector valued Dirichlet series given by (1.1) converges
absolutely in a left half plane ¢ < [. Then the given series represents vector
valued analytic functions in the half plane ¢ < [ and the series is also called
vector valued analytic Dirichlet series.

B.L. Srivastava [1] defined the growth properties such as order, type, lower
order, lower type etc. of the vector valued analytic Dirichlet series taking F to
be a Banach space. He also obtained the coefficient characterizations of order
and type.

By giving different topologies on the set of analytic functions defined by
Dirichlet series of one complex variable, Kamthan and Gautam [2] obtained
various topological properties. In this paper we shall consider the space of
vector valued analytic Dirichlet series and obtain these properties.

Let X be the class of functions f represented by (1.1) satisfying

i log ||an|| _
im sup ——— =
n—oo )\n

-1, (1.4)

where [ is a given positive number. For each f € X, let us define
o0
||f||g=Z||an||eU>‘", foro < 1.
n=1

Thus in view of (1.4) ||f]|, is clearly well defined and for each o < [ intro-
duces a norm on X. We denote by X (o), the space X equipped with the norm
||...|ls- Let p be the topology generated by the family of norms {||f||s : 0 < [}
which is equivalent to the topology generated by the invariant metric A, where

(e}

I U | ]| P
A(ﬂﬂ)—Zym,

n=1

where {0, } is a sequence such that o9 < 09 < ... < 0, < ...; 0, = l as n — o0.

Throughout this paper we shall assume that the space X is equipped with
the topology generated by the metric A\. Now we give some definitions.

A sequence {a,} C X is said to be linearly independent if for any sequence
{¢n} of complex numbers for which 22021 Cpr, converges in X, 22021 cpoy, =0
implies that ¢, = 0 Vn. A subspace Xy of X is said to be spanned by a se-
quence {a,} C X if X consists of all linear combinations y 2 | ¢y, such
that > > | ¢pon, converges in X. A sequence {a,} € X which is linearly inde-
pendent and spans a closed subspace X of X is said to be a base in Xy. In
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particular, if e, € X, e, (s) = we™, n > 1, then {e,} is a base in X. A
sequence {a,} € X will be called a 'proper base’ if it is a base and it satisfies
the following condition:

“for all sequences {a,} C E, convergence of > >, a, oy, in X implies the
convergence of Y > | ane, in X”.

2. Main Results

We shall prove the following result.
Theorem 2.1. The space X is a Frechet space.

Proof. Here, as defined above, X is a normed linear metric space. For
showing that X is a Frechet space, we need to show that X is complete. Let
{fa} be a Cauchy sequence in X. Hence it is a Cauchy sequence in X (o) for

each real o < [. Therefore, for any given ¢ > 0 there exists a positive integer
no = ng (g,0) such that

[|fa — fallo <& Va,B>ng.

Denoting by fo(s) = D00, al® esAn cf(s) = >0, alP esdn , we have
therefore

Z lal® — alD||e"* <& Va, > ny. (2.1)
n=1

@)

Therefore for each fixedn = 1,2, ..., {aﬁl } is a Cauchy sequence in the Banach

space E. Hence there exists a sequence {a,} C F such that

lim o =a, , n> 1.
a—00

Now letting 3 — oo in (2.1), we have for a > ny,

[ee]
3 Jlal) — anlle”™ <. (2.2)
n=1

Let us denote by f =>">° | ane,. Now it remains to show that f € X. We
choose o; such that | < o; +¢. From (2.2) we have

o0
Z |al® — ap|e?i? <& a>ny, (2.3)
n=1
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where n; = n (¢,0;) . Keeping « as fixed in (2.3) and in view of (1.4) we observe
that
lal@]] < eTHDM yp > ny

where ng = ns (¢, ). Then

lanll < [lal = an|| + 1ol

= llan|] <ee=%2n 4 el=tHe)An Vn > M = max(ni,n2)
< 26(_H—8))\".
Thus
1
lim sup M < -l .
n—oo )\n

Thus Y 7, ane, € X. Therefore fo, — f € X. Hence X is complete. This
proves Theorem 2.1. O

Theorem 2.2. A necessary and sufficient condition for the linear trans-
formation F : X — X with F (e,) = o, € X, n = 1,2,..., to be continuous is
that for each o <l

lim sup log [lanl <l. (2.4)

n—00 )\n

Proof. Let F' be a continuous linear transformation from X into X with
F (ey) = ap, n = 1,2,.... Then for any given o, there exists a o1 (0, 01 < 1)
and a finite constant K such that

1E (en) llo < Kllenlloy
= Jla,|| € Keo'?M n>1

1
= lim supmgal<l.

n—00 )\n

oo

Conversely, let the sequence {a,, } satisfy (2.4) and let a(s) = > 7 | ane, €
X. Then there exists an € > 0 such that

log ||an o

<l-¢ for all n > ni(e).
An

Further, for a given 1 > 0 such that n < ¢,

llan]] < THM A forall n > na(n) .
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Hence

lan||||an|le < el"HMAnel=)An forall n > max(ng, ny)
e 6(77_5) /\" .

Hence the series Y 07, [|an|||lan||s is convergent. As o < [, therefore
Zflozl ano, is convergent in X. Hence there exists a linear transformation
F : X — X such that F(a) = Y 7, ana, and F (e,) = ap,n = 1,2..., for
each o, € X. Now we prove the continuity of F. Given o < [, there exists n > 0

such that

%Sl—n, for all n> N
= |anlle < elt=MAn for all n> N
= lan|le € Kelt=mAn for all n>1.

Now,
o0
I1F (@) < K lan|le"* = Klal[i—, -
n=1

Hence F : {X,||....,0} — {X,||...,l —n} is continuous. Since o < [ is
arbitrary, it shows that £’ is continuous. This proves Theorem 2.2. O

We now give the characterization of proper bases. First we prove

Lemma 2.1. Let {a,} C F and {a,} C X be given sequences. The
following three conditions are equivalent:

(i) Convergence of Y ° | ape, in X implies the convergence of Y 7 | ay oy,
in X.

(ii) The convergence of 7, anpey, in X implies that lim a, a, =0 in X.
n—oo

(iii) lim sup logl/l\ﬂ <1, for all o < .
n— 00 n

Proof. First suppose that (i) holds. Then for any sequence {a,, }, where a;s
belong to Banach algebra E, "7 | ane, converges in X implies that Y7 | ap, o,
converges in X which in turn implies that a,a, — 0 as n — co. Hence (i)=-(ii).
Now we assume that (ii) is true but (iii) is false. This implies that for some
o1 <,

1
n—00 )\n

Hence there exists a sequence {n} of positive integers, such that

1 o
lim supM >1— kY, VYng, k=1,2,....

k—o0 )\nk
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We define a sequence {a,} C E, as

o — we=E" DA, n=mny, fork=1,2,3...
" 0 n #ng.

Then, we have

I

For large k, (I—o—k~") > 0. Hence 372, ||an, ||.e7*"* converges in X for
all o < L.
On the other hand, for all £ =1,2,3...,

(—k-1 -1
llan, || ey [loy > e R (R0 =

Therefore the sequence {a, a,} does not tend to zero as n — oo and this
contradicts (ii). Hence (ii) =-(iii). Lastly we show that (iii) =(i).

In course of the proof of Theorem 2.2 above, we have already proved that
if (iii) holds then there exists a linear continuous transformation F' : X — X
with F (ep,) = o, € X, n = 1,2.... By continuity of F,

F(i anep) = F( lim Zn:ak@k)
n=1 k=1
= lim {3 axFlep)}= Y anan.
k=1 n=1

Thus the proof of Lemma 2.1 is complete. O

Lemma 2.2. Let {a,} C FE and {a,} C X. The following three proper-
ties are equivalent:

a) lim (anoy) =0 in X implies that > | apep converges in X.
n=1
n—oo

(b) Convergence of Y7, (ancy,) in X implies that Y > | ane, converges in
X.

(c) (lflgll {nli_{loloinf%} > 1.

Proof. Obviously (a) = (b). We now prove that (b) = (c). To prove this,
we suppose that (b) holds but (c¢) does not hold. Therefore

]‘ n||o
liml{ lim inng!\iaH} < 1.
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Since ||...||, increases as o increases, this implies that for each o <[,

1
lim infM <l, forallo <.
n— o0 )\n

Hence if n > 0 is a fixed small positive number, then for each r > 0, we can
find a positive number n, such that Vr, we have n,,1 > n, and

log |lom, [
An,
= Hanng S e(l_n)/\n,. .

<l=mn (2.5)

Now we choose a positive number 7; < 7, and define a sequence {a,} C E

as
o — we==mAne = for r=1,2,3...
"0 n # n,.

Then, for any o <[

o0 00
> anlanlle = > llan, I/, ||o- (2.6)
n=1 r=1

Omit from the above series those finite number of terms, which correspond
to those number n, for which 1/r > n;. The remainder of the series in (2.6) is
dominated by > 7 ||an, ||.||on, ||o- Now by (2.5) and (2.6), we find that

00 00 00 00
> laalllawnlle <D~ lan, || llan, [lo< Y el Anremmmidne = 3 7 lm=man,,
n=1 r=1 r=1 r=1

Since 1, < 7, above series is convergent. For this sequence {a,} as defined
above, > > ||ay ||y, converges in X (o) for each o < [ and hence converges in
X. But we have,

o0

oo o0 oo
S lanll- e =S [lag, ] 7= 37 e 0mnr e7dnr = § elotm—Din,
n=1 r=1 r=1

r=1

Now given 77 choose o < [ such that o + n; > [, then the above series is
divergent for this 0. Hence ) 7, ane, does not converge in X and this is a
contradiction. Therefore (b) = (c).

Now we prove that (c¢) = (a). We assume (c) is true but (a) does not hold.
Then there exists a sequences {a, }, where a;s belongs to Banach space E, for
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which [|a,||es, — 0in X, but Y7 | ane, does not converge in X.This implies
that

log ||a
lim sup M > —I.
n—oo )\n
Hence there exists a positive number ¢ and a sequence {ny} of positive integers

such that
log [|an, ||

Any,

We choose a positive number 7 such that n < /2, by assumption we can
find a positive number o = o (1) such that

> e(l_a))‘"k . (27)

1 o
lim inf 98 11%nllo [l

>l .
neo T N log A, =0

Hence there exists N = N (1), such that

1
lgllonlle .y 9,  yn> N (2.8)
An
Therefore,
g ][l [l > elHFeAne el=2mAn
=20 00 as k — 0o, since € > 2.

Thus {||an|| an} does not tend to zero in X (o) for the o chosen above and
this is a contradiction. Thus (c) = (a) is proved. This completes the proof of
Lemma 2.2. O

Now combining Lemma 2.1 and Lemma 2.2 above, we get the following

Theorem 2.3. A base {a,,} in a closed subspace X of X is proper if and
only if it satisfies the conditions (iii) and (c).
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