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Abstract: The object of the present paper is to study pseudo M-projective
Ricci symmetric manifolds denoted by (P M RS)n . Several properties of
(P M RS)n are established and it is proved that if the scalar curvature is constant then (n + 1 − r) is an eigenvalue of the Ricci tensor S corresponding to
the eigenvector P given by g(X, P ) = A(X). In the section 3, assuming that
the manifold (P M RS)n is conformally flat, it is shown that if the M-projective
Ricci tensor of this manifold is Codazzi type then this manifold becomes a
quasi-Einstein manifold. In addition, it is proved that if P is a torse-forming
vector field with constant energy then P must be a concircular.
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1. Introduction
A Riemannian manifold is Ricci symmetric if its Ricci tensor S of type (0, 2)
satisfies ∇S = 0, where ∇ denotes the Riemannian connection. The notion of
Ricci symmetric manifolds have been weakened by many authors in the last five
decades such as Ricci-recurrent manifolds [6], Ricci semi-symmetric manifolds
[11], pseudo Ricci symmetric manifolds [1].
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A non-flat Riemannian manifold (Mn , g) is said to be pseudo Ricci symmetric if the Ricci tensor S of type (0, 2) satisfies the condition
(∇X S)(Y, Z) = 2A(X)S(Y, Z) + A(Y )S(X, Z) + A(Z)S(Y, X),

(1.1)

where A is a non-zero 1-form,
g(X, P ) = A(X),

(1.2)

for every vector field P and ∇ denotes the operator of covariant differentiation
with respect to the metric g. This manifold is denoted by (P RS)n . The name
”Pseudo Ricci symmetric” is chosen, because if the 1-form A in (1.1) is taken
as zero, then the equation assumes the form (∇X S)(Y, Z) = 0 and the manifold
thus becomes Ricci symmetric.
Let (Mn , g) be an n-dimensional differentiable manifold of class C ∞ with the
metric tensor g and the Riemannian connection ∇. The M-projective curvature
tensor of the manifold defined by G.P. Pokhariyal and R.S. Mishra in 1971, [7],
is the following form
1
[S(Y, Z)X − S(X, Z)Y
2(n − 1)
+ g(Y, Z)QX − g(X, Z)QY ],

M (X, Y )Z = R(X, Y )Z −

(1.3)

where R(X, Y )Z and S(X, Y ) are the curvature tensor and the Ricci tensor of
Mn , respectively. Some authors studied the properties of this tensor, [2], [4],
[5].
In this paper, extending the notion of pseudo Ricci symmetric manifold,
the author introduces a type of non-flat Riemannian manifold (Mn , g), (n > 3)
whose M-projective Ricci tensor M of type (0, 2) satisfies the condition
(∇X M )(Y, Z) = 2A(X)M (Y, Z) + A(Y )M (X, Z) + A(Z)M (Y, X),

(1.4)

where A and ∇ have the meanings already mentioned. Such a manifold shall
be called a pseudo M-projective Ricci symmetric manifold. A shall be its associated 1-form and an n-dimensional manifold of this kind shall be denoted by
(P M RS)n .
The object of the present paper is to study (P M RS)n . The paper is organized as follows:
Section 2 is devoted to the study of some properties of (P M RS)n . It is
shown that in a (P M RS)n , (n + 1 − r) is an eigenvalue of the Ricci tensor S
corresponding to the eigenvector P if the scalar curvature of this manifold is
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constant. After, it is proved that in a (P M RS)n , (r − n + 1) is an eigenvalue
of the Ricci tensor S corresponding to the eigenvector P if the M-projective
Ricci tensor of this manifold is Codazzi type. In addition, if the pseudo Mprojective Ricci tensor is cyclic then it is shown that (P M RS)n becomes an
Einstein manifold.
Section 3 deals with the study of conformally flat (P M RS)n . It is proved
that in this manifold if the M-projective Ricci tensor is Codazzi type then this
manifold becomes a quasi-Einstein manifold. Moreover, in a conformally flat
(P M RS)n , if we choose the vector field P as a torse-forming vector field given
by ∇X P = aX + w(X)P for all vector fields X, where a is a non-zero scalar
and w is a 1-form, then the scalar a must be equal −A(P ). In the end of this
section, it is shown that if the energy of the torse-forming vector field P is
constant then the vector field P is concircular.
2. Pseudo M-Projective Ricci Symmetric Manifolds
In this section, if we consider the M-projective curvature tensor given by (1.3),
we obtain the M-projective Ricci tensor M of type (0,2) as
1
M (X, Y ) = (S(X, Y ) − g(X, Y )).
(2.1)
2
We assume that our manifold (Mn , g) is (P M RS)n then we have the form (1.4).
Theorem 2.1. In a (P M RS)n , (n + 1 − r) is an eigenvalue of the Ricci
tensor S corresponding to the eigenvector P if the scalar curvature of this
manifold is constant.
Proof. By taking the covariant derivative of (2.1) and using the equations
(1.4) and (2.1), we find
(∇X S)(Y, Z) = 2A(X)(S(Y, Z) − g(Y, Z)) + A(Y )(S(X, Z) − g(X, Z))

+ A(Z)(S(Y, X) − g(Y, X)). (2.2)

Contracting the equation (2.2) on Y and Z, we get
1
A(QX) = (n + 1 − r)A(X) + dr(X).
(2.3)
2
If the scalar curvature of this manifold is constant then by the aid of (2.3), it
is seen that
A(QX) = (n + 1 − r)A(X).
(2.4)

Thus, the proof is completed.
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Theorem 2.2. In a (P M RS)n , (r − n + 1) is an eigenvalue of the Ricci
tensor S corresponding to the eigenvector P if the pseudo M-projective Ricci
tensor of this manifold is Codazzi type.
Proof. In (P M RS)n , if we assume that the M-projective Ricci tensor M is
Codazzi type, we have
(∇X M )(Y, Z) − (∇Z M )(Y, X) = 0.

(2.5)

With the help of (1.4) and (2.5), we find
A(X)M (Y, Z) − A(Z)M (Y, X) = 0.

(2.6)

Contracting on Y and Z and putting (2.1) in the equation (2.6), we get
A(QX) = (r − n + 1)A(X).

(2.7)

This completes the proof.
Corollary 2.1. In a (P M RS)n , if the scalar curvature is constant and
the pseudo M-projective Ricci tensor is Codazzi type then it must be r = n.
Proof. The result is clear from Theorem 2.1 and Theorem 2.2.
Definition 2.1. A Riemannian manifold (Mn , g), (n > 2) is said to be
cyclic Ricci symmetric if its Ricci tensor S of type (0, 2) is not identically zero
and satisfies the following, [9]
(∇X S)(Y, Z) + (∇Y S)(Z, X) + (∇Z S)(X, Y ) = 0.

(2.8)

Theorem 2.3. For a (P M RS)n , if the pseudo M-projective Ricci tensor
is cyclic then this manifold must be an Einstein manifold.
Proof. By assuming the pseudo M-projective Ricci tensor M is cyclic, from
(1.4) and (2.8), we can obtain
A(X)M (Y, Z) + A(Y )M (X, Z) + A(Z)M (Y, X) = 0.

(2.9)

In Walker’s Lemma, [13], it is said that if a(X, Y ) and b(X) are the numbers
satisfying a(X, Y ) = a(Y, X) and
b(X)a(Y, Z) + b(Y )a(Z, X) + b(Z)a(X, Y ) = 0,

(2.10)

for all X,Y,Z. Then either all the a(X, Y ) are zero or all the b(X) are zero.
Hence, by the above Lemma, from (2.9) and (2.10), it must be either A(X) = 0
or M (Y, Z) = 0. Since Mn is pseudo M-projective Ricci symmetric manifold
then A(X) 6= 0. In this case, we find M (Y, Z) = 0. Thus, by using (2.1), we
finally get that S(Y, Z) = g(Y, Z). This completes the proof.
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Definition 2.2. A quadratic conformal Killing tensor is defined as a
second order symmetric tensor T satisfying the condition, [10]-[13], [14]
(∇X T )(Y, Z) + (∇Y T )(Z, X) + (∇Z T )(X, Y ) = λ(X)g(Y, Z) (2.11)
+ λ(Y )g(Z, X) + λ(Z)g(X, Y ).
for a smooth 1-form λ on Mn . The above equation is equivalent to the requirement that T (l, l) be constant along null geodesic with parallely propagated
tangent vector.
Theorem 2.4. In a (P M RS)n with constant scalar curvature, if the Mprojective Ricci tensor is a quadratic conformal Killing tensor then this manifold
must be an Einstein manifold.
Proof. We suppose that, in a (P M RS)n , the M-projective Ricci tensor is a
quadratic conformal Killing tensor then from (2.11)
(∇X M )(Y, Z) + (∇Y M )(Z, X) + (∇Z M )(X, Y ) = λ(X)g(Y, Z) (2.12)
+ λ(Y )g(Z, X) + λ(Z)g(X, Y ).
By putting the equation (1.4) in (2.12) and contracting the last equation on Y
and Z, from (2.1), we can easily seen that
2A(X)(r − n) + 4A(QX) − 4A(X) = (n + 2)λ(X),

(2.13)

Now, let us suppose that the scalar curvature of this manifold is constant. Thus,
from (2.4) the equation (2.13) reduces to
A(X) =

(n + 2)
λ(X),
2(n − r)

(r 6= n)

(2.14)

If the equation (2.14) puts in the equation (2.12) and use the equations (1.4)
and (2.1), we find, from Walker’s Lemma, [13],
either

λ(X) = 0

or

(

2n + 2 − r
n+2
S(Y, Z)−(
)g(Y, Z)) = 0 (2.15)
n−r
n−r

where (r 6= n). Since M is a quadratic conformal Killing tensor,i.e., λ(X) 6= 0
then we obtain
S(Y, Z) =
The proof is completed.

2n + 2 − r
g(Y, Z),
n+2

r 6= 2(n + 1)

(2.16)
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Corollary 2.2. In a (P M RS)n with constant scalar curvature, if the Mprojective Ricci tensor is a quadratic conformal Killing tensor and r = 2(n + 1)
then this manifold is Ricci-flat.
Proof. From (2.16), the proof is clear.

3. Conformally Flat (P M RS)n
In this section, we suppose that our manifold (P M RS)n is conformally flat.
Let B be the 1-form defined by
B(X) = A(QX)

(3.1)

where Q is the symmetric endomorphism of the tangent space at each point of
(Mn , g) corresponding to the Ricci tensor S. Then
g(QX, Y ) = S(X, Y )

(3.2)

for all vector fields X and Y.
Theorem 3.1. In a conformally flat (P M RS)n , if the M-projective Ricci
tensor is Codazzi type then this manifold is a quasi-Einstein manifold.
Proof. In a conformally flat Riemannian manifold, we have, [3]
(∇X S)(Y, Z) − (∇Z S)(Y, X) =

1
(dr(X)g(Y, Z) − dr(Z)g(X, Y )). (3.3)
2(n − 1)

We also have from (1.4)
(∇X M )(Y, Z) − (∇Z M )(Y, X) = A(X)M (Y, Z) − A(Z)M (Y, X)

(3.4)

If we put (2.1) in (3.4), we get
(∇X S)(Y, Z) − (∇Z S)(Y, X) = A(X)(S(Y, Z) − g(Y, Z))

(3.5)

− A(Z)(S(Y, X) − g(Y, X)).

Now, contracting (3.5) on Y, Z and by using (1.4), (2.1), (2.7), (3.1) and (3.5),
it follows that
dr(X) = 2A(X)(r − n − 1) + 2B(X)
(3.6)
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If M (X, Y ) is Codazzi tensor then Theorem 2.2, we get
B(X) = (r − n + 1)A(X)

(3.7)

Comparing (3.6) with (3.7), we find
dr(X) = 4(r − n)A(X)

(3.8)

By putting (3.8) in (3.3), one can obtain that
(∇X S)(Y, Z) − (∇Z S)(Y, X) =

2(r − n)
(A(X)g(Y, Z) − A(Z)g(X, Y )) (3.9)
n−1

In virtue of (3.5), (3.9) becomes
A(X)(S(Y, Z) −

(2r − n − 1)
g(Y, Z))
n−1
= A(Y )(S(X, Z) −

(2r − n − 1)
g(X, Z)) (3.10)
n−1

Putting X = P in (3.10) and using (1.2), (3.1) and (3.7), it can be obtained
that
S(Y, Z) = ag(Y, Z) + bu(Y )u(Z),
where a =

2r−n−1
n−1 ,

b=

n(r+3)−n2 −3r
n−1

(r 6= n and r 6=

n+1
)
2

and u(Y ) = √A(Y ) . Thus, the proof is
A(P )

completed.
Theorem 3.2. In a conformally flat (P M RS)n , P is a torse-forming
vector field given by ∇X P = aX + w(X)P then the scalar a must be equal to
−A(P ).
Proof. We suppose that our space (P M RS)n is a conformally flat. After
contracting (3.4) on Y and Z, by using (1.4), (2.1) and (3.1), we get
dr(X) = 2(r − n − 1)A(X) + 2B(X).

(3.11)

Since (P M RS)n is conformally flat, by contracting (3.3) on Y and Z and by
using (1.4), (2.1) and (3.1) in the last equation, it follows that
dr(X) = 2(r − n − 3)A(X) + 6B(X).

(3.12)
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Comparing (3.11) and (3.12), we get
A(X) = B(X)

(3.13)

and from (3.11) and (3.13), it follows that
dr(X) = 2(r − n)A(X) ,

(r 6= n)

(3.14)

In this case, by taking Y = P in (2.1) and by using (1.2), (3.1) and (3.13), we
find
M (X, P ) = 0.
(3.15)
Moreover, we have
(∇X M )(Y, Z) = ∇X M (Y, Z) − M (∇X Y, Z) − M (Y, ∇X Z)

(3.16)

By virtue of (1.4) and (3.16), we get
∇X M (Y, Z) − M (∇X Y, Z) − M (Y, ∇X Z)

= 2A(X)M (Y, Z) + A(Y )M (X, Z) + A(Z)M (Y, X) (3.17)

If we put Z = P in (3.17), by the aid of (3.15) then we obtain
M (Y, ∇X P ) = −A(P )M (Y, X).

(3.18)

Let us now suppose that P is a torse forming vector field,[8]
∇X P = aX + w(X)P

(3.19)

for all vector fields X, where a is a non-zero scalar and w is a 1-form. Thus,
from (3.15), (3.18) and (3.19), we get
M (Y, X)(a + A(P )) = 0.

(3.20)

Since M (Y, X) 6= 0, from (3.20), it follows that
a = −A(P ).

(3.21)

This completes the proof.
Theorem 3.3. In a conformally flat (P M RS)n , the non-zero 1-form A of
the manifold is closed.
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Proof. We suppose that our manifold (P M RS)n is conformally flat. Thus,
in virtue of (3.3) and (3.14), we find
(∇X S)(Y, Z) − (∇Z S)(Y, X) =

r−n
(A(X)g(Y, Z) − A(Z)g(X, Y ))
n−1
(r 6= n). (3.22)

By putting Y = P in (3.22) and using (1.2), (3.1), (3.2) and (3.13), it follows
that
dA(X, Z) = 0.
(3.23)
In this case, we can say that the non-zero 1-form A is closed. Thus, the proof
is completed.
Theorem 3.4. In a conformally flat (P M RS)n , if P is a torse-forming
vector field such that its energy is constant then the vector field P is concircular.
Proof. Let

1
(3.24)
f = g(P, P )
2
be the energy of the torse-forming vector field P given by (3.19) and let
g(ξ, Y ) = w(Y )

(3.25)

for all vector fields Y . By using (1.2), (3.21), (3.24) and (3.25), we obtain
df (Y ) = g(aP + 2f ξ, Y )

(3.26)

gradf = aP + 2f ξ = −A(P ).P + A(P )ξ

(3.27)

Thus,
If f is constant, then it follows from (3.27)
A(P )(ξ − P ) = 0
Since A(P ) 6= 0 thus, it must be ξ = P . In this case, from (1.2) and (3.25), we
finally get that
w(Y ) = A(Y )
(3.28)
for all vector fields Y . By Theorem 3.3, since A is closed in a conformally flat
(P M RS)n , therefore from (3.28), the 1-form w is closed. It is known [8] that
when w is also closed in (3.19), the vector field P is concircular. Thus, this
completes the proof.
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